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Advances in Deformation and Failure Models for Concrete 

Developpement dans Ie domaine des mOdeles de deformation et de rupture pour Ie baton 

Entwicklungen auf dem Gebiete der Verformungs- und Bruchmodelle fur Beton 

ZDENEK P. BAZANT 
Professor of Civil Engineering 
Northwestern University 
Evanston, I L, USA 

SUMMARY 
Presented is a non-exhaustive survey of recent advances in mathematical models for nonlinear multi
axial deformation of concrete, the short-time viscoelastic effects, the deformations due to cracks, 
the overall deformation of cracked concrete and the propagation ,of crack bands. Emphasis is placed 
on the treatment of ~ndamental phenomena such as internal friction and dilatancy due to shear, 
the interlocking of crack surfaces, and the propagation of crack bands. A new model for the strain
rate effect is presented. Numerical applications are discussed, especially for finite element analysis, 
and illustrative examples are cited. 

RESUME 
L'article presente les recents developpements des modeles mathematiques pour les deformations non
lineaires et multiaxiales du beton, les effets visco-elastiques instantannes, I'influence des fissures sur 
les deformations, I'etat de deformation en stade fissure et Ie developpement des zones fissurees. L'ac
cent est mis sur Ie traitement des phenomenes fondamentaux com me la friction interne et Ie glisse
ment dO au cisaillement, I'imbrication des surfaces de fissuration et Ie developpement des zones fissu
rees. Un nouveau modele pour I'influence de la vitesse des allongements sur les contraintes est egale
ment presente. Des applications numeriques, concernant plus specialement I'analyse par les elements 
finis, sont aussi discutees et quelques exemples presentes. 

ZUSAMMENFASSUNG 
In diesem Beitrag wird ein Oberblick uber die neuesten Entwicklungen mathematischer Modelle fur 
das nichtlineare, mehrachsige Verformungsverhalten von Beton gegeben: das viscoelastische Kurz
zeitverhalten, der Einfluss der Risse auf die Verformungen, der Verformungszustand in einem gewis
sen Stadium. Es wird im besonderen eingegangen auf einige grundlegende Probleme, wie die innere 
Reibung und Schiebung infolge Scherkraft, die Verzahnung von Rissequerschnitten und die Aus
breitung von Rissezonen. Ein neues Modell fUr das Spannungs-Dehnungs-Zeit-Verhalten wird vorge
stellt. Anschliessend werden kurze Anwendungsbeispiele numerisch durchgerechnet und erliiutert, 
insbesondere im Hinblick auf eineBehandlung mittels finiter Elemente. 
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1. INTRODUCTION 

At the present time we are witnessing rapid advances in the mechanics of con
crete structures. We are discovering general laws governing the behavior of 
these structures and building mathematical models to predict this behavior. 
The subject is being placed on a firm scientific basis. The reason for this 
development is two-fold: first, more realistic and more accurate predictions 
of structural performance are needed to improve the safety, serviceability 
and economy of the structures as well as to enable safe and economic design 
of new types of concrete structures such as nuclear reactor vessels and con
tainments, ocean structures, very large span bridges and very tall buildings, 
etc; second, we must recognize that this development is being stimulated and 
in fact made possible by the availability of powerful computation tools, es
pecially the finite element method. Without the availability of these tools, 
which was the situation not so long ago, development of sophisticated models 
for concrete structures would have been practically useless. 

Significant advances have recently been made in various directions 
including (a) nonlinear triaxial models for solid concrete, (b) fracture of 
concrete and behavior of cracked concrete, (c) concrete creep, (d) thermal 
effects, (e) moisture effects, (f) chemical effects and corrosion, (g) prob
abilistic aspects. The spectrum of recent developments in these subjects is 
too broad to permit their exposition in a single lecture. Therefore, we must 
limit our scope and we will concentrate our attention to nonlinear triaxial 
behavior and cracking. In a little more detail we will treat the question of 
strain-rate effect and short-time viscoelasticity in triaxial deformation, in 
order to use this opportunity to present some known results not yet published. 

No claims for the completeness of the present survey are made. In fact, the 
survey which follows is rather selective and emphasizes the contributions in 
which the writer was directly involved or with which he is closely familiar. 
These are mostly the contributions made at Northwestern University and also 
some made at Argonne National Laboratory. 

2. NONLINEAR TRIAXIAL BEHAVIOR OF SOLID CONCRETE 

2.1. Friction and Dilatancy 

Friction is one of the most difficult features in constitutive modeling. It 
leads to violation of the basic stability postulate, namely Drucker's postu
late [1~4], which serves as the basis for the flow rule of incremental plas
ticity (normality rule). This postulate is expressed by the condition 

(1) 

in which AW represents the dissipated second order work during a cycle of 
applying and removing stress increments doij' and dei~t are the increments of 
plastic strains. This postulate is known to constituiel~ sufficient.but not 
necessary condition for local stability of the material .. Thus, its violation 
does not necessarily imply instability, which is a fact often forgetten by 
numerical analysts, many of whom insist on using numerical models with symmetric 
equation systems which are guaranteed if the postulate is satisfied. It has 
been, however, shown [e.g., 15] that inequality (1) may be violated due to in
ternal friction without causing an instability of the material. It is, there
fore of considerable interest to find a more general inequality which indicates 

1 See [1, 2, 15, 16, 18] 
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the admissible stable frictional deformations. It has recently been found 
(sJ that the material is stable if the following inequality 

AW - X AW f > 0 (2) 

is satisfied for any value of X between 0 and 1; 0 ~ X ~ 1. Here AWf repre
sents what can be called a frictionally blocked elastic energy, expressed as 

A' _A* * 
AW f = ~ dc(dT + ~ de) 

2C (3) 
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* in which C, ~' and ~ are expressed in terms of the loading function. Although 
the expressions for a completely general loading function are possible (SJ, we 
consider loading functionsof the form (27J 

F(C, T, ypt) = 0 (4) 

in which c represent~ the mean (hydrostatic) stress, C - ckk 13; T = stress in
tensity - (eijeii/2) where eij = deviator of strain tensor eii; and ypt -
length of the path traced in the space of plastic strains, whicn is used as a 
hardening parameter. Tensorial subscripts refer to cartesian coordinates Xi 
(i = 1,2,3) and repetition of subscripts implies summation. The constanain 
Eq. 3 are now expressed as (SJ: 

(5) 

Their meaning may be illustrated taking recourse to Mandel's example (lSJ (Fig. 
1) of a frictional block resting on a rough surface, loaded by a vertical force 
simulating hydrostatic stress C, and also subjected to force F from a horizon
tal spring such that the sliding of the block i8 imminent. An applied horizon
tal force on the block simulates dT. Mandel showed that if a disturbing force 
daii inclined from the vertical to the left by an angle·less than the friction 
angle is applied, a sliding of the block results but the block remains stable 
because it slides only an infinitesimal distance to the right. Yet, Drucker's 
postulate (Eq. 1) is violated for this movement. Inequality (2) is, however, 
not violated and coefficient C from this inequality (Eq. 3) represents the 
spring constant, coefficient ~' is the friction coefficient of the block, and 
~* is the dilatancy angle indicating the ratio of lifting of the block to its 
sliding. Coefficients ~ and ka in Eq. 5 are not illustrated by this example 
and depend on the direction of loading in stress and strain spaces (SJ. 

The usefulness of the new, more general condition sufficient for material 
stability (Eqs. 2,3) is that it is possible to formulate a frictional consti
tutive relation and check whether it guarantees stability. Furthermore, by 
pursuing the same line of reasoning as in classical incremental plasticity, 
one can derive the flow rule associated with this inequality. It appears that 
this flow rule allows certain, but not arbitrary, violations of normality of 
the plastic strain increment vector to the current loading surface. For example 
it is found (sJ that in the plane of T versus a the admissible load increment 
vectors can deviate from the normal to the right and fill a fan of directions, 
the limiting inclined dire~ion being uniquely determined by the loading sur
face. The resulting flow rule is, however, totally different from non-associ
ated plasticity because a single loading surface is used and because, in con
trast to non-associated plasticity, stability of the material is guaranteed, 
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and also becuase the limiting inclined direction of the fan (Fig. 2) depends 
on the previous loading history and the hardening or softening properties of 
the material. 

13 

Inequality (2) involves only the friction in deviatoric shear .due to hydrostatic 
compressive stress. It is possible to obtain a still more general inequality 
[5] which also involves the friction in volume change due to deviatoric shear 
stress, a phenomenon which was termed the inverse friction. Further general
izations of the frictional phenomena, the sufficient stability condition, and 
the corresponding flow rUle are possible by conSidering frictional phenomena 
in fracturing stress relaxations, to which we now turn our attention. 

2.2 Plastic-Fracturing Theory 

Plastic-fracturing theory is a recent extension of classical incremental plas
ticity [6] which adheres to the use of loading surfaces and flow rule based on 
these surfaces, and introduces, in addition to plastic strain increments, the 
fracturing stress relaxations. due to micro-fracturing (micro-cracking). The 
extension to model the inelastic phenomena due to micro-cracking appears to be 
essential for materials such as concrete as well as rocks. The nature of the 
theory may be illustrated by Fig. i, in which plasticity is seen to be charac
terized by an elastic increment fotlowed by ,a horizontal plastic strain incre
ment. A material :which undergoes only micro-fracturing and no plastic defor
mation, first studied by Dougill ~~j, is shown in Fig. !b where the elastic 
increment is followed by a vertical fracturing stress decrement. While plas
ticity obvioualy does not allow strain-softening, i.e., decline of stress at 
increasing strain, the fracturing theory does. To be able to distinguish 
strain softening from unloading, the loading surfaces for the fracturing theory 
must be considered as functions of strains rather than stresses, as was first 
done by Dougill a3',14J, who also introduced the normality rule in the strain 
space to obtain fracturing stress relaxations. The plastic-fracturing theory 
is a combination of plastic and fracturing theories and is illustrated in Fig. 
3c, where the elastic increment is followed by a horizontal plastic strain in
crement and then by a vertical fracturing stress decrement. Obviously, the 
strain softening is also allowed for this theory. The plastic strain increments 
and fracturing stress decrements are then obtained on the basis of separate 
loading surfaces in the stress and strain spaces. ~The characteristic property 
which allows us to distinguish between plastic and fracturing phenomena is the 
unloading slope. The plastic phenomena do not lead to any change in the un
loading stiffness, while the fracturing phenomena are totally related to a 
change in the unloading stiffness, and in case of pure fracturing behavior, 
they preserve total reversibility at complete unloading, as indicated by the 
fact that the unloading slope in Fig. 'b shoots to the origin. In plastic
fracturing materials (Fig. ~c) the unloading slope decreases but does not point 
to the origin. If unloading slope is ,known for each point of the loading dia
~ram, ~t is possible to uniquely separate the plastic and fracturing effects 

ftsee-5-j .. 1 

The plastic-fracturing theory leads to the following incremental stress-strain 
relations [~J 

do' - 3K de - 2K ~ dll. - 1. Q' d H. .. 3 . 

(6) 
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dx - Hl(d~ + a'de) 

dlJo - ~ (G skm dekm + i' K fl' dekk) 

(,8) 

(9) 

Here G - elastic shear modulus, K - elastic bulk modulus (both variable); sii· 
deviator of stress tensor O'ij' ei1 • deviator of strain tensor eij' a • mean 
stress, e - mean (volumetric) strAin - ekk/3; lJo,K - parameters for plastic 
and fracturing harde~ing and softening; T - stress intensity, ~ • strain in
tensity - (eijei1/2) ; fl', a' - plastic and fracturing internal friction coef
ficienc; ~,a - plastic and fracturing dilatancy factors giving the ratio of 
volumetric to deviatoric inelastic increments; and~, Hb - hardening and 
softening stiffnesses. The inelastic response is here totally characterized 
by six coefficients, ~, Hb, fl', a', fl, a, the dependence of which on the in
variants of stress and strain must be determined from experiment. Various 
other considerations are needed for this purpose and suitable functions for 
these coefficients have been identified, leading to a rather close agreement 
with a broad range of experimental data available in the literature [see·,,~]: 

In contrast to incremental plasticity, the constitutive equations of plastic
fracturing theory (Eqs. ~ involve not only terms which depend on stress 
(the term with Sij in Eq. lV, but also terms which depend on strains such as 
the term involving eij in Eq. ,. These terms appear to be very helpful in 
representing material behavior in strain-softening regimes, which is due simply 
to the fact that eij increases during strain-softening while si1 decreases. 
These strain-dependent terms give rather different lateral straIns and thus 
allow us to model the large volume dilatancy during strain-softening. 11 Another 
essential difference from plasticity is that the shear and bulk elastic moduli 
are variable. As mentioned, their decrease is tied to the g~owtb of fracturing 
parameter K, for which the follOWing equations were obtained:, 

dK _ 2a ~ 
-"'9 e (.10) 

It should be also observed that Eqs. 8, 9 apply only to loading; for unloading 
modified expressions must be introduced. In analogy to plasticity, one might 
set dx • dlJo • 0, but then no representation of inelastic behavior on unloading, 
reloading and cyclic loading would be possible. It is possible, however, to 
formulate rules which allow for nonzero dK and d~ during unloading and cyclic 
loading [~]. These rules consist in the so-called jump-kinematic hardening, 
in which the center of the loading surface is jumped to the last extreme stress 
or strain point whenever lQading is reversed to unloading or vice versa. Three
way loading-unloading-reloading criteria are needed for this purpose [~]. 

The most important advantage of the plastic-fracturing theory is the fact that 
the stress-strain relations ~qs. 6-9) can be brought (for loading) to an incre
mentally linear form: 

or 

daij - Cijkm(Z'!.) dekm 

dO' - C(O',e'de ~ rW"";;:'/ I'<tt# 

(11) .' 

(lla) 

in which Cijkm or £ represent the tensor or matrix of the tangential moduli ' 

,,~S~~ [26J 
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-which are functions of the invariants of the stress tensor a and strain tensor 
e; see Ref. '-'. The use of tangential moduli is the most eflective approach in 
step-by-step fin{te element analysis. It must be observed, however, that the 
matrix of tangential moduli is non-synmetric, which is a consequence of internal 
friction and is inevitable for close representation of experimental data on the 
material. This is certainly an inconvenience for numerical finite element 
analy~is. However, it must be emphasized that this type of non-synmetry does 
not cause material instability as long as the new stability postulate in inequal
ity (~) is satisfied. It should be also noted that tangential moduli Cijkm 
have a generally anisotropic (non-isotropic and non-orthotropic) form, wnich is 
a manifestation of the stress- and strain-induced anisotropy. 

The stress-strain relations in Eqs. ~~were derived by using loading surfaces 
that do not involve the third invariants of stress and strain. It is, however, 
interesting that the failure envelopes obtained from these relations 
(by recording the peaks of the stress-strain diagrams run at v~rious ratios of 
stress components) have a form that is non-circular on the octahedral plane 
(~- projection). This is illustrated in Fig.;(, which was constructed from 
the numerical values of the coefficients of the plastic-fracturing theory from 
Ref. 6~ This shows that the rounded triangular shape of the octahedral section 
does not necessarily imply the influence of the third stress invariant. This 
shape can equally well be caused by the simultaneous influence of stres~ 
and strain and the fact that these do not increase proportionally. 

The plastic-fracturing theory has been shown to be capable of representing a 
very broad range of inelastic phenomena, including strain-softening, inelastic 
dilatancy due to shear and internal friction, as manifested by the great effect 
of hydrostatic compression in triaxial tests, the increase of volume in pre-peak 
as well as post-peak deformation, lateral strains, the increase of apparent 
Poisson's ratio, hysteretic loops during cyclic loading to small as well as 
high strain levels, etc. [23-25, 28-32}. -

2.3 Endochronic Theory 

The central concept in the~endochronic theory, first introduced by Valanis ~J 
although implied \in--var-i~t~o-rks- £.e.-g. 7) is that of intrinsic time, 
a variable which depends on the length g of the path traced by the states of 
the material in the strain space. A typical definition of intrinsic time, z, 
is: 

(1:2) 

in which Fl is a function of the stress and strain invariants and models the 
-hardening or softening of the material during the evolution of inelastic strain. 
The inelastic strain increments are assumed to be proportional to~ dz and 
the constitutive relation of endochronic theory _ is typi-£ied by the--f~QW.ing.:l 

dSii ~ 
deij " 2G + 2G dz 

da 
de - - + d\ 3K 

(JZ) 

(4) 

Here an additional variable, dX [9J,iS introduced to model the inelastic volume 
dilatancy due to shear. It is also related to intrinsic time: 
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(15) ~ 

It.can be shown that the endochronic theory is a special case of viscoplasticity 
in which the viscosity coefficients depend not only on stress and strain but 
also on the strain rate \{~-1-j-~_ The chief advantage of the endochronfc theory, 
first recognized by Valanis,is the fact that it is capable of representing the 
unloading irreversibility, the salient feature of inelastic behavior,without the 
use of any inequalities (unloading criteria). This makes the endochronic theory 
extremely effective for cyclic loading. Furthermore, the fact that the inelas
tic strains are tied to one ttme-like variable dz makes it easy to control the 
stiffening or softening of the material by changing the rate of growth of the 
intrinsic time. One aspect which is represented well meeele4 by the theory is 
the inelastic volume dilatancy d~. 

The most significant difference of the endochronic theory from classical plas
ticity as well as plastic-fracturing theory is the fact that even for loading 
it can not be reduced to an incrementally linear form given by Eq. ~Never
theless, in the vicinity of any specified loading direction the endochronic 
theory can be linearized and put into this incrementally linear form G2lJ. 
However, the tangential moduli Cijkm of this linearized form are not constant 
and depend on the chosen direction in the vicinity of which the behavior is 
linearized. It may seem that the lack of incrementally linear formulation 
would cause -significant difficulties in numerical computation. However, finite 
element programs utilizing endochronic theory have been written t{-e~-g;-i--lO, 11, 
~and no particular convergence difficulties have been encountered. 

Endochronic theories have recently been criticized from the viewpoint of mater
ial stability and uniqueness of response~ Subsequently, it was shown 
however, that the theory can be either modified to satisfy these requirements, 
for example by the use of jump-kinematic hardening and by unloading-reloading 
criteria~~\ or that the strong uniqueness requirements are themselves in 
question. For example, Rivlin ~ pointed out that when one considers a stair
case loading history in the strain spacet(F1g. 5~ and when one lets the size of 
the stairs shrink to zero and their number go to infinity, the ltmiting behavior 
does not approach that for the smooth loading path. It ia, however, possible 
to formulate a refined definition of intrinsic ttme for which the limit coin
cides [~J, although at the same time the need for doing this may be questioned 
because the staircase loading path does not cause the same type of damage to 
the material as does the smooth loading path. 

2.4 Further Comments 

To exemplify the representation of inelastic behavior that can be obtained with 
the plastic-fracturing theory, we show some.of the fits of test data3from Ref. 
6 in Figs. 6,7. Just about equally good fits of material behavior have been 
obtained using the endochronic theory. One might wonder why two rather differ
ent theories allow representation of the same phenomena. -The answer is that 
our information on the material behavior is far fromlComplete and is insuffic
ient to completely define the mathematical formulatiOn. Therefore, certain 
logical assumptions must inevitably be used and the resulting formulation also 
depends on these. It appears that the most signi~icant difference between 
various theories of inelastic behavior is obtained when a proportional loading 
is followed by sudden load increments to the side of the previous loading path; 
e.g., when an increase of normal stress is followed by a sudden shear stress 
increment. The different responses for .such loading may be graphically illus-
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1, 
trated in terms of the inelastic stiffness locus [~. It is unfortunately for 
such loading paths that measurements are most difficult and the present experi
mental information is rather scant. However, improvement of our knowledge for 
this type of loading is important because the loading "to the side" is charac
teristic of failures due to material instability. 

Many other useful recent models for inelastic behavior of concrete have to be 
left out. Some of these are distinguished by greater simplicity compared to 
the models we considered. However, not all of the currently used models are 

. in a correct form. For example, the so-called orthotropic models, in which 
the increments of strain and stresses are assumed to be related by a tangential 
moduli matrix of the same form as for an orthotropic material, violate the 
requirements of tensorial invariance, i.e., invariance of the formulation with 
regard to rotation of the chosen coordinate axes. [51,52,54]. dne obtains with the 
orthotropic models different results depending on the orientation of the mater
ial coordinate axes in the initial state, which is inadmissible. The only way 
to avoid such spurious non-uniqueness is to rotate the material axes keeping 
them always oriented in the directions of principal stresses. However, rota
tion of material axes with regard to the material during the deformation is in
admissible, because it would imply that microcracks and other inelastic defects 
are rotated against the material. Consequently, the orthotropic models can 
work correctly only when the directions of principal stresses do not rotate [50J, 
which is, however an unacceptable restriction for finite element programs. It 
should be observed that these difficulties cannot be detected with the so called 
ttuetriaxial tests on cubical specimens since the principal stress directions 
in these tests remain always fixed. We now see that this type of testing has 
a serious limitation, although it does provide information on the effect of 
medium principal stress. We need to test the material under conditions of 
rotating principal stress directions, and further refinement of constitutive 
theories will have to be based on this type of testing. [50J. 

The failure conditions have been omitted in our preceding analysis. We take 
here the point of view that the failure condition for a material with a smooth 
evolution of response should be an integral part of the constitutive relation. 
Thus, under stress-controlled conditions the failure is obtained when strains 
can increase without any change in stress, Which corresponds to the peak points 
of the stress-strain diagram as the failure condition. Under general conditions 
in which the stresses are not directly controlled the question of failure is 
more difficult and requires the analysis of stability, both local stability and 
overall stability of the structure. In such an approach, the stability analysis 
should in principle also determine ductility. For this purpose, one must analYZE 
the so-called strain-localization instability, which consists in localization 
of uniformly distributed strain into a narrow band, a phenomenon which borders 
on fracture. Such analYSis of ductility is easy (Figure 8) for a homogeneousl~ 
stressed specimen, see [17,33J, but gets much more difficult in general situa
tions. The prinCiple is not difficult: one must seek the point of singularity 
of the tangential stiffness matrix of the structure. What makes it difficult, 
and is normally disregarded in structural analysis, is the fact that there are 
many possible tangential stiffness matrices to be checked. Even when we con
sider classical plasticity we have for each finite element two possible stiff
ness matrices, one for loading and one for unloading. Now,in principle, one 
would have to check all possible combinations of finite element stiffnesses for 
loading and unloading from various elements which leads to a preposterously 
large number of stiffness matrices to be examined. The number of stiffness 
matrices to be checked gets even larger for theories which allow not just dif
ferent stiffnesses for loading and unloading, but also for different directions 
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a) b) 

Fig. 8 Stmplest Uniaxial Strain-Localization Instability 
due to Strain Softening 
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of loading, especially for endochronic theory. For this reason, a different 
approach, namely that of fracture mechanics is inevitable for the determination 
of failure under general conditions. We must, however, keep in mind,and this 
is usually overlooked, that the non-singularity of the incremental stiffness 
matrix in finite element analysis does not signal stability and lack of failure 
for the analyst because he normally cannot check (and does not check) all pos
sible incremental stiffness matrices. 

3. SHORT-TIME VISCOELASTIC EFFECTS IN NONLINEAR TRIAXIAL DEFORMATION 

3.1. Strain-Rate Effect 

The triaxial constitutive equations are normally formulated on the basis of 
static loading tests in which failure is usually obtained within several minutes. 
However, for dynamic structural analysis it is necessary to consider strain 
rates which differ by several orders of magnitude. The strain rate is known to 
have a significant effect on the stiffness and strength of concrete and must, 
therefore,be introduced into the triaxial constitutive relations. We will now 
briefly outline a recently completed model [34J for the strain-rate effect. 

The material parameters for the plastic-fracturing as ,well as endochronic theory 
were determined as a function of concrete strength fc', which appears to be the 
main parameter affecting the shape of the response curves. Thus, the constitu
tive relation may be considered in the form: 

This equation, for example, models the fact that for a higher concrete strength 
the uniaxial response curve has a sharper peak and a steeper declining branch. 
The sharpness of the peak may conveni~ntly be characterized by the parameter 

(17) 

in which a p = peak stress and ep .. strain at peak stress. The static behavior 
of concrete is to a large extent characterized by the values of,elastic modulus 
E, peak stress (strength) a p , and parameter p. Under dynamic loading the values 
of these parameters are transformed to E*, a p*. p*. and one needs to determine 
how these parameters depend on the strain rate. The strain rate may of course 
independently affect other parameters of the response, but at present insuffici
ent experimenta\ information on the strain-rate effect in triaxial loading is 
available for USing any more parameters. The foregoing three parameters may be 
controlled by replacing Eq. 16 with the equation: 

bda -C(ba, ae; fl (p*») ade (18) 
~ ~ ~ ~ ~ 

in which 

* E 
a=~ b 

f2 (p ) 

Here functions f1(p*) and f2 (p*) characterize the change of peak stress and 
initial elastic modulus. These functIons may be determined 'by calculating 
uniaxial response curves from the plastic~fracturing theory equations and 

(19) 
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plotting the obtained values of peak stress and elastic modulus against para
meter p. In this manner, ~he following relations have been obtained [34J: 

* * fl (p ) = (15610 - 6560 p) [psiJ 

fa(P*) = [0.9 + 0.00006 f1 (p*)J57000 .If1 (p*) [psi] 

in which fl and fa are in psi. 

(20) 

(21.) 

By analysis of numerous test data on the strain-rate effect, the dependence of 
p* and crp* on the strain rate was determined[34J: 

* p = 2.09 - 0.06 log e - 0.15 cr 
Po 

* crp = cr (1.4 + 0.09 log e) 
Po 

(ksi) (22) 

(23) 

in which e represents the magnitude of the strain rate. Under triaxial strain 
situ~tions this magnitude may be defined as a suitable invariant of the strain 
rate ~etl.so1:"1_1l!l~_~h~ __ eXE_ession e = O."~_ (hj~ij)\ has been.y_s_~d [34J / The 
effect of strain rate on ~era:stic moiIulus may"lfe---aTso deduced from the double 
power law for concrete creep, the validit~ of which appears to extend into very 
rapid loading. From that approach [48,49J, it has been found that .[34J 

* E -= 
E 

1 + (3.3 x 10 -S)-nWn 
• -n 

1 + (0.1 e) CPo 
(24) 

in which.cpo alld n are material constants. Using the foregoing expressions for 
p*, E*, crp*, fl and ~, the stress-'::'straln relation acquires the form: 

(25) 

i.e., the tangential moduli are obtained as functions of not only the stress 
and strain invariants but also as functions of strain-rate magnitude e. 

3.2 Strain-Rate Effect with Rapid Creep and Relaxation 

Eq. 25 introduces the strain-rate effect in a relatively simple form, but is 
incomplete because it can represent neither the increase of strain at constant 
stress (rapid creep) nor the decrease of stress at constant strain (rapid re
laxation). To model all these short-time [viscoel~stic phenomena, a complete 
viscoelastic or visco-plastic formulation iSinevt'table. As the simplest C:Qm
plete viscoelastic model, one may use the first order differential equatio~ 

(26) 

e in which Cijkm are tangential moduli independent of the strain rate, and T1 , 
~ are the relaxation and retardation times. If the tangential moduli were 
constant, this equation would correspond to the well-known standard solid. It 
is known that the standard solid can describe the viscoelastic properties only 
within a relatively narrow range of time delays and time rates, roughly within 
one order of their magnitude. T04avoid the complexities of using a model with 
a broad r~nge of relaxation times, which necessitates higher order differential 
equations or integral equations [46J, it·ha;; hlen proposed [-34 J to identify the 
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parameters in Eq. 26 in such a manner that the response is closely approximated 
for the strain-rate magnitude e that is characteristic of the given dynamic 
problem, for example, the rO"ot-meau-sqaare \raltle <if.> of straia r'al:e e 
over the time period of interest. One may then determine the parameters in this 
equation by fitting the corresponding response to various constant strain-rates 
to that predicted by the previous equation,Eq. 25,so as to obtain optim~m ap~ 
proximat.~~Il near ~hecllar~c~_~.~~~:ic.s.t.r_~in rat~:...J.' Thenece"s'sary calcuiat:Lons 
nave been carried out and it was fOuna tlis!: ·the following parameters give the 
desired approximation: 

'1"1 = (0.1 <e»-1 seconds (27) 

E = E(e) + 1.39 k dEd<e) e 
1 s e (28) 

(29) 

C
e = ~ C ( <" .... ) 
ijkm E«e» ijkm £" £, .,.... (30) 

With the above parameters, Eq. 26 gives about the same strain-rate effect as 
Eq. 25, yet at the same time it gives short-time creep and relaxation. 

Examples of some comparisons with test data available in the literature, which 
have been obtained with the foregoing model, are shown in Figs. 9-10 (34J. 

4. FRACTURED CONCRETE 

4.1 Frictional Limit States 

The most important characteristics of the surface cracks in concrete are their 
surface roughness and the interlocking of the pieces of aggregate which accom
panies every tangential relative displacement across the crack. It has been 
customary in finite element analysis to treat aggregate interlock by consi
dering a nonzero shear stiffness of cracked concrete in the direction parallel 
to the crack,with a value between 0 and its full elastic value. However, this 
treatment is tncomplete and in some situations certainly inadequate. What is 
important is that any shear stress transmitted across the crack must be accom
panied by significant normal compressive streEon the crack. This stress may 
produce significant tensile stresses in the reinforcement. The simplest way 
to treat this phenomenon is to consider it as friction, characterized by certain 
friction coefficient k (typical value 1.4 to 1.7). 

A relatively simple and fundamental problem is that of limit states of a concrete 
panel intersected by parallel cracks and reinforced in arbitrary directions 
(Fig. 11). This problem has recently been analyzed taking friction into account 
(53, 68]. lhis leads to the following limit state envelope (yield criterion) 

(Fig. 12 and 13) in which 

~1 = [tan(~ - %)J (32) 
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s s 
where ~ .. friction angle on the cracks; ~ , N - required yield forces in the 
reinforcement in the orthogonal x and y directIons; Nx , Ny, Nxy ~ components 
of the applied internal forces with regard to reinforcement directions. The 
classical frictionless solution [55,56J represents a special case of this 
equation for II .. ~l .. \3a - O. The solution of frictional and frictionless yield 
envelopes and the corresponding yield surfaces are exhibited for a certain 
loading situation in Figs. 12-13. It is. interesting to observe that the fric
tional design leads to a heavier reinforcement than does the frictionless design, 
which is obtained as a special case when the friction coefficient approaches in
finity, in which case the normal stress corresponding to a shear stress on the 
crack is zero. The differences due to friction are insignificant when the 
prinicple directions of applied forces are close to reinforcement directions 
but they become rather significant when the reinforcement direction significantly 
deviates from the principle direction of applied forces. Thus, we see that the 
often stated assumption that the neglect of friction is on the safe side is not 
true. 

The basic assumption which is considered in the limit design of reinforcement 
is that equilibrium with consideration of friction must be achieved for any 
direction of cracks in concrete. This assumption differs from that used in 
plasticity analysis of reinforced concrete in which no crack direction is 
assumed a priori and is determined from the limit state condition itself. From 
this fact it may be shown that the frictional limit design with crack of arbi
trary direction also never yields less reinforcement than the plasticity analysis 
(see discussion to Ref. 53). ~ 

The frictional limit design with cracks of arbitrary directions has also been 
carried out for reinforced plates subject to bending and membrane forces. The 
resulting limit state envelopes again, in general, require more reinforcement 
than those obtained with the neglect of friction [5~J. 

It must be, however, emphasized that the classical frictionless design approach 
leads to reinforcement that is safe in the sense of providing equilibrium for 
a given load. However, the frictionless limit state can be developed only after 
a very large deformation in which large crack opening is achieved (over 1 cm). 
This conclusion has been made on the basis of a·much more realistic analysis 
utilizing the experimental stress-displacement relation for cracks [67J. 

4.2 Deformation Due to Rough Cracks 

For the analysis of stresses and strains under given loads, one needs the rela
tionship between the increments of normal and tangential stresses on the crack, 
ann and ant' and the relative normal and tangential displacements across the 
crack, 6n and 6 t . This relationship may be considered in the form: 

{ :::} (33) 

in. which Bnn' Bnt , .•• are the stiffness coefficients of the crack. In the sim
plest approximation one may base this relationship on the concept of frictional 
slip with dilatancy, characterized by friction coefficient k and dilatancy ratio 
~d defining the ratio of normal to tangential displacements. If k and ~d are 
considered constant, one may deduce the following incremental stiffness matrix 
for cracked concrete: . 
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Ec 
-+V2 
E* 

±k\I 
] Ide l n 

±2~dV de t 

(±2~d)(±k) dYnt 

(34) 

in which the ± signJrefer to slips of various directions [54J. An interesting 
aspect of this stiffness matrix is that it is singular, which is the conse
quence of the friction relation. However, the singularity of this matrix is 
not a problem in reinforced concrete because the deformation is stabilized by 
the reinforcement. The stiffness matrix in Eq. 34 has been used also in the 
analysis of , reinforcing nets and again it was found that in general it requires 
heavier reinforcement than the classical service stress design with friction
less cracks in the principal strain direction [57J. 

Experimental evidence [59-65J, however, reveals that the crack stiffness coeffi
cients are extremely variable depending on the normal and tangential displace
ments across the crack. For very small openings, the cracks offer a very large 
resistance to shear displacement while for large crack openings this resistance 
may become very small. At small crack openings, even a very small tangential 
displacement across the crack results in very large compressive stresses, 
while for large. crack openings even large tangential displacements do not pro
duce large compression stresses. Algebraic formulas which describe the depen
dence of stiffness coefficients Bnn, Bnt , etc. as determined from test results 
available in the literature were given in Ref. 67. Superimposing the deformations 
on the cracks to those due to solid concrete between the cracks, one can obtain 
the flexibility matrix of cracked concrete. For small crack openings this matrix 
can be written in an explicit form, as follows [67J: 

de ~ +A1O' lPO' -2 ~2 , :b!\ P 10' t 10' -1 de n 1 nt nn ' n nn n 

d et Dal Da2 , 0 det 

dYnt 
I ~P·H _.2 ±B aTe -~<1 . n nn 

o , D33+B(p+l)IO' t lO' -1 n nn dant 

(35) 

in which A, B, P - material constants which depend on crack spacing s, and D11 , 

D12 ••• = flexibility coefficients' of solid concrete between the cracks. The 
± sign refers to various directions of shear strain. It is instructive to ob
serve that this matrix contains large off-diagonal terms which determine the 
normal stress produced by shear strain and the change in shear stress associated 
with normal strain. She,ar stiffness reduction [66J is insufficient [67,.54 J. 

For the structural analyst, a natural question is the magnitude of error caused 
by leaving out the off-diagonal terms or conSidering them equal to ensure sym
metry of the matrix. As explained at the outset, the asymmetry of the stiffness 
matrix, since it is of frictional type, is not likely to cause instabilities; 
however, it is inconvenient since most available finite element codes assume 
symmetric stiffness matrices. This question requires deeper examina-
tion but at this time we can say that there exists cases where for which the 
neglect of the off-diagonal terms is significant. There may of ~ourse exist 
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numerous other cases where it is not so. 

As already mentioned, the rough crack model with crack stiffness coefficients 
determined directly from measurements can be used to predict the limit states. 
The results of such calculations [67J are exemplified in Fig. 14. 

27 

Consideration of crack friction and dilatancy is likely to be most important in 
dynamic problems, which are normally characterized by highly non-proportional 
stress histories. Such stress histories in individual finite elements were,for 
example, observed in large scale dynamic finite element analysis of nuclear pre
stressed concrete pressure vessels subj'ected to internal explosive energy re
lease. Fig. 15 shows an example of calculation results from Ref. 69 (these cal
culations did not include crack friction and dilatancy). The fact that the 
finite elements undergo cracking in multiple directions is an obvious signal of 
highly non-proportional stress histories. 

5. FRACTURE PROPAGATION 

Structural analysis of reinforced concrete necessitates not only the knowledge 
of the behavior of existing cracks but also of their propagation. For this 
purpose, it seems preferable to model this phenomenon in terms of element-wide 
blunt smeared crack band rather than a single sharp intere1ement crack. This 
corresponds to the observed fact that cracks in concrete tend to be diffuse and 
spread over a large zone, especially at the front of propagation. At the same 
time, the concept of an element-wide blunt smeared crack band is much more con
venient than intere1ement sharp cracks, particularly when the fracture propagates 
in an unknown and arbitrary direction, proceeding in a skew path through the 
mesh. Compared to the use of sharp intere1ement cracks, it is not necessary to 
split each node in two when the crack advances, and this avoids the need for node 
renumbering and changes in topological connectivity of the mesh with the neces
sary recalculations of the structural stiffness matrix. Mor~over, when the 
crack direction is unknown it is not necessary to vary the direction of the in
terface between two finite elements and move the location of the node into which 
the crack is about to advance. It suffices to modify the stiffness of the ma
trix of the finite elements that undergo cracking, setting the normal stiffness 
in the direction across the cracks equal to zero. 

The propagation of smeared crack bands in finite element meshes has so far been 
determined on the basis of the stress value compared to the strength limit [70, 
7~. It has, however, been demonstrated that this approach can give widely 

different results depending on the choice of the finite element mesh, and is, 
therefore, unobjective [74-71J. As the size of the finite elements in the region 
of the crack front is reduced to zero, the crack band tends to localize into a 
single element strip, and since the stress in the stress in the element in front 
of the crack band tends to infinity, the load which causes further extension of 
the crack band is always found to approach zero when the mesh refinement is con
sidered. 

5.1 Energy Criterion for Crack Band Propagation 

A propagation criterion that is independent of the mesh size is the rate of the 
energy release per unit length (or in three-dimensions, unit area) of the crack 
band. This is the same concept as in fracture mechanics of sharp cracks [78]. 
In a finite element scheme, the energy release rate, G, may be approximated as 
AU/Aa, where AU is the energy release of the structure as the crack band advances 
the length Aa of a single finite element. If the value of G • - AU/Aa is less 
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than a certain critical energy release rate, Gcr ' the crack band cannot propa
gate. If G attains the critical value Gcr , the crack band is extended into the 
next finite element. 

The calculation- of the energy release, aU, may be carried out similarly to Rice's 
formula for the extension of the notch in an elastic material [78J. The only 
generalization necessary is to take into account the fact that, in contrast to a 
notch extension, the material is not removed but merely penetrated by paral
lel cracks, causing that only part of the energy stored in the material is lost 
by the crack band extension [75J. A second generalization necessary for rein
forced concrete is to take into account the effect of reinforcing bars crossing 
the finite element into which the cracks propagate [761. 

The change of the potential energy of an elastic body due to the extension of 
the crack band into a volume AV of the element in front of the crack band is 
independent from the history in which this extension happens and may, there
fore, be separated into two stages: 

Stage I. - Volume AV of the element ahead of the crack band gets intersected 
by cracks in the direction of the principal tensile stress (Fig. 16). At the 
same time, the stress and deformation state in the r~st of the body is imagined 
to remain fixed (frozen). Accordingly, one must introduce surface tractions 
ATgi acting on the boundary AS of volume aV, and in case of reinforced concrete, 
also forces a~i transmitted from steel into concrete within volume AV. These 
tractions and forces are calculated so as to replace the previous action of the 
volume aV of the concrete upon the rest of the body (Fig. 16c). 

Stage II. - Forces ATg i and A~i are then released by gradually applying the 
opposite forces -aTgi and - A~i (Fig. 16). 

The energy changes corresponding to these two stages may be expressed as 

(36) 

(37) 

and the total energy release associated with the single element advance of the 
crack band is 

aU - AW(AV)+ aL (38) 

Here, ui" displacements in cartesian coordinates xi (1-1,2,3), aU - cartesian 
stress components, lij a cartesian components of the small strain t~nsor, super
script c refers to concrete, ul, el j , and a~j - values of displacements, strains 
and stresses in volume aV before the advance of the crack band (before Stage I); 
E~. Ey for plain stress and E~ ... Ecl (1 - ,,~) for plain strain, in which Ec -
Yqung s modulus for plain concrete and "c ... Poisson's ratio. 

The foregoing equations constitute the basic energy relations for the propaga
tion_of crack bands in reinforced concrete. These equations apply only for 
linearly elastic behavior outside the crack band. It is, however, possible 
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[16] to generalize the expression for ~U for the case of nonlinear behavior of 
concrete outside the crack band and for the yielding of steel. To this end, 
the coefficients 1/2 in the expression for ~U must be replaced by integrations 
over the deformation path of Stage II. In case of nonlinear behavior an addi~ 
tional restriction must be imposed; namely, the width wof the element~wide 
crack band either must coincide with the actual crack band width Wc for the 
material or one must use a path-independent integral such as the J integral 
instead of Eq. 37. This is necessary because the nonlinear behavior also 
causes a loss of energy which must be distinguished from the loss of energy 
due to fracture extension. 

5.2 Effect of Bond-Slip of Reinforcement 

In finite element analysis of reinforced concrete it has been customary to 
assume that the steel bars are rigidly attached to concrete at the nodes. This 
treatment is, however, not only phYSically unjustified but also unobjective and 
leads to incorrect convergence. The bars connecting the nodes on the opposite 
sides of the crack band represent an elastic connection, the stiffness of which 
is inversely proportional to the distance between the nodes, i.e., to the width 
w of the crack band. Thus, as the width of the crack band tends to zero, the 
stiffness of the connection across the crack band increases to infinity, which 
in the ltmit prevents any opening of the crack band. So it is clear that no 
cracking can be obtained in the ltmit. Moreover, one can check that signifi
cant differences of the results are caused by the lack of bond-slip than when 
meshes of various practically possible sizes are considered [75-77J. 

To obtain an objective and properly convergent formulation, one must take into 
account the bond-slip. The bond-slip in reality occurs over a certain length, 
LS (Fig. 17). The most realistic treatment of the bond-slip would call for 
using separate nodes for concrete and steel connected by some nonlinear linkage 
elements representing forces transmitted by bond. However, this approach would 
be quite cumbersome. In the spirit of the approximations involved in the 
smeared crack band model, it should be sufficient to introduce the bond slip 
in such a way that the stiffness of the connection provided by the steel bars 
crossing the crack band would be roughly correct and independent of the mesh 
size. 

So, for the sake of simplicity, the actual curvilinear variation of the bond 
forces and the axial forces in the bars (Fig. 17) may be replaced by an ideal~ 
ized piece~wise variation of the bond force and the" corresponding piece~wise 
linear variation of the actual axial force in the bars. The latter may fur~ 

ther be replaced by a piece~wise constant variation of the axial force, such 
that the overall extension of the bar over the distance of the bond~slip be 
roughly the same. The actual distance of the bond slip may be approximated as 

(a ~ a')A.. 
L _ s s-o 

s U' 
b 

(39) 

in which Ab - cross~sectional area of the steel bar; as - tensile stress in the 
bar at the point it crosses the crack band; a~ - tensile stress in the bar at 
the end of the slipping segment, i.e., at locations sufficiently remote from 
the crack band; and Ub - the ultimate bond force as determined from pull-out 
tests. Certain reasonable estimates of as and a~ can be made on the basis of 
the yield stress of steel and the tensile strengths of concrete [76J. 
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Expression (39) gives the actual bond-slip length as a fixed property charac
teristic of the steel-concrete composite. For the purpose of finite element 
analysis, the actual bond-slip length Ls may be replaced by some modified 
length Ll (Fig. l7f) such that the steel stress over this length is uniform 
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and the slip of steel bar within concrete may be considered as free. The length 
L: is determined from the condition that the extension of the steel bar over 
the length Ls be the same, as already stated. In this manner, the following 
expression for the equivalent free bond-slip length can be obtained [72J: 

* 
p(l + ; - p*n) + ~ ~ (40) 

Here w represents the width of the element-wide crack band, kb is a correction 
factor smaller than 1.0 but close to 1.0 (for which also a theoretical expres
sion exists)[72J, p is the reinforcement ratio (the ratio of the cross-section 
areas of reinforcement and concrete), n is the ratio of Young's modulus of 
steel to that of concrete, and p* is a certain modified reinforcement ratio 
which may be conveniently chosen so as to make the length L: equal to the dis
tance between the adjacent nodes located across the crack band (L~ in Fig. l7h). 

5.3 Typical Numerical Results 

Some typical numerical finite element results [76J are plotted in Fig. 17. Con
sidered is a rectangular reinforced concrete panel subjected to tensile forces 
at two opposite ends. A symmetric centrally located crack band normal to the 
applied loads is assumed to grow from the center of the panel symmetrically 
towards its sides. Using the energy criterion and the free bond-slip length, 
one can calculate the multiplier a of the applied loads that is necessary to 
cause the extension of the crack band of length a; see [76J. As expected, mul
tiplier a decreases as the crack band length a increases. Computations have 
been carried out [76J for three different rectangular meshes, the sides of which 
are in the ratio 4:2:1, labeled as A, B, C (Fig. 17 i). The grid used in the 
calculations was a uniform square grid and each square element was assumed to 
consist of two constant strain triangles. Both triangular elements forming one 
square were assumed to always crack simultaneously. 

It may now be observed in Fig. 17 i that the results for the three different 
meshes fall approximately on the same curve. It has been previously demonstra
ted [75J that in case of the classical strength criterion, the results of the 
calculation for these three meshes are widely different and deviate from each 
other as much as 100%. It is also noteworthy that coincidence of the results 
is obtained for plain concrete (p. 0) as well as for reinforced concrete(p >0) . 
It has been also previously shown [72J that the results for reinforced concrete 
for these three meshes are far apart when the strength criterion is used, and 
also when the energy criterion without the bond slip of steel is considered. 

The results presented in Fig. l7i and numerous further results given in [75,76J 
demonstrate that the proposed method is objective, i.e., independent of the 
chosen finite element mesh. 

The solid curves indicated in Fig. 17 i represent the exact solutions for a 
sharp crack according to linear fracture mechanics. From this comparison it is 
seen that the concept of an element-wide crack band may be also used as a con
venient and effective approximation to the propagation of sharp cracks, gaining 
all the practical computational advantages of the blunt smeared crack band model 
as compared to considering sharp inter-element cracks. One may now naturally 
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ask: What is then the physical difference between the smeared crack band and 
the sharp inter-element crack? 

Obviously, up to a certain rather wide crack band the difference is insignifi
cant in these computations. For finer meshes, the real difference arises only 
through the value of the energy-release rate that is to be considered in the 
calculation. In an on-going work that has not yet been completed, it is found 
that the critical energy release rate for a smeared crack band cannot be con
sidered to be a fixed material property (unless the width of the band tends to 
zero), and must be regarded as a function of the band width as well as of the 
rate of. change of G and of the stiffness of the structure surrounding the front 
of the crack band. When the differences in the critical energy release rate 
between a smeared crack band and a sharp crack are considered, the results of 
computations cannot be, of course, identical. It is by means of the variation 
of the critical energy release rate that one can explain deviations from frac
ture mechanics predictions as observed on concrete specimens the size of which 
is not sufficiently large compared to the aggregate size [82,79-8lJ. 

5.4 Equivalent Strength Criterion 

Determination of the energy release .ll.U needed for the propagation criterion 
requires two finite element calculations, one for the initial crack band length 
and one for the crack band extended by one element. It has been found [75,76J 
that calculations may be simplified by approximately estimating the energy re
lease rate on the basis of the stress state in the uncracked finite element 
just in front of the crack band. The energy release rate becomes (approximate
ly) critical when the normal stress orthogonal to the crack direction attains 
the value 

(O"g2) - 0" • C j cr eq 

I 
Ec Gcr 

w 
(41) 

in which O"eq was named the equivalent strength, and c is a coefficient charac
teristic of the given element type. Generally, c is close to 1.0. For a 
square element consisting of four linear strain triangles, c - 0.826 [771 
while for a square element consisting of only tWo constant strain triangles 
c • 0.921 [75,76J. It is interesting to observe that O"eq increases as the 
width of the crack band decreases, and tends to infinity as the element size 
approaches zero. Obviously, the equivalent strength criterion in Eq. (41) 
must give results that significantly differ from those for a constant strength 
limit. In a work still in progress, it has been found that the equivalent 
strength criterion, which is in Eq. (41) given only for plain concrete, may be 
extended to reinforced concrete. For this purpose, a corrective term which 
involves a reinforcement ratio must be added to the expression in Eq. 41. 

5.5 Basic Results 

The research results just outlined lead to several important conclusions: (1) 
The use of a constant strength limit for determining extension of a crack band 
in a finite element mesh is unobjective and has incorrect convergence behavior. 
The results may differ by as much as 100% when meshes of different size are 
used. (2) An objective and physically realistic criterion for crack band exten
sion must be expressed in terms of the energy release rate by unit length of 

. the crack band. Expressions for calculating the energy release rate in a finite 
element program have been formulated. (3) To achieve an objective and properly 
convergent propagation criterion for reinforced concrete, the bond-slip between 
steel reinforcement and concrete must be taken into account. This may be con
veniently done in terms of the equivalent free bond-slip length, for which a 
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simple approximation exists. (4) As an acceptable approximation, the energy 
criterion may be replaced by an equivalent strength criterion such that the 
strength limit depends on the width of the element-wise smeared crack band. 

6. CONCLUDING REMARKS 
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One major impression which may result from this exposition is that the advanced 
theories of the mechanical behavior of concrete are not, in the most part, very 
simple. This fact is certainly unappealing to a structural analyst, and it 
would be outright objectionable to a phySicist who knows that the true form of 
the laws of nature is simple, not complicated. We must recognize, however, 
that we don't move here in the world of a physicist whose mind is occupied only 
with the fundamental laws. describing individual physi.ca1 phenomena. The re
sponse tf. heterQgeneous composite such as concrete is influenced by numerous 
physical phenomena and processes intervening simultaneously. Realizing this, 
it should not be altogether surprising to us that we have been unable so far 
to describe the complicated response of concrete by a few simple laws. We 
must certainly strive hard for such an outcome, but at best we probably achieve 
it only to a limited extent. Fortunately, we are.blessed wi~ powertul tools, tt 
electronic computers, which can handle even rather complicated mathematical 
models. It:is due to this fortunate situation that our effort to develop more 
accurate, realistic and refined mathematical models of concrete should bear 
fruit. 
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