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38 CURRENT STATUS AND ADVANCES IN THE 
THEORY OF CREEP AND INTERACTION 
WITH FRACTURE 
(Keynote Lecture) 

z. P. BAZANT 
Department of Civil Engineering, Northwestern University, Evanston, 
Illinois, USA 

Abstract 
The lecture has a two-fold purpose-to give an appraisal of the current status on the 
theory of creep and shrinkage of concrete, and to present some recent advances at North
western University il;l the modeling of interaction of creep with fracture. After pointing 
out that the deterministic linear aging viscoelastic analysis of fracture has become an es
sentially complete theory, with no significant further advances likely to occur, attention 
is focused on four research directions which seem to be most promising at present: (1) 
Interaction of creep with fracture, in the context of fracture mechanics, (2) microme
chanics of the processes causing and influencing creep and shrinkage, in the sense of 
quantitative mathematical models correlating the micro- and macro-levels and contrast
ing with mere microscopic observations, (3) integration of diffusion models for mois
ture and heat transport with the analysis of creep and shrinkage in structures, and (4) 
introduction of statistical data and probabilistic theories into the practical creep and 
shrinkage analysis of structures and extrapolation of short-time measurements. Two 
advances which concern the first aforementioned research direction are then described in 
detail-a generalization of the cohesive (fictitious) crack model and a generalization of 
the R-curve model for an equivalent LEFM crack, in which the rate-dependence of frac
ture growth and the creep in the bulk of the structure are taken into account. Numerical 
results verifying these rate and creep type generalizations are also cited in the lecture. 
FUrthermore, regarding the second aforementioned direction, it is shown that application 
of the age-adjusted effective modulus method to the creep of the mortar constituent in 
concrete can yield simple quasi-elastic predictions. of the compliance function of concrete 
as an aggregate-mortar composite. 
Keywords: Concrete, Creep, Shrinkage, State-of-Art, Fracture Mechanics, Rate Effect, 
Aging Viscoelasticity, Composites. 

1 Introduction 

During the last 'quarter of century, the theory of creep and shrinka.ge of concrete 
has undergone a tremendous development. Compared to the status 25 years ago, the 
formulations are now much more realistic, much better supported by experimental re
sults, and from the mathematical viewpoint much more rational. The main impetus for 
progress was initially provided by the needs of nuclear power industry, which justified 
large infusion of research funds. This source of funding drastically diminished and in 
many countries almost totally evaporated by 1985. However, motivation for further 
Creel! and ShrinktJge of Concrete. Edited by Z.P. Ba~ant and I. Carol. © RILEM 
Publisbed by E & FN Spon, 2-6 Boundary Row, London SEI SHN. ISBN 0 419 i8630 1.' 
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progress has nevertheless been provided by the challenge of maintaining and rebuilding 
the civil engineering infrastructure of bridges and roads, which at present provides the 
main driving force for new developments. 

The objective of the present lecture is, first, to reflect on the current status of the 
theory, and second, outline some recent developments at the author's home institution 
focusing especially on the interaction of creep and fracture growth in structures, which 
represents one important new trend of research. A new model for the rate effect in 
fracture growth, which is based on micromechanics considerations and is suitable for 
incorporation into creep and cracking analysis of structures, will be presented. No claims 
for exhaustiveness of the coverage of the literature are made. A systematic review of 
the vast literature that exists would take too many pages and has in fact been presented 
not too long ago [1]. 

2 Reflections on CUrrent Status 

2.1 Deterministic Linear Aging Viscoelastic Analysis of Structures-A 
Closed Subject? 

In contrast to creep of many other materials, for example metals at high temperature 
or clay, concrete creep is approximately linear within the service stress range. This 
greatly simplifies the analysis, but there are other complicating factors. In contrast to 
metals and clay, concrete creep is a hereditary phenomenon with a much longer memory, 
that is, a very broad relaxation spectrum, and exhibits the phenomenon of aging, which 
in the case of concrete means the change of properties with the age of concrete, which 
is caused by the chemical reaction of hydration of cement. 

Beginning with the pioneering studies of Glanville, Dischinger, Arutyunyan, Maslov, 
McHenry and others before and after the Second World War [see 1], the linear aging 
viscoelastic analysis of concrete structures has been studied systematically and it seems 
that by 1990 the development of this subject has become essentially complete, with 
apparently little chance for significant further advance. This view of the writer, though, 
has not prevailed in a large part of the research community. Curiously, many researchers 
still continue studies of linear aging viscoelastic analysis which for the most part can 
lead to hardly more than miniscule refinements or rehash of previous solutions. 

One popular stream of papers that began shortly after the publication in 1952 of 
the famous treatise by Arutyunyan [2] has consisted of the exercise of deriving the 
integral or differential equations generalizing the elastic solutions of various structural 
analysis problems. The reason that such endeavors are no more than exercises, mostly 
fruitless, is that, for a realistic form of the compliance function of concrete, the resulting 
systems of integral or differential equations in time are not ammenable to an analytical 
solution and must therefore be solved numerically by step-by-step methods. But an 
equivalent numerical solution of the problem can in general always be obtained without 
undertaking this _tedious exercise-simply by converting immediately to an incremental 
form the viscoelastic stress-strain relation. This incremental form for each loading step 
has the form of Hooke's elastic stress-strain relation, which means that the solution of 
any problem can be obtained by solving a succession of elasticity problems. The result 
of the analysis is the same as that obtained when the differential or integral equations 
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of the problem are solved numerically in a succession of time steps, but the solution is 
simpler. Thus, no gain is achieved by going through the exercise of deriving and writing 
out the lengthy systems of integral or differential equations of the problem in time. 

There are a few minor exceptions to the foregoing appraisal. One is a certain type 
of probabilistic analysis of the effect of random environmental history in which the 
spectral method is used. Another is the analysis of periodic solutions for the case ·of 
sequential construction with a great number ofrepetitions of like situations. An example 
of such a span-by-span construction sequence is the building of a continuous bridge with 
many identical spans, or the progress from one floor to another in a high-rise building. 
The solutions of these problems can of course be obtained by the standard step-by
step method through a succession quasielastic solutions, however, such an approach 
cannot reveal the asymptotic periodic solution in which:the situation is exactly repeated 
after each cycle [3,4]. Imposing the conditions of periodiciiy for a construction cycle 
generally requires writing out the integral or differential equations of the problem before 
introducing the step-by-step discretization. 

A more serious criticism of the wide-spread penchant for research papers presenting 
linear aging viscoelastic solutions of various structures can be made. These solutions are 
in most cases unrealistic and incapable of agreement with a broad range of observations 
on structures (they can of course always be adjusted to fit very limited test data). These 
solutions neglect much more serious problems, such as 

• the effects of moisture diffusion and heat transport, 

• the cracking and fracture produced by internal stresses that result from nonuni
form shrinkage, nonuniform creep and nonuniform heating, and 

• the statistical errors caused by uncertainty in the material properties and the 
environment. 

In view of these very important influences, a high degree of sophistication and com
plexity in linear aging viscoelastic analysis of structures makes no sense. The complexity 
of integral or differential equations is unjustifiable. One can justify only very simple 
linear elastic analysis, such as that based on the age-adjusted effective modulus, the 
error of which is not larger than that of the complicated solutions of integral equations, 
when compared to the behavior of real structures affected by humidity, temperature, 
cracking and various random phenomena. 

In conclusion: A closed subject?-Yes, with minor reservations. 
It must be emphasized, however, that the foregoing conclusion does not apply to 

the formulation of linearly viscoelastic stress-strain relations, and especially not to the 
micromechanical aspects to li~ar aging viscoelasticity, such as the micromechanical 
modeling of the solidification process. This is still very much a basic research problem. 
So is the formulation of new more efficient computer algorithm for large-scale structural 
analysis. 
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2.2 Which Reaearch Trends Are Promising? 

One can identify four pregnant topi~ which may be expected to bear fruit, or in 
which practical applications are not yet taking place even though the discrepancies with 
respect to experimental observations are large. 

1. Interface of creep and shrinkage theory with fracture mecbanics.- With 
the exception of creep buckling, misprediction of creep or shrinkage usually does 
not cause structural collapse. Rather, it merely puts the structure out of service 
that is, the structure does not live out its projected life span. The wide-spread 
occurrence of such lack of long-term serviceability inflicts a tremendous economic 
damage on many nations. The direct cause of damage that puts a structure out 
of service is typically cracking, which may cause major fractures. The analysis of 
cracking and fracture produced by creep, as well as the effect of cracking and frac
ture on the subsequent creep, is not merely a question of a nonlinear generalization 
of the viscoelastic stress-strain relation. 

Such nonlinear generalizations have been studied widely in the past, but they 
can generally describe only the departures from linearity at the beginning of dis
tributed cracking. They are inherently incapable of describing the localization 
of cracking damage into major fractures and the propagation of such fractures. 
They are not even sufficiently realistic to describe the growth of microcracks, since 
all cracking calls for analysis based on the principles of fracture mechanics. The 
main characteristic of fracture mechanics, distinguishing it from elasticity, plastic
ity, and viscoplasticity, is that the spread of cracking and failure is characterized 
not only in terms of stress and strain, that is, the strength limit, but also, and 
mainly, by energetic criteria for the propagation of cracks. 

Furthermore, it is known that the crack propagation rate is an important pa
rameter in the fracture propagation criterion, and that the creep in the material 
surrounding the fracture tip has a great effect on the energy fiux into the fracture 
tip. The study of these phenomena in the context of long-term creep of concrete 
structures is in its infancy. Extensive studies of the rate effect have been made in 
the context of dynamic fracture, in which the effect of creep is minor [5-9]. Ex
perimental and analytical studies of the interaction of creep and rate' effects with 
fracture mechanics and the associated size effect in structures have been begun 
[10,11], however, much more remains to be learned. 

2. Micromechanics of creep and shrinkage hi concrete as a composite. 
There have been extensive studies of the microstructure of cement and concrete 
in relation to creep and shrinkage, however, in 'the vast majority of them the 
correlations to the macroscopic behavior have been intuitive and non-quantitative. 
The macroscopic constitutive relations have been conjectured by intuition on the 
basis of various phenomena observed or postulated on the microstructural or even 
molecular level. Such studies generally have not, and could not have, bome much 
fruit. W!tat is needed is a quantitative analysis, that is, micromechanics of the 
phenomena involved in creep, in shrinkage and in the related processes of diffusion 
and fracture. Only such an approach can bring significant progress in .predictmg 
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the effect of concrete composition or humidity condictions on its creep properties. 
The modeling of this effect at present relies on purely empirical relations, with no 
micromechanics models involved. Yet the uncertainty in the predictions of long
term creep associated with the variations 'of concrete composition is enormous, 
actually much larger than any uncertainty except that due to the randomness 
of environment. Attempts for mathematical micromechanical modeling of some 
phenomena have already begun, for example the solidification theory as a basis 
for the modeling of aging [12], however, many fruitful opportunities no doubt lie 
ahead. 

3. Influ~nce of d~U8ion phenomena on creep and shrinkage.-In this topic, 
extenslve theoretIcal results ha.ve already been obtained but what is largely lack
ing is their incorporation into practice. With the poWerful computers available 
today, this approach has become quite feasible. In concrete structures exposed to 
the environment or subjected to variable temperatures, there is no hope of obtain
ing realistic stresses, and thus also predictions of cracking and fracture, without 
actually solving the associated problems of moisture and heat transport, at least 
in an approximate manner. It has been shown that creep and shrinkage analysis 
based on diffusion analysis of a box girder bridge segment yields enormous stresses 
which are routinely neglected in practice [13]. The cracks produced by nonuniform 
drying affect the rate of drying itself [14], etc. In addition, there are phenomena 
in this topic that are not sufficiently understood-for example the modeling and 
micromechanics of the ,increase of creep due to changes of temperature or water 
content. 

4. Stochastic phenomena and probabilistic models.-Similar to the preceding 
topic, extensive researches have been made in this topic, too, but they are not be
ing introduced into practice. Although the statistical variability of concrete creep 
under controlled laboratory conditions is quite small, very large statistical fiuc
tuations are caused by the environment as well as the uncertainties in the effect 
of concrete composition. In most practical situations, sophisticated determinis
tic mathematical analysis makes in fact little sense because the uncertainties of 
stochastic origin are much larger than the errors of simple effective modulus so
lutions compared to sophisticated deterministic analytical solutions of differential 
or integral equations [15, 16]. 

Creep-sensitive structures are still being designed for the mean creep properties. 
However, the only meaningful approach is to design them for a certain suitable 
probability (such as 95%) that a specified strength limit or de1lection limit will not 
be exceeded [17, 18]. The main reason is that a moderate coefficient of variation 
of material and environmental characteristics can translate in a very large (or very 
small) coefficient of variation of deflection, crack length, etc. 

Despite numerous contributions to the literature over the last 15 years, introduc
tion of probabilistic models will require further research, especially on the practical 
side, as well as education. An important probabilistic problem in the prediction 
of creep effects is the updating of long-time predictions based on short-time mea
surements. Such updating can enormously reduce the coefficient of variation of 
long-time predictions. Various statistical regression approaches as well as Bayesian 
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approaches have been studied, but introduction to practice is needed. 

Another updating which could greatly reduce the uncertainties is that which ex
ploits the knowledge of creep data for similar concretes, which means concretes 
from the same geographical region. For example, the concretes used in the Chicago 
region are generally quite similar, and instead of repeating measurements for each 
new major structure one can greatly improve predictions on the basis of previously 
obtained data for a similar concrete from the same region. 

In the rest of this lecture, three recent developments made at Northwestern Univer
sity will be outlined. 

3 Time-Dependent Generalization of Fracture Models and Interaction 
with Creep 

3.1 Cohesive Crack Model 

Although the rate sensitivity of concrete and other structural materials has been 
studied extensively, both the experimental and computational aspects [5-9, 19-24], a 
generalization of the crack band or nonlocal smeared cracking model, or the discrete 
cohesive (fictitious) crack model, to long-time fracture with creep and rate effects is not 
available. A new development, whose application is presented in a parallel paper by Wu 
and Baiant (1993) in this volume, will now be presented. 

The rate effect in fracture stems from two sources. One source is obviously the creep, 
which occurs, in the case of concrete, in the entire volume of the structure. For most of 
the structural volume, one may consider the creep to be linear, but within the fracture 
process zone the creep is certain to be nonlinear. However, it is not clear whether a 
separate consideration must be given to the creep in the fracture process zone because 
time-dependent effects arising in the process zone may be included in a time dependent 
generalization of the fracture model itself. 

The second source is the time dependence of the rupture of bonds. Although the 
classical fracture mechanics is a time-independent theory, the breakage of bonds, which 
is the origin of fracture, cannot happen instantly when the bond strength is exceeded, 
but occurs at a certain finite rate. This rate is governed by the statistics of the ther
mal vibrations of atoms or molecules. The law governing the rate of bond breakages 
responsible for the fracture can be derived in the following manner which is analogous 
to that used in material science models for creep or plastic flow (which also involves 
bond breakages) and is based on the same principle as the activation energy theory for 
the rate of chemical reactions [25-27]. 

The thermal vibrations of atoms or molecules, which have a typical frequency v :::: 
10138-1 , are random and the frequency at which any specified energy level U is exceeded 
is given by the Maxwell-Boltzmann distribution, f = kbe-u/Irr, in which T = absolute 
temperature, R = gas constant, kb = constant = av, and a = entropy factor. The 
potential of the bond forces, U, which is schematically plotted in Fig. 1 as a function 
of the distance x from the equilibrium position, has a certain maximum, Q, near the 
equilibrium position. This maximum is called the activation energy Q. It must be 
overcome for the bond to rupture. Therefore, the rate of bond breakages is given by . 
fb = kbe-Q/ Irr . 
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Fig. 1 Activation energy concept (a, b), bond ruptures at fracture front (c), crack 
bridging stresses in the cohesive crack model (d), stress-displacment relation 
for the rate dependent model (e), and behavior at unloading and reloading 
(f). 

297 



Now, if stress O'b is applied to the bond, the bond potential U is modified as schemat
ically shown in Fig. 1b, with the result that the potential energy barriers for a particle 
(atom or molecule) escape to the right or left are changed to U2 = Q - TbO'b and 
Ul == Q + TbO'b; here Tb represents the distance from the equilibrium position (minimum 
potential energy) to the maximum potential energy (the reason is that TbO'b represents 
the work of the applied stress on displacement Tb). In absence of applied stress O'b, the 
potential energy barriers for movements to the left and right are equal, and so, even 
though the bonds rupture and the particles move, there is no net overall movement 
either to the right or to the left. However, when stress O'b is applied, the frequency 12 
of the jumps over the potential energy barrier U2 to the right exceeds the frequency 
h ofthe jumps over the potential energy barrier U1 to the left. Obviously, the rate of 
crack opening must be proportional to the difference of these frequencies. Therefore, 
substituting the foregoing expressions for U2 and UI , we obtain 

v == kJ(f"J - h) == kbkJ [e-(Q-rb/Tbl/RT - e-(Q+rb/Tbl/RT] == 2kbkJ sinh (~~) e-Q/RT -_ 

(1) 
It is now convenient to introduce the reference temperature To and denote Co == 

2kbkJe-Q/RTo == constant. Furthermore, we need to relate the stress O'b in the bonds 
that undergo fracturing to the overall crack bridging stress 0'. To do this precisely, 
we would need to know the number of the resisting bonds, which is changing with the 
crack opening, as well as the deformation of crack surface which is influenced by the 
local stiffness of the microstructure at various parts of the crack surface. This aspect of 
modeling is obviously complicated, and a simplification must be introduced. 

We will simply assume that O'b is proportional to 0' - ¢( v) where ¢( v) is a function 
that has the shape shown in Fig. if and is supposed to describe the stress-displacement 
relation 0' == ¢( v) of the cohesive crack model for an infinitely slow rate v of the crack 
opening. Thus we may set (Tb/ RTo)O'b == ko[O' - 4>( v»), in which Tb, R, To and ko are con
stants. With the aforementioned notations, Eq. (1) at reference temperature becomes 

v == Cosinh{ko[O' - ¢(v)]} for T = To (2) 

and Eq. (1) at any temperature T becomes 

v == Co sinh (TOkorO' - ¢(v))) exp (iL _!L) 
T RTo RT 

(3) 

Function 4J(v) for an infinitely small rate of crack opening cannot be measured 
directly, and it is convenient to relate it somehow to the stress-displacement relation 
0' == I( v) for fracture in the normal static tests in the laboratory. It seems that a 
simple but realistic assumption might be ¢>(v) == kI!(v), in which 0' == I(v) is the stress
displacement relation of the cohesive crack model (Fig. if) for the normal loading rate 
in a static test, that is, the loading rate that leads to the maximum load within about 
5 min., and kl ~constant that is close to 1 but less than 1 (roughly kl = 0.8). Here it 
is assumed that the normal static test does not reduce the crack bridging stress to zero 
but terminates_with a plateau t1 == 0'00 limiting displacement v == VIi 0'00 is assumed to 
be a small positive constant roughly equal to 0.1f: U: == direct tensile strength). 

The foregoing assumption might explain why in static tests the load-deflection dia
grams have a curiously long tail and why normally the load is not seen to get reduced 
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to zero even at very large deflections. This long tail might well be a consequence of the 
rate effect. To reduce the stress at very large v to 0 it is necessary to extend the test 
duration by several orders of magnitude, which causes stress relaxation, as indicated by 
the downward arrows in Fig. Ie. Fitting of experimental data is needed to determine 
whether such a simple assumption would be adequate. As for the behavior at unloading 
and reloading, it seems reasonable to delete the rate-dependence of fracture as long as 
the crack bridging stress is below ¢( v). 

The present model for rate-dependent crack opening either can be implemented 
directly in the form of a rate-dependent cohesive (fictitious) crack model, generalizing 
the model of Hillerborg et al. [28-30), or it can be converted to a. stress-strain relation 
for the crack band model or a nonlocal model for continuum damage (cracking) that 
leads to fracture. This is accomplished simply"" by setting v == h£ J where £ J is the 
fracturing strain in the stress-strain relation with softening and h is a characteristic 
length of the material which represents either the width of the crack band or a length 
over which the spatial averaging in the nonlocal continuum model is carried out. 

The latter approach has been adopted by Wu and BaZant (31) in another paper 
in this volume. In that paper, the rate-dependent fracture model is combined with a 
creep model for the material in the bulk of the specimen. The creep model is based on 
the solidification theory, with the creep of the cement constituent represented by the 
Kelvin chain model. It is shown in that paper that such a combined model for creep 
and fracture rate dependence compares favorably with the existing experimental data 
for various rates of loading and for various specimens sizes, and also reproduces the 
observed size effect reasonably well. It is also noted that inclusion of both creep in the 
bulk of specimen and the rate-dependence of the crack opening is important; if only 
one of these aspects is modeled, good agreement with the experimental data cannot be 
obtained. The creep in the bulk of the specimen has of course considerable effect on 
the stresses at the fracture tip. For slow loading or arrest of the opening displacement 
increase, the creep causes significant stress relaxation around the fracture process zone, 
leading to its unloading. 

3.2 R-CurvrfI°del 

The simplest approach to the analysis of nonlinear fracture with a finite size fracture 
process zone is an equivalent linear model characterized by the so-called R-curve, that 
is, a cuJ've treated as a material property which gives the energy R required for the 
propagation of an equivalent LEFM crack (fracture resistance) as a function of the 
crack length measured from the notch or the tip of the traction-free actual crack [e.g. 
32J. We will now briefly summarize the formulation given in Bazant and Jirasek [33J. 

To analyze the response of structures or specimens under a controlled rate T of 
the crack mouth opening displacement (CMOD) ~, one needs the following relations 
from linear elastic fracture mechanics (LEFM): ~ == P6(at)/ Eb and K = Pk(at)/bVd, in 
which P = applied load, E == elastic modulus, b == specimen thickness, d = characteristic 
dimension (taken .here as the beam depth), at = a/d,a == crack length and 6,k == 
functions that are known from LEFM. The classical rate-independent R-curve 'concept 
of fracture propagation is based on the assumption that the critical energy release rate 
R depends on the crack propagation length c == a - ao, where ao == initial crack (notch) 
length. The corresponding critical stress intensity factor is KR(C) =.,jER(c). The R-
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curve can be completely determined from the effect of size on the measured maximum 
loads of geometrically similar specimens of different sizes. A well-known procedure 

yields a function p such that R(c) = GfP(C/cf),KR(C) = KfVP(C/Cf), where Gj,Kf 
and cf is the fracture energy, fracture toughness and effective process zone length for 
an infinitely large specimen, which are geometry (shape) independent constants. 

One process causing the rate effect is the process. of bond ruptures at fracture tip, 
which depends on the stress intensity factor K. As already explained, this process is 
described by the rate process theory for interatomic or intermolecular bond ruptures 
based on the concept of activation energy and Maxwell-Boltzmann distribution of ther
mal energies. Based partly o~ such considerations, the crack growth rate is expressed 
as a = "oK" exp( -Q / RT), in which "0, n = constants, Q = activation energy, R = 
gas constant and T = absolute temperature. The factor K", however, is an empirical 
replacement of the sinh function. Since we do not study the temperature effect, this 
reduces to a = "1 K". This relation may be applicable only to materials with a very 
small fracture process zone, and must therefore be generalized, which can be done using 
the R-curve concept. A simple generalization is given by the power law 

(4) 

in which" and n are constants to be found empirically. The exponent n is expected to 
be very large so that for small K / KR, the crack growth rates are negligible. 

Replacing the elastic modulus E, according to the elastic viscoelastic analogy with 
the corresponding compliance operator for creep, we obtain from the elastic formula for 
CMOD the following expression for the creep effect on CMOD: 

L'l.(t) = b-1 r J(t, t') d[P(t')6(t'») 
ltD 

(5) 

in which t = current time, to = time at the first loading and J(t, t') = compliance 
function for creep in the bulk of the specimen, which is well known. 

One interesting observation from testing of the size effect in concrete at various rates 
(34) is that, in the plot of the logarithm of the nominal stress versus the logarithm of size 
d, the response shifts to the right (Le. toward the LEFM) as the loading rate is getting 
slower. This suggests that Cf should decrease with a decreasing rate of loading, which 
must be described in terms of a because the material properties cannot directly depend 
on the loading rate. Therefore, it has been further assumed that cf = cfo(a/iJ.o)l/m, in 
which ao is a constant chosen for convenience and c fO, m are constants to be determined 
empirically. This effect is, however, not seen in the tests of limestone (34), which is 
probably related to the fact that limestone does not exhibit any creep. 

The p~oblem can now be reduced to the solution of two coupled nonlinear integral 
and differential equations, which in the case of a constant CMOD rate r read 

It J(t,t')d[P(t')6(t'») = br(t - to) (creep) (6) 
ltD 
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and are to be solved for the proper initial conditions. The solution ofthese two equations 
has been carried out in [33J numerically in small time steps. The values of the material 
parameters ", n, K j, CfO, and m have been varied first in a trial-and-error fashion and 
ultimately optimized. Fig. 2a (left), taken from [33J, shows the best fit of experimental 
data reported in [35J, which has been obtained using Eq. (6)-(7). 

To model the rate and size effects for concrete as reported in (34) (Fig. 2b), the rate 
equation (1) has been used with Ie = 8.10-6 m s-1, n = 29 and K f = 900 kN m -3/2. The 
parameter cf has been allowed to vary with varying crack propagation rate according 
to (5) with cfo = 14mm, do = 0.01 ms-1 and m = 17, in order to get a shift of the size 
effect plot towards LEFM for slow loading rates (Fig. 2b). However, the experimentally 
observed shift of brittleness (Fig. 2a) seems to be too strong to be exactly reproduced 
by the present numerical model. A deeper expedmentiU study of the physical nature of 
this interesting phenomenon is needed. . 

The effect of a sudden change of loading rate was experimentally studied by BaZant, 
Gu and Faber (submitted to ACI Mat. Journal, 1993). The initial CMOD rate was 
held constant until the load passed the peak value PI and dropped to some lower value 
Pc; then the rate was suddenly increased or decreaseA by several orders of magnitude. 
For a sufficiently large increase of the loading rate, the load started increasing again 
and a second peak P2 could be observed (Fig. 2c). On the other hand, a decrease ofthe 
loading rate was followed by a fast drop of the load-CMOD curve. The rate-dependent 
R-curve model exhibits qualitatively the same behavior (Fig. 2e). The tests suggest 
that, after a rate change, the curve for the new rate asymptotically approaches the 
curve for a constant rate test with a rate equal to the new rate. The theory agrees with 
this behavior also (Fig. 2e). 

It may be concluded that the R-curve concept, if generalized for the crack propa.
gation rate effect and creep in the specimen bulk, can give a good description of the 
measurements of both the size effect and the rate effect in concrete (as well as lime
stone). It is a simple model of this complex phenomenon, which lends itself easily to 
practical applications. 

4 Creep Analysis of Concrete as Aggregate-Matrix Composite 

Prediction of the elastic constants of a particulate composite from the elastic con
stants ofthe aggregate and the matrix has been studied extensively [35-41), and various 
formulations for concrete in which the matrix exhibits aging linear creep have also been 
proposed [43-47). However, a good, realistic prediction method that agrees with exper
imental results over a broad range of situations still does not exist. 

There are two difficulties in the analysis: (1) How to model the interaction between 
the aggregate and the matrix in a composite, and (2) how to incorporate linear aging 
creep, which is in general defined by Volterra integral equations in time. Some attempts 
to describe creep of the matrix of the composite model by means of a first-order dif
ferential equation have been made [46), but such simplifications as well as the resulting 
predictions are not realistic. The use of the effective modulus also does not appear quite 
adequate. 

There exists, however, another quasi-elastic method, the age-adjusted effective mod
ulus method [see e.g. 32) which has been shown to give excellent predictions compared 
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Fig. 2 Tests of Baiant and Gettu (1992) of the rate effect in notched concrete speci
mens of various sizes (a), size effect plot of normalized nominal strength UN VB. 

relative size dido measured by for different specimen sizes and different l~ading 
rates, (b) measurements of Baiant, Gu and Faber of the reversal of soften~g to 
hardeaing due to a sudden 1,OOO-fold increase of the loading rate (c), and s~u
lation of the effects of rate increase or decrease by the R-curve modef generalized 
for rate effect (d) (after Baiant and Jirasek, 1993) (d). 
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to the exact solutions of integral equations for various problems of structural analysis 
with steady state loading, and may be expected to perform with equal accuracy for 
the modeling of composites. Therefore it is proposed to use this method in a quasi
elastic composite analysis. In an ongoing study at Northwestern University conducted 
jointly with L. Granger, S. Baweja and P. Simeonov, various types of composite models, 
including the self-consistent model of Hill [39-40) and the Hashin-Shtrickman [36-37) 
variational bounds have been used, but 80 far it has transpired that these sophisticated 
models do not offer better predictions than a simple combination of parallel and linear 
coupling ofthe elements representing the aggregate and the matrix (mortar). 

While the age-adjusted effective modulus method can be with all the preceding 
types of composite models, for the aforementioned reasons it may he best to use it in 
conjunction with the combined series~parallel model '(Fig .. 3). We assume that the ag
gregate represents the volume fraction Va, and the mortar (matrix) the volume fraction 
Vm = 1 - Va. First we calculate the compliance function (or the parallel coupling of Va 
and ,BVm. Then we assume that the volume .BVm acts in parallel with Va, and the rest 
of Vm, that is (1- .B)Vm, acts in series with the parallel coupling of Va and .BVm (Fig. 3). 

.. 1~----1+E ·1 

cr cr 

Fig. 3 Combined series-parallel model for creep interaction of aggregate and mortar 
matrix. 

The age-adjusted effective modulus "method requires writing two types of elastic 
relations: one for the initial instantaneous elastic loading at time to, and the second for 
the time increment from to to any current time t. The creep of the mortar (matrix) 
is characterized by compliance Jm(t, to) and elastic modulus Em = l!Jm (to , to). The 
aggregate is characterized by elastic modulus Ea. For the case of parallel coupling 
one has the following compatibility and equilibrium relations for the strain and stress 
increments: A£a = A£m = AI', V"Aua + .B(1- v..)Aum = Au. We have AUa = EaAf, 
and for the mortar (increments from to to t), we have AUm = E::'(Afm - Ai':') and 
Ai':' = (uol Em)<Pmi here Uo = u-value at to <Pm = EmJm - 1 = creep coefficient of the 
mortar and E::' = (Em -Rm)/<Pm, AI' = f(t)-f(to), etc., and Rm = relaxation function 
of the mortar corresponding to the compliance function, which may be evaluated from 
the approximate but quite accurate one-line formula of Baiant and Kim [see e.g. 32]. 
Now the equilibrium relations for the composite according to the age-adjusted effective 
modulus method may be written as 

At t: VaEaAf + .B(1 - V .. )E::'(Af - ~<Pm) = Au = 0 

At to: v;, Eo 1'0 + .B(1 - lt~)EmfO = u 

303 

(8) 

(9) 



where we imposed the condition that stress q is constant from to to t, and £0 = q / Ep. 
Subsequently we solve these eq~ations for (0 and d£, denote Ep = V"E" + f3(1 -
V,,)Em , E'I = V"E" + f3(1 - V,,)E::' and cakulate J(t,to) ::= (£0 + d£)/CI. This 
yields for the pa.ra.llel coupling of aggregate and mortar (shown in Fig. 3) the partial 
compliance function 

1 f3(1 - VCl )E::'4>m 
Jp(t, to) = Ep + E"E

m 
(10) 

In the second step of calculation we assume that volume (1 - f3)Vm of the matrix, 
with f3 being an empirical constant, is coupled in series with the foregoing parallel 
coupling model of aggregate and mortar. This yields the result: 

J(t, to) ;: ~ + f3(1 ~;,~~::'4>m + (1 - f3)Jm(t, to) (11) 

From prelimary results is seems that this expression for the compliance function of the 
composite can give very good approximations over a broad range of situations, although 
parameter f3 must be determined empirically. The question is whether 1ihis parameter 
can be fixed once for all as a constant or characterized as a certain simple function. 

Studies of the use of Hashin-Shtrikman variational bounds are continuing, and it is 
expected that the conference presentation would include numerical results and evalua.
tions. 

5 Concluding Remarks 

To sum up, in spite of great progress in the theory of creep and shrinkage of con
crete during the last quarter century, significant problems remain before the theory can 
yield completely realistic predictions of many structural analysis and design problems. 
While deterministic linear aging viscoelastic analysis of structures seems to be in essence 
known and the opportunity for further significant advances seems very small, significant 
progress is needed in four areas: (1) Interaction of fracture with creep and rate effects 
stemming from fracture growth; (2) micromechanics of creep and shrinkage, expressed 
in quantitative terms and providing mathematical relations of macroscopic behavior to 
the phenomena on the microstructural level; (3) integration of diffusions models for 
moisture and heat transport into the analysis and design of structures for creep and 
shrinkage; and (4) introduction of statistical and probabilistic analysis into the long
time predictions of creep and shrinkage in structures, and updating of these predictions 
on the basis of extrapolation from short-time measurements or measurements on sim
ilar concretes. Some examples of recent developments at Northwestern University in 
the aforementioned research areas have been given, indicating how the fracture models 
can be generalized for their integration with creep structural analysis and incorpora.
tion in finite element programs for concrete creep, and how one micromechanics aspect, 
namely the interaction of aggregate and cement mortar matrix in concrete considered 
as a compQl!ite can be in a simple manner modeled mathematically. Much further re
search, however, will be needed in the aforementioned research areas in order to make 
the theory of concrete creep and shrinkage serve adequately the needs of design of con
crete structures, especially the more daring or more efficient structures which are often 
super-sensitive to creep. 

304 

ACKNOWLEDGEMENT.-Partia~ financial,upport has been obtained under AFOSR Grant 912-
01./0 to Northwestern Untversdy for the fracture mechanics part of the present work, and under 
NSF Grant MSS-911U76 to Northwestern University for the creep part ofihe present work. 

References 

1. Rll~M COhmmit~ee,TC 69

" 

(1988) (l. Bafant, Chairman and princ. author). State of the art 
In mat emat/ca. mode 109 of creep and shrinkage of concrete, in Mathematical Modeling of 
Creep and Shnnkage of Concrete, ed. by l. P. Bsbnt, J. Wiley Chichester and New York 
1988, 57-392. " 

2. Arutyunyan, N.Kh .. (1952) So,,!,e problems in the thiory of creep, (in Russian), in Techteorizdat 
Moscow, (Enghsh translation, Pergamon Press, 1966). 

3. Balant, Z. P., and Ong, J. S. (1983) Creep in continuous beam builtspan-by-span, J. ofStru~tural 
Engineering ASCE, -l09, 1646-1668. 

4. Aguinaga-Zapata, M., and Balant, l. P. (1986) Creep deflections in slab buildings and forces in 
shores during construction, Journal of the Am. Concrete Inst., 83, 719-726. (disc. 1987, 
361-363). 

5. Mindess, S. (1985) Rate of loading effects on the fracture of cementitious materials, in Application 
of Fracture Mechanics to Cementitious Composites, ed. S.P. Shah, Martinus Nijhoff Publ., 
Dordrecht, 617-638. 

6. Reinhardt, H.W. (1985) Tensile fracture of concrete at high rates of loading, in Application of 
Fracture Mechanics to Cementitious Composites, ed. S.P. Shah, Martinus Nijhoff Publ., 
Dordrecht, 559--592. 

7. Wittmann, F.H. (1985) Influence oftime on crack formation and failure of concrete, in Application 
of Fracture Mechanics to Cementitious Composites, ed. S.P. Shah, Martinus Nijhoff Publ., 
Dordrecht, 593-616. 

8. Ross, C.A., and Kuennen, S.T. (1989) Fracture of concrete at high strain-rates, in Fracture 
of Concrete and Rock: Recent Developments, eds. S.P. Shah, S.E. Swartz and B. Barr, 
Elsevier Applied Science, london, UK, 152-161. 

9. liu, l.-G., Swartz, S.E., Hu, K.K., and Kan, Y.-c. (1989) Time-dependent response and fracture 
of plain concrete beams, in Application of Fracture Mechanics to Cementitious Composites, 
ed. S.P. Shah, Martinus Nijhoff Publ., Dordrecht, 577-586. 

10. Bahnt, Z.P. and Gettu, R. (1992) Rate effects and load relaxation: Static fracture of concrete, 
ACI Materials Journal, 89(5), 456-468. 

11. Babnt, l.P. and Jirasek, M. (1992) R-curve modeling of rate effect in static fracture and its 
interference with size effect, in Fracture Mechanics of Concrete Structures, Proc. Int. Conf. 
on Fracture Mechanics of Concrete Structures (FraMCoS 1), Breckenridge, Colorado, June, 
ed. by l.P. Babnt, Elsevier Applied Science, london, 918-923. 

12. Balant, Z. P., and Prasannan, S. (1989) Solidification theory for concrete creep: I. Formula
tion, ASCE Journal of Engineering Mechanics 115 (8) 1691-1703 and II. Verification and 
application, in ASCE J. of Engineering Mech. 115 (8) 1704-1725. 

13. Bafant, Z.P., Kl'fstek, V., and Vitek, J.l. (1992) Drying and cracking effects in box-girder bridge 
segment, ASCE J. of Structural Engineering 118(1), 305-321. 

14. Balant, l. P., $ener, S. and Kim, Jenn-Keun. (1987) Effect of cracking on drying permeability 
and diffusivity of concrete, ACI Materials Journal, 84 (Sept.-Oct.), 351-357. 

15. Balant. l. P., and Kim, Joong-Koo. (1989) Segmental box girder: deflection probability and 
Bayesian updating, in ASCE Journal of Structural Engineering 115 (10) 2528-2547. 

16. Bafant, l.P. and Xi, Y. (1993) Stochastic drying and creep effects in concrete structures, J. of 
Structural Engineering, 119(1), 301-322. 

17. Tsubaki, T., et al. (RllEM TC 69, Sub. 5) 1988, Probabilistic Models, Ch. 5 in Mathematical 
Modeling of Creep and Shrinkage in Structures, ed. by l.P. Balant, J. Wiley k Sons, 
Chichester and New York. 

305 



18. Tsubaki, T. (1993), in the present volume. 
19. Needleman, A. (1988) Material rate dependence and mesh sensitivity on localization problems, 

Compo Mech. Appl. Mech. Eng., 67. 69-86. 
20 .. Rots, J.G. (1988) Computational modeling of concrete /mcture, Dissertation, Delft University 

of Technology, Delft, The Netherlands. 
21. Shah, S.P. and Chandra, S. (1970) Fracture of concrete subjected to cyclic and sustained loading, 

ACI J., V. 67(10}, 816-825. 
22. Sluys, l.J. (1992) Wave propagation, localization and dispersion in softening solids, Disser

tation, Delft University of Technology, Delft, The Netherlands. 
23. Wittmann, F.H., and laitsev, Y. (1972) Behavior of hardened cement paste and concrete under 

high sustained load, in Mechanical Behavior of Materials, Proc. of 1971 Int. Conf., V. 4, 
Society of Material Science, Japan, 84-95. 

24. You, J.H., Hawkins, N.M., and Kobayashi, A.S. (1992) Strain-rate sensitivity of concrete 
mechanical properties, ACI Mater. J., 89(2}, 146-153. 

25. Cottrell, A.H. (1964) The mechanical properties of matter, J. Wiley, New York; also Brophy, 
J.H., Rose, J.M., and Wulff, J. (1964) The structure and properties of materials, Vol. 2 
Thermodynamics of Structure, J. Wiley, New York. 

26. Hertzberg, R.W. (1983) Deformation and Fracture Mechanics of Engineering Materials, 2nd 
Ed., J. Wiley, New York. 

27. Glasstone, S. Laidler, K.J., and Egring, H. (1961) The theory of rate processes, in McGraw Hill, 
New York. 

28. Hillerborg, A:, Modeeer, M., and Petersson, P.E. (1976) Analysis of crack formation and crack 
growth in concrete by means of fracture mechanics and finite elements, in Cement and 
Concrete Research, 6, 173-782. 

29. Hillerborg, A. (1980) Analysis of fracture by means of the fictitious crack model, particularly for 
fiber reinforced concrete, Int. J. of Cement Composites 2(4}, 117-185. 

30. Petersson, P.E. (1981) Crack growth and development of fracture zones in plane concrete 
and similar materials, Report TVBM-1006, Div. of Building Materials, Lund Institute of 
Technology, Sweden. 

31. Wu, I.S., and Babnt, I.P. (1993) Finite element modeling of rate effect in concrete fracture 
with influence of creep, paper in this volume. 

32. ACI Committee 446 (1992) State-of-Art-Report on Fracture Mechanics of Concrete: Concepts, 
Models and Determination of Material Properties, in Fracture Mechanics of Concrete Struc
tures, ed. by I.P. Bazant, (Proceedings of FraMCoS 1, Breckenridge, Colorado, June 1992), 
Elsevier, London, pp. 4-144. 

33. Babnt, I.P., and Jirasek, M. (1992) R-curve modeling of rate effect in static fracture and 
its interference with size effect", in Fracture Mechanics of Concrete Structures, ed. by 
I.P. Babnt (Proceedings of FraMCoS 1, Breckenridge, Colorado, June 1992), Elsevier, Lon
don, pp. 918-923; and an extension in Proceedings, 12th SMiRT Intern. Conf., Stuttgart 
(Supplement), August 1993. 

34. Babnt, I.P. and Gettu, R., Rate effects and load relaxation in static fracture of concrete, ACI 
Mat. J., 89(5}, 456-468; also Bdant, Z.P. and Gettu, R., Effect of loading rate on static 
fracture of limestone, in Engrg. Fracture Mechanics 1993-in press. 

35. Ahmed, S., Jones, F.R. (1990) A review of particulate reinforcement theories for polymer 
composites, J. of Mat. Sci., 25, 4933-4942. 

36. Hashin, I. (1983) Analysis of composite materials-a survey, J. of Applied Mechanics, 50, 
481-505. 

37. Hashin, I., Shtrikman, S. (1963) A variational approach to the theory of the elastic behaviour 
of multi-phase materials, J. of the Mechanics & Physics and Solids, 11, 127-140. 

38. Hashin, I. (1962) The elastic moduli of hetergenous materials, J. of App. Mech. ASME, 29, 
143-150. 

39. Hill, R. (1952) The elastic behavior of the crystalline aggregate, Proceedings of the Physical 
Society, A65, 349-354. 

306 

40. Hill, R. (1965) A self-consistent mechanics of composite materials, J. of the Mechanics & 
Physics of Solids, 13, 213-222. 

41. Smith, J.e. (1975) Simplification of van der Poel's formula for the shear modulus of a particulate 
composite, J. of Research of The National Bureau of Standards, 79A, N2, 419-423. 

42. DeLarrard, F., LeRoy, R. (1992) Relation among formulations and various mechanical properties 
of high performance concretes (in French), Materials and Structures (RILEM), 25, 464-475. 

43. Counto, U.J. (1964) The effect of the elastic modulus of the aggregate on the elastic modulus, 
creep and creep recovery of concrete, Magazine of Concrete Research, Vol. 16, No. 48, 
129-138. 

44. Neville, A.M. (1964) Creep of concrete as a function of its cement paste content, Magazine of 
Concrete Research, v. 16, no. 46, 21-30. 

45. Neville, A.M., Dilger, W.H., and Brooks, J.J. (1983) Creep of plain and structural concrete, 
Construction Press-Longman, London, New York, 361 pp. 

46. Popovics, S. (1986) A model for deformations of two-phase composites under load, in Fourth 
RILEM International Symposium on Creep and Shrinkage of Concrete: Mathematical 
Modeling, ed. by Z.P. Bazant Northwestern University, Evanston, Illinois, USA. 

47. Rutledge, S.E., and Neville, A.M. (1966) The influence of cement paste content on the creep of 
ligthweight aggregate concrete, Magazine of Concrete Research, Vol. 18, No. 55, 69-74. 

48. Cherepanov, G.P. (1979) Mechanics of Brittle Fracture, McGraw Hill, New York. 

307 


