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This paper reviews some interesting recent results on mesh sensitivity and strain 
localization instability, nonlocal and micromechanics models, and the size effect 
in failure due to distributed cracking. 

As we know, failure of many materials involves propagation 
of a large system of densely distributed cracks rather than a 
single, precisely defined fracture. This is typical of concrete and 
rock, as well as stiff clays, ice, especially sea ice, filled elas
tomers, wood, particle board, paper, two-phase ceramic com
posites, fiber-reinforced polymers, fiber-reinforced concrete, 
asphalt and polymer concretes, and refractory concretes. The 
number of cracks or microcracks is extremely large, and their 
locations and orientations are random. Therefore, it is inevita
ble to treat the densely cracked material as a continuum. The 
constitutive relation must then exhibit strain-softening, a phe
nomenon where the matrix of iangential elastic moduli ceases 
to be positive definite. Unreasonable though such an approach 
might seem (84.40), it has nevertheless been proven useful 
provided that certain mathematical difficulties inherent to it are 
properly tackled. 

Some of these difficulties were already pointed out in 1903 
by Hadamard (03.1) and others were further analyzed by 
Thomas, Maier, Mr6z, BaZant, Burt and Dougill, Sandler and 
Wright, Balant and Belytschko, Darvall, Read and Hegemier, 
Wu and Freund, and others (61.4, 76.2, 77.4, 84.40, 84.46, 
84.58). Recently, due to large errors in finite element predict
ions of complete failures of concrete structures or rock masses 
subjected to blast, impact, earthquake, thermal loading, creep 
or shrinkage, the modeling of distributed cracking came to the 
center of attention. The literature has become so extensive that 
a complete coverage in one paper is impossible. Therefore, I 
will focus my review mainly on the work done at our Center at 
Northwestern University which was carried out jointly with T B 
Belytschko, L Cedolin, T P Chang, P Gambarova, J K Kim, 
F B Lin, B H Oh, P Pfeiffer, P Prat, and A Zubelewicz, under 
the sponsorship of the Air Force Office of Scientific Research 
(Grant No 85-00(9) and the National Science Foundation 
(Grants Nos CEE800-3148 and CEE821-1642). If I fail to 
mention some important contributions, their authors should 
realize that they will be in a good company. 

Let me begin by showing a micrograph of the fracture tip 
region in Portland cement mortar, obtained by means of scan
ning electron microscopy by Mindess and Diamond (80.22). 
Instead of a continuous crack we see many discontinuous 
microcracks which are not arranged along one line but are also 
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spaced laterally (Fig. 1). On a much larger scale, Fig. 2 shows 
typical cracking patterns in reinforced concrete structures, as 
observed on punching shear specimens tested at Northwestern 
University (85.6). On a still much larger scale, Fig. 3 shows a 
typical map of cracking caused by advancing a stope through a 
bushveld Dorite rock formation in a very deep mine, as de
termined by drill sampling techniques by Brumer and Rorke 
(84.14). 

How should we model such distributed and microscopically 
chaotic crack systems in finite element analysis? 

1. STRAIN-SOFTENING CRACK BAND AND 
LINE CRACK MODELS 

While mathematicians may prefer to seek good solutions to 
simplified problems, we engineers must seek simplified solutions 
to good problems. So, rather than limiting attention to prob
lems with sharp line cracks, for which a good solution could be 
readily found, we must look for a simplified solution to the 
actual problem which takes the disperse nature of cracking into 
account. A useful simplifying idea, introduced by Rashid (68.9) 
18 years ago, is to imagine continuously distributed or smeared 
cracks and describe them as strain-softening (81.24). This is 
easily taken into account by reducing the elastic modulus in the 
direction normal to the cracks and introducing an orthotropic 
matrix of elastic moduli along with an inelastic stress decre
ment. The stress decrease due to cracking was initially consid
ered as a sudden, ie, vertical crack drop, but it is more correct 
to describe it as gradual strain-softening. 

Strain-softening does not exist in the heterogeneous micro
structure at sufficient resolution (84.40). It is merely an expedi
ent macroscopic model accomplishing homogenization. Its 
mathematical formulation has recently been the subject of very 
interesting debates (84.40, 84.46). Some investigators, in
fluenced by plasticity theory, have promulgated the view that 
strain-softening is a nonexistent and mathematically unaccepta
ble property for a continuum. In my opinion they overstate, 
although they do describe certain difficulties correctly. Before I 
discuss them, I would like to point out some other branches of 
physics in which a similar problem arises. In the physics of 
gases, the liquid-vapor phase transition (83.1, 84.1) described by 
van der Waals' equation of state (64.1, 80.18) involves a region 
where pressure decreases at decreasing volume. This behavior, 
which we might classify as strain-softening, characterizes meta
stable superheated liquids or supersaturated vapors. In astro
physics, a continuum equation of state of stellar matter which 
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4:2:1. We assume that a starter notch exists in the center of the 
panel, and we plot the value of the load necessary to further 
extend the crack band, as a function of the crack band length. 
If the strength criterion is used to decide whether the crack 
band extends into the next finite element, the results of the 
three meshes are as different as the solid curves in Fig. 5. 

Pathological behavior of this kind, by now confirmed by 
many investigators, can be remedied by adopting for crack 
band propagation some form of an energy criterion, just as in 
classical fracture mechanics of sharp line cracks. With the 
energy criterion, we obtain in Fig. 5 the dashed cur:ves (80.2) 
which differ from each other only by a small numencal error. 
Similarly (Fig. 6), the mesh size is found to affect incorrectly the 
load-deflection diagrams, for example, those for a rectangular 
panel (Fig. 6) in which symmetric crack b~ds start from the 
sides. Such spurious mesh sensitivity can occur not only for the 
post-peak response but also for the value of the maximum load, 
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FIG. 8. Different extents of fracture process zone (82.3) . 

as documented, eg, for the finite element analysis of diagonal 
shear failure of beams (Fig. 7) (80.2, 83.7). The lack of objectiv
ity or spurious mesh sensitivity is found both for the sudden 
(vertical) and the gradual stress drops (83.9). . 

The energy criterion, necessary to avoid the mathematIcal 
problem of inobjectivity or spurious mesh sensiti~ity, dictat~s 
that the energy dissipation due to localized 'cracking per urut 
length of fracture must be a material property which cannot 
depend on the chosen mesh size. The. mesh-independe~ce ?f 
energy dissipation can be achieved in firute element modeling 10 

various ways, both for the sudden and the gradual stress drops. 
The essential physical aspect is that the distributed nature of 
cracking, which is in fact a consequence of material inhomo
geneity (characterized by aggregate or grain size, reinforce~ent 
spacing, rock joint spacing, etc), blunts the front of localized 
fracture. This blunting, similar to that in ductile fracture of 
metals (Fig. 8), causes the fact that the stress decline along the 
line of fracture extension is gradual and occurs over a finite 
length which is approximately a certain constant multiple ?f the 
aggregate size. This length can approach th~ structure dime.n
sions if the structure is not very large relatIve to the matenal 
inhomogeneity size. 

One way to satisfy, for localized cracking, the mathematical 
requirement for a mesh-size independent energy dissipation, 
and capture at the same time the pbysical fact of fracture fro~t 
blunting, is offered by the crack band model. As proposed in 

1974, the cracking is assumed in this model to be uniformly 
smeared across a band having at its front a finite width we 
whicb is· a material property (76.2). This is modeled by requir
ing the element size to be equal to we (Fig. 9). Fracture e~er~y 
G is then given as W times the area under the uruaxlal 
cbmplete tensile stress-~train diagram, or more precisely the 
area under the loading and unloading diagrams emanating from 
the peak stress point (82.3). As the simplest form, the 
stress-strain diagram may be considered as bilinear, although a 
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FIG. 10. Triaxial strain-softening law (83.9). 

diagram with a curved convex strain-softening branch and a 
very long tail is usually more realistic (85.19). 

The triaxial form of the strain-softening constitutive relation 
is most easily obtained by a secant compliance formulation 
referred to the crack axis, such that the secant diagonal stiffness 
term corresponding to the direction normal to the crack is 
divided by the cracked area fraction !l (a dcpnage-type parame
ter) which decreases to zero as the transverse normal strain 
increases (Fig. 10). This model (82.3, 84.12) can closely describe 
essentially all known fracture test data for concrete as well as 
rock (67.3, 68.3, 69.2, 70.6, 71.3, 71.6, 71.11, 72.1, 73.3, 73.4, 
75.3, 76.7, 76.10, 77.8, 78.9, 78.13, 79.16, 80.22, 80.27, 80.28, 
81.4,81.11,81.17,81.23,82.9,82.28,82.31,82.32,83.29,83.42, 
83.46, 84.30, 84.52, 85.21, 85.30, 85.31, 85.39, 85.44); see, eg, 
Figs. 11 and 12 in which the optimum possible fits by linear 
elastic fracture mechanics are shown as the dashed lines and 
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those for the crack band model as the solid lines. Figure 11 
illustrates how the maximum load of fracture specimen depends 
on its size and notch length, while Fig. 12 shows how the 
specific energy required for crack growth depends on the length 
of the crack extension from the notch. 

Aside from having to specify the shape of the strain-soften
ing branch as well as the overall type of the strain-softening 
triaxial constitutive relation, we can characterize the crack band 
model by three material parameters: the tensile strength ft', the 
fracture energy Gf , and the cracking front width We. The char
acteristic slope E, « 0) of the strain-softening diagram is a 
function of these parameters. /,' and Gf being constant, the 
cracking front width W,., which represents a characteristic length 
of the material, has an almost negligible influence on the 
capability to fit test data for localized fracture, and cannot be 
determined from them. It can be determined, however, if the 
strain-softening modulus E, is specified independently, for ex
ample, on the basis of tests in which cracking does not localize. 
Such situations of nonlocalized cracking prevail for direct ten
sion or bending of a bar or beam with sufficient reinforcement, 
or for cooling or shrinkage cracking near the surface of a 
massive specimen. Absence of localization of cracking can 
perhaps be also assumed for unreinforced tension specimens 
that are sufficiently short. Based on E,. the cracking front width 
W(. is found to be approximately three times the maximum 
aggregate size for concrete (83.9). However, multiples from 1 to 
10 make little practical difference if nonlocalized cracking is left 
out of consideration and only the data for localized cracking are 
analyzed. 

For the majority of practical applications, an element size 
equal to several aggregate sizes is impracticably as well as 
unnecessarily small. Es.sentially identical results can be ob
tained with larger finite elements if the mesh is not too crude 
compared to the structure dimensions. For this purpose, it is 
necessary to adjust the average stress-strain relation for the 
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a , a 

FIG. 12. Illustration of how the 
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finite element so as to ensure the same energy dissipation, ie, 
the same fracture energy Gf , for any element size h. We may 
imagine a band of width We - I to be embedded within the finite 
element (Fig. 13), and its relative normal displacement to be 
added to that corresponding to an elastic or elastoplastic (but 
nonsoftening) behavior. The average stress-displacement rela
tions for the finite element then vary with the element size as 
shown in Fig. 13; the stress drop becomes progressively steeper 
until, for a certain characteristic element size leh' it becomes 
vertical (85.3, 85.13). With larger element sizes, which are often 
needed in practice for the analysis of large structures, the 
average stress-displacement diagram is of the snap-back type, 
which is unstable under displacement control. Such a situation 
requires dynamic analysis; however, an approximate static anal-

Strain summation: 

ysis becomes possible by replacing the snap-back diagram by a 
diagram with a vertical stress drop which dissipates the same 
amount of energy (85.3, 85.13). Under this restriction, the 
dynamic snap-through (ie, the vertical stress drop in Fig. 13) 
begins and ends with states of equal kinetic energy, thus permit
ting static analysis. It is found that for finite elements larger 
than leh the strength limit for the sudden vertical stress drop 
must be decreased as h- 1/ 2 (79.1, 80.1, 83.7, 85.3, 85.4, 85.12, 
85.13). The finite element results are then essentially indepen
dent of the mesh size, unless the mesh is too crude. 

The constancy of the crack front width we in the crack band 
model is certainly a simplifying assumption. While we cannot 
depend on the mesh size, it may vary depending on the stress 
and strain fields surrounding the fracture process zone. The 
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effective crack front width probably increases as fracture ex
tends from a sharp notch. This behavior can be described by 
the crack layer model of Chudnovsky (83.16, 82.11), in which 
the width of the crack layer (synonymous to crack band) 
depends on three path-independent integrals around the crack
ing front: the J-integral giving the energy influx, and the M
and L-integrals giving the energy changes due to a rotation of 
the cracking front and a lateral expansion of the crack layer. 
Some applications of this approach and its systematic thermo
dynamic formulation have already been made in the area of 
polymer crazing. A general analysis of continuum damage b~ed 
on these integrals was made by G Herrmann and J R Rice 
(84.44). No doubt, applications to concrete and geomaterials 
would be possible. 

For the modeling of localized fracture, the essential property 
of the crack band model is not that its cracking front width w,. 
is finite, but that its finiteness forces the length of the fracture 
process zone in the direction of the crack axis (ie, the length of 
the strain-softening zone) to be finite and large. This same 
essential property may be alternatively obtained with various 
types of line crack models (Fig. 14), patterned after the original 
ideas of Barrenblatt (59.1, 62.1) and Dugdale (60.1), which were 
extensively applied to ductile fracture of metals (73.6, 74.5, 
74.9, 77.10) and were adapted for concrete in the pioneering 
works of Hillerborg et al (76.8,81.17,81.21,83.31,84.27,85.31). 

In Hillerborg's model (as well as some similar preceding 
finite element models for metals), a sharp line crack is assumed 
to open up along the interelement boundary on which a 
stress-displacement relationship is specified as a material prop
erty. This is, nevertheless, approximately equivalent to the crack 
band model if the energy dissipation per unit length of fracture 
is the same, or if the transverse normal displacement on the line 
crack is equal to the accumulated transverse normal strain due 
to cracking over the width of the crack band. The equivalence 
of these two types of models can in fact be rigorously estab
lished by applying the J-integral, as Rice pointed out (85.41). 

Another variant of the line crack approach, which was 
initially proposed for locali7.ation of strain-softening in shear 
(81.18), and is for concrete known as the composite damage (or 
composite fracture) model (84.53, 85.54), is to embed a line 
crack or a narrow crack strip inside the finite element (Fig. 14), 
superposing its relative displacement on the elastic deformation 
of the element. For the situations of localized fracture, eg, the 
fracture specimens, this approach yields again essentially the 
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same results as the fictitious crack model of Hillerborg et al, as 
well as the crack band model. 

The models based on the line crack idea, however, are not 
• equivalent to the crack band model for situations of nonlocal

ized distributed cracking (85.3, 85.13). This is due to the fact 
that they are characterized by only two material parameters, 
strength j,' and fracture energy Gf (if the shape of the strain
softening diagram is given in advance), while the crack band 
model involves a third material parameter, w,., the characteristic 
length of the material. In this regard it is worthwhile to recall 
what has been learned in stability studies of crack systems. 

2. STRAIN-LOCALIZATION INSTABILITY 

An interesting parallel is provided by the propagation of a 
system of straight parallel equidistant cracks into a brittle 
elastic homogeneous half-space. Keer, Nemat-Nasser, and 
Ohtsubo worked with me at Northwestern on stability of this 
system, and our work has been extended by Cleary at MIT 
(77.2, 78.11, 79.3, 79.5, 80.30, 83.17). The cracks are driven by 
cooling or drying, and the cooling stress profile can be either 
gradual, as obtained from heat conduction, or may have an 
abrupt temperature drop, as obtained when water circulates 
through the cracks (the motivation for this research was a dry 
rock geothermal energy scheme involving rock fracturing). The 
stability condition may be reduced to the condition that the 
second-order variation of tbe free energy of the system as a 
function of the lengths of the individual cracks must be positive 
definite with the exclusion of certain instability modes that are 
inadmissible, sucb as crack shortening for a nonzero stress 
intensity factor (Fig. 15). From this condition it is found that 
the parallel crack system with equal crack lengths may be stable 
or unstable; stable if the cooling temperature profile is uniform 
for a certain length and then has a sufficiently rapid drop, and 
unstable if tbe cooling profile is gradual, such as the profile 
obtained from heat conduction without convection in the cracks. 

If the system is unstable, every other crack during the 
cooling process stops growing when its length becomes ap
proximately equal to the spacing of the leading cracks (7:.2, 
78.11, 79.3). In this manner the fracture permanently localizes 
into the leading cracks (Fig. 15). On the other band, if the 
cracks are stable, they can be driven into the half-space at 
constant spacing as deep as desired, and remain stable with a 
spacing as close as desired (79.5). Thus, from the macrosco~ic 
sense, ie, over a volume involving many crack tips, the behaVIor 
at the cracking front is essentially the same as macroscopic 
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FIG. 15. Stability of crack system (77.2, 78.11, 79.3, 79.5, 80.1). 
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FIG. 19. Example of a concrete bar with 5% reinforcement, in 
which smeared cracking is stable without localizing (84.15, 85.3, 85.13). 

To sum up, the picture of objectivity at mesh refinement for 
localized and nonlocalized cracking situations is as shown in the 
table in Fig. 20. The crack band model appears to be objective 
in general, ie, when one does not know in advance whether 
distributed cracking will or will not localize. 

The limitation of the line crack models to localized cracking 
is due to the fact that they are characterized by only two 
material parameters /,' and G" whereas the crack· band model 
has three parameters, /,' , G" and the characteristic length 
/- w". For parallel cracking, the line crack .models can, of 
course, be easily modified so as to be applicable for both 
lOcalized and nonlocalized cracking; in the fictitious crack model 
(ie, interelement sharp cracks), it suffices to treat the ele~ent 
size h as a fixed material property so as to enforce the reqwred 
crack spacing, h - we' and in the composite damage or com
posite fracture models, to imagine tha~ ~ere is not ~ust a single 
line crack or crack strip embedded Wlthin each fimte element, 
but that there are as many line cracks or strips as needed, 
spaced at distance We which.is ~ material pr~~rty ~Fig. 17). 
Plausible though this generalizatIon of the eXlsung line crack 
models might be, it nevertheless runs into trouble for nonparal
lel cracking, simply because nonparallel straight-line cra~ 
cannot have a constant spacing. On the other hand, if cracking 
is characterized by a multiaxial strain-softening constitutive 
law, there is no particular difficulty when the cracking direction 

Localized Nonlocalized 
Model cracking cracking 

1. Classical smeared cracking no yes 
2. Fictitious crack model yes no 
3. Composite damage model yes no 
4. Crack band model yes yes 

FIG. 20. Attainment of objectivity with respect to element size 
(85.3, 85.13). 
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FIG. 21. Stability criterion for strain-softening: a simple example 
(76.2, 78.2) . 

varies over the space, or even when multidirectional cracking 
takes place, or when the direction of cracking rotates during the 
loading process. 

Thus far we have seen how both the localized and the 
nonlocalized distributed cracking can be modeled. However, we 
have not yet addressed the question whether the cracking ~ill ~r 
will not localize. This is a difficult problem whose handling 10 

large finite elements programs has not yet been developed. 
Aside from the stability analysis of the regular parallel crack 
system mentioned before (Fig. 15), an exact analytical solution 
is possible for uniaxial tensile or compression strain-softe~ng 
in a bar loaded under displacement control through a spnng 
(76.2, 82.3) (Fig. 21). This simulates a compression or tensile 
specimen in a testing machine, whose flexibility is represented 
by the spring. 

Stability requires that strain increments that are positive 
over some portion of the specimen length and negative over 
another portion (Fig. 21) lead to a positive second variation of 
the system's energy at fixed supports. If strain-softening is 
assumed to occur only over a negligible portion of the length, 
which would be correct for a perfectly homogeneous continuum 
(without inhomogeneous microstructure), it is found that insta
bility always occurs at the peak stress point. Thus, the 
strain-softening could never be realized. The fact that it can be 
realized and measured proves that the existence of strain-soften
ing within only a negligible portion of the le~gth is ~ incorr~ct 
assumption. Correctly, the length of the stram-softerun~ re~?n 
must be assumed to be a material property, or else ObjeCtIVIty 
could not be achieved, and then the strain-localization instabil
ity occurs at a finite distance behind the peak rather than at the 
peak. The shorter the specimen, or the stiffer the machine, the 
farther is the instability point pushed beyond the peak stress 
point. The stability condition can be reduced to the requirement 
that, for an axial load applied at the boundary of the 
strain-softening region, the sum of the spring constant of the 
strain-softening region and the spring constant of the rest of the 
system including the unloading portion of the specim~n and the 
supports must be positive. This ~ppears to be ~ speCIal ~e of 
the general requirement that the lDcremental stIffness matnx of 
the system be positive definite. . . 

This type of stability condition must be met for all adDllssl
ble (ie, compatible) deformation increments of the system at 
which the prescribed boundary displacements are fixed and the 
prescribed loads are constant. Checking it, however, may be 
difficult. For a larger finite element system, the number of all 
possible deformation increments ~s extremely lar.ge. ~n the?ry, 
all possible combinations of 10ad1Og and u?loadlDg. 10 van?us 
elements that have so far entered the stralD-softerung regime 
must be checked for the positive definiteness of the associated 
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FIG. 22. Stability of strain-softening zones. All combinations of S 
(softening) and U (unloading). 

incremental stiffness matrix. Such checks are not normally· 
carried out in the present finite element practice. If the instabil
ity for a certain mode is not checked, a possible instability may 
remain undetected. The iterations of the loading steps in the 
finite element program may converge and leave the unsuspect
ing analyst happy that he has obtained the solution, while in 
fact his solution cannot exist in reality since another solution 
releases more energy. The situation is not the same as in 
buckling of elastic systems in which the energy is compared 
only for infinitely close adjacent equilibrium configurations. 
Due to loading-unloading transitions in which the tangential 
stiffness changes discontinuously, there is no continuity be
tween various deformation increments with various combina
tions of loading and unloading, ie, the unstable path is not 
infinitely close to another stable path. For this reason, no 
trouble is encountered in computations unless the right instabil
ity mode is actually tried. 

As an illustration, Fig. 22 shows various possible combina
tions of unloading and softening in various elements which 
oUght to be checked. Figure 23 shows an example of a doubly 
symmetric rectangular panel in which two symmetrically located 
elements at each side have a slightly smaller strength and start 
softening simultaneously. One possible equilibrium extension of 
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FIG. 23. Bifurcation of equilibrium path (calculation by F B Lin at 
Northwestern Univ, 1985). Tresca criterion, 4 x 5 in., mesh 4 x 6. 
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FIG. 24. Principle of maximum second-order energy release (85.3). 

the cracking (or softening) zone is a band of two cracking 
elements next to each other. If one does not deliberately perturb 
the system, one remains unaware that another possible equi
librium solution is an asymmetric crack band of a single-ele
ment width. For each of these two loading paths the computer 
program works well and iterations in each loading step con
verge. However, only one of these two equilibrium solutions is 
correct; it is the asymmetric solution with the band of a single 
element width. 

A somewhat simpler criterion for detecting localization in
stability may be stated by comparing all the possible equi
librium paths for the same loading step, characterized by the 
prescribed displacement increments and load increments. These 
paths are much less numerous than all the equilibrium and 
nonequilibrium kinematically admissible increments at fixed 
loading. It appears that among all possible equilibrium paths of 
the system, with various combinations of loading and unloading 
in the strain-softening elements, the actual path is that for 
which the second-order free energy release of the system, as 
indicated in Fig. 24, is maximized. 

In general, stability checks with the foregoing criteria are too 
numerous to be feasible. It will no doubt be necessary to 
develop some practical ways to correctly select only a few 
equilibrium paths for which the stability checks are to be made. 

A remark is in order on the recently popular theory of 
continuous damage mechanics, which originated with the work 
of Kachanov (58.3). Numerous papers have been written on 
stress-strain relations for damage resulting in failure of the 
material; yet the stability problems inherent to these formu
lations have been ignored, as if by calling strain-softening the 
damage the stability problems would go away. They do not. If 
the damage stress-strain relation results in an incremental 
material stiffness matrix that is not positive definite, the prob
lems with unstable strain localization and spurious mesh sensi
tivity are again encountered. These problems went mostly unde
tected since little finite element computation has so far been 
done with the continuous damage mechanics formulation, and 
when it was done mesh sensitivity has not normally been 
checked. It has been also thought that stability problems are 
avoided by rate-dependent damage laws (84.46). However, if 
the matrix of the effective stiffnesses for the time interval under 
consideration is not positive definite, the stability problems 
must still be tackled (86.5). Valuable though many continuous 
damage theory developments were, the systematic lack of atten
tion to the material instabilities due to damage-a more im
portant problem'in my opinion-has been a flaw of this school 
of thought. 
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3. IMBRICATE NONLOCAL CONTINUUM 

From the purely mathematical viewpoint, the fracture mod
els based on a line crack permit that the mesh size be reduced 
to zero. From the physical viewpoint, though, it makes no sense 
to reduce the mesh to sizes that are smaller than a certain limit, 
say, the aggregate size. In the same sense, the mesh size can be 
arbitrarily reduced also for the crack band approach, provided 
that the mean downward slope of the strain-softening diagram 
is made appropriately milder to ensure the same fracture energy 
for fully localized crack band. From the physical viewpoint, 
though, the finite elements in the crack band approach should 
not be made smaller than a certain characteristic length, I, 
which may be assumed to be about three times the aggregate 
size for concrete. 

Nevertheless, mesh refinement is needed for three reasons: 
(1) to have a convergent discretization, the limit of which must 
be a continuum, (2) to accurately determine the energy dissipa
tion due to cracking, and (3) to capture variations of the 
effective width of the crack band. It is obvious that the density 
of cracks or microcracks will not be uniform across the fracture 
process zone but will increase gradually towards its center. The 
crack band model assumes a uniform distribution of the crack
ing strain, with a sudden jump at the boundary of the band, but 
no doubt the correct picture is a smooth, nonuniform variation 
of the cracking strain across a crack band whose width depends 
on the problem. These objectives may be achieved by adopting 
the concept of nonlocal continuum. 

The nonloca1 continuum is a classical concept introduced in 
the late 1960's by Kroner, Krumhansl, Kunin, Levin, Eringen, 
Edelen, and others (68.5, 68.6, 68.7, 7l.8, 72.3, 83.24). The 
central hypothesis is that the stress at a point is not a function 
of the smoothed (homogenized) stress at the same point but a 
function of the (smoothed) strain distribution over a certain 
characteristic volume centered at that point (Fig. 25), the size of 

Hypothesis: 

a PQ =1 roo a-(-x-) -=-j-[ e-(-x-) ]""'1 ¢ a R S, ¢ f[ t( x )] 

_ 1 [( I) ( I)] fl/J2 t( x) = I U x + '2 - U x - '2 "" I;; , 

1 /1/2 =-1 t(x+s)ds, 
-1/2 

possibly add weight 0:( s) 

FIG. 25. Nonlocal continuum; I = characteristic length. 
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Stability: c > 0 

Work: (1 - c)a;/fiij + C'fij8E;J 

Differential approximation: H = 1 + >..2,,2 

FIG. 26. Imbricate nonlocal continuum (84.6). 

which is the characteristic length I. Thus, one defines the mean 
strain, e, as a certain averaging integral over the characteristic 
volume V with a suitable empirical weighting function o:(x) 
(Fig. 26). The constitutive relation then defines a broad-range 
stress a as a function of the mean strain e (Fig. 26). 

In the classical theory of nonlocal continuum, the continuum 
equation of motion (or of equilibrium) has been written in 
terms of the gradient of a. With regard to finite element 
analysis, however, this form of the continuum equation of 
motion is objectionable, because of two shortcomings: (1) The 
differential operator in the continuum equation of motion is not 
self-adjoint, with the result that the stiffness matrix of the finite 
element system is nonsymmetric even if the material stiffness 
matrix is symmetric (84.6, 86.5), and (2) for certain reasonable 
weighting functions 0: in the averaging integral (and especially 
for the most useful uniform weighting function) the finite 
element formulation adm!ts periodic zero energy solutions, with 
a wavelength equal to the characteristic length of the material 
(84.6, 85.12). 

The latter shortcoming may be avoided by imagining an 
overlay of nonlocal and local continua, characterized by em
pirical coefficient c in Fig. 26. If c == I, we have the usual or 
local continuum equation of motion, and, if c'" 0, we have a 
purely nonloca1 formulation. With c"" 0, however, the afore
mentioned instability with a zero energy mode takes place. For 
a uniform weighting function this instability is avoided if c> O. 
In theory, this would mean that an extremely small local 
component, eg, c ... 0.001, would suffice to avoid this instability; 
however, in practice one obtains excessive noise when c is close 
to the stability limit. Experience shows that c = 0.1 is usually 
the minimum needed to suppress this noise (84.6). 

The problem with nonsymmetry of the operators and 
matrices may be avoided by applying the averaging operator H 
once more to the broad-range stress a before a is substituted 
into the equation of motion (84.6, 86.5, 84.3) (see Fig. 26). It 
has been in fact rigorously demonstrated that the second appli
cation of the averaging operator H is required by a consistent 
use of the variational calculus (84.3). 

For the purpose of some analytical solutions it is of interest 
to note that the integral averaging operator may be approxi
mated by a differential operator involving a Laplacian \7 2 with 
a characteristic length A (Fig. 26) related to the cross section I 
of the representative volume V (84.3). 

When a uniform weighting function 0: is used, a very simple 
discrete approximation is possible. This approximation consists 
of an imbricate (or regularly overlapping) finite element system 
as illustrated in Figs. 27 and 28 (84.3, 84.6, 85.12). When the 
finite elements are larger than the characteristic length I, the 
imbricate and the usual finite element models are identical. For 
smaller finite elements, the element size must be kept constant, 
equal to I, so that each finite element would automatically 
implement strain averaging over the length I. Thus, the finite 
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FIG. 27. Mesh refinement for imbricate nonlocal continuum (84.6). 

elements must be regularly overlapping, or imbricated, and 
their thickness or cross section must be reduced so that the 
combined thickness of all overlapping finite elements remain l. 
The discrete equations of motion for this finite element system 
represent difference equations, and it is easy to show that their 
continuum limit is exactly the continuum equation of motion in 
Fig. 26. 

The imbricate finite element system is relatively easy to 
program. The only change that needs to be made in a usual, 
local finite element code is to redefine the integer matrix of 
nodal connectivity, which specifies the node numbers for each 
element number, and to program another integer matrix which 
gives the numbers of all finite elements that overlap each square 
of the mesh. 

To validate a finite element program for strain softening, it 
is important to make a comparison with some exact solutions 
for strain-softening. An exact solution has been found to a wave 
propagation problem for a uniaxially stressed bar (85.5). The 
bar is subjected at its ends to sudden tensile stress jumps 
producing strains just below the strain-softening limit. As the 
inward elastic waves meet at the center of the bar, strain-soften
ing is produced in the central cross section (Fig. 29). It is found 
that the strain-softening region remains subsequently localized 

)..-----"" 

~ 

l---
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FIG. 28. Multidimensional discretization: imbricated system of 
ordinary elements (84.6). 
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in this cross section, and unloading waves of strain emanate 
toward the ends of the bar as if the bar split in the middle. As 
the magnitude of the stress applied at the boundary is in
creased, the solution changes discontinuously when the limit of 
strain-softening is attained. Thus, the solution depends discon
tinuously on the boundary conditions. This means that the 
problem does not belong to the class of the so-called well-posed 
problems (as pointed out by Sandler, 84.46). 

Nevertheless, a solution exists and is apparently unique 
(85.5). Moreover, a numerical finite element solution obtained 
with the standard explicit step-by-step algorithm is found to 
converge to the exact solution (Fig. 29), and to do so in fact 
quadratically (84.6). Clearly, the idea of strain-softening in a 
local continuum is not mathematically meaningless. However, it 
is physically unrealistic. According to the exact solution, the 
energy dissipation due to strain-softening which leads to brea
kage of the bar in the middle is zero (84.6, 76.2, 80.1). This 
cannot be true for any. real material. We thus have another 
indication that a nonloca1 continuum concept is required if the 
mesh is refined. . 

Figure 30 shows the profiles of the mean strain at various 
times obtained for progressively finer element subdivisions. The 
first subdivision has only five elements over the bar length, in 
which case the solution is local because the characteristic length 
is assumed to be 1/5 of the bar length. As the mesh is refined 
the width of the strain-softening region decreases, apparently 
converging to the Dirac delta function. 

By contrast, for the imbricate finite element formulation 
(Fig. 31), the solution converges to strain distributions in which 
many elements next to each other undergo strain-softening 
(84.6). For the finest mesh, there are 195 elements over the bar, 
and about one-half of them are in the strain-softening regime. 
The energy consumed by failure of the bar is plotted in Fig. 32 
as a function of the number of elements. While for the local 
finite element model the energy strongly depends on the mesh 
subdivision and apparently converges to zero, for the imbricate 
finite element solution, the energy consumed by failure of the 
bar remains approximately constant for various element subdi
visions (Fig. 32). This behavior seems typical of all comparisons 
between local and imbricate finite element solutions for strain
softening. 

In the foregoing solution, the strain softening is limited to an 
immobile point. However, as Belytschko et al just discovered, 
for problems with partial softening followed by hardening, 
strain-softening can develop in a finite region whose front can 
travel with a finite wave speed. 

Another strain-softening problem, suggested by Belytschko 
as a one-dimensional problem which involves triaxial stresses, is 
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the imploding spherical wave (86.5). Figure 33 shows a hollow 
sphere whose volumetric stress-strain relation exhibits strain
softening. A stress jump applied at the sphere's surface pro
duces an inward radial wave. An exact solution exists for elastic 
behavior, and it shows that the wave front grows. At a certain 
distance from the surface, depending on the magnitude of the 
suddenly applied stress, the strain-softening limit is inevitably 
reached. For elastic behavior, the explicit time-step finite ele
ment solution is found to converge to the exact solution. For 
strain-softening behavior, the local and imbricate nonlocal finite 

element solutions are shown in Fig. 33 for various element 
subdivisions, involving 10, 40, and 160 elements over the thick
ness. The characteristic length of the material is considered such 
that the local and nonloca1 solutions are identical for a subdivi
sion with 10 line elements of equal length. From the volumetric 
strain profiles at various times shown in the left column of Fig. 
33, we see that the local solution does not converge. An 
interesting feature is that strain-softening does not arise merely 
at one point. The wave is able to penetrate beyond the point of 
first strain-softening and create further strain-softening points 
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at apparently random locations which vary chaotically from one 
element subdivision to another. By contrast, the imbricate non
local solution, shown in the right column, appears to converge. 
Similar results are obtained for a cylindrical wave. 

Figure 34 shows application of the imbricate analysis to a 
rectangular panel pulled vertically, with prescribed displace
ments of the boundary nodes on top and bottom (85.7). The 
properties of all finite elements are the same, except that in two 
elements at the centers of the sides the strength limit is assumed 
to be 2% smaller than in the other elements. Three meshes, with 
sizes in the ratio 1:1/3:1/5, are considered. The problem is 
static and an implicit step-by-step algorithm is used. Figure 35 
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shows the solutions obtained for various meshes, the local ones 
in the left column and the imbricate nonlocal ones in the right 
column. The load-displacement diagrams (top), as well as the 
transverse normal strain profiles across a strain-softening band 
growing horizontally across the panel, are rather different for 
the three meshes and the strain is seen to localize. By contrast, 
the imbricate nonlocal solutions are almost the same for the 
three meshes, and no strain localization in the middle of the 
panel occurs. The dependence of the energy consumed by 
strain-softening on the number of elements (middle) is similar 
as before; for the local solution, the dissipated energy value 
depends strongly on the number of elements and apparently 
converges to zero for an infinite mesh refinement, while for the 
imbricate nonlocal solution the dissipated energy is about the 
same for all mesh subdivisions. 

4. MICROMECHANICS MODELING 

Although a realistic stress-strain relation with strain-soften
ing is not all that is required for finite element analysis of 
distributed cracking by the crack band approach, it is an 
essential ingredient. Numerous researchers, including Dougill, 
Baiant, Prat, Kim, Darwin, Pecknold, Murray, Darve, Zien
kiewicz, Dafalias, Mroz, Hueckel, Maier, Dragon, Zubelewicz, 
and others have tackled this question from the macroscopic 
phenomenologic viewpoint and produced various sophisticated 
constitutive models with strain-softening (endochronic, plastic, 
fracturing, plastic-fracturing, bounding surface, etc) (71.10, 76.3, 
76.5, 76.6, 76.9, 76.12, 77.1, 77.6, 77.11, 78.5, 78.7, 78.12, 79.8, 
79.9, 79.12, 79.14, 79.18, 80.4, 80.6, 80.13, 80.14, 80.26, 81.10, 
82.10, 82.16, 82.21, 82.22, 83.2, 83.18, 83.23, 83.25, 83.35, 84.35, 
84.38, 84.40, 85.16, 85.47, 85.52). One promising approach is a 
damage constitutive law based on an idea of Kachanov (58.3), 
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at first used extensively for metals. In this approach the con
stitutive properties depend on a certain damage variable (scalar, 
or vector, or tensor) which is specified by an evolution law. For 
materials that exhibit distributed cracking, such damage formu
lations were developed by Mazars, L0land, Resende and Martin, 
Krajcinovic, Fonseka, Popov,_ Ortiz, and others (77.9, 78.8, 
80.19, 81.9, 81.12, 81.14, 82.21, 83.36, 84.33, 84.50, 82.17, 84.43, 
84.34, 85.42, 83.39, 84.37). The latest Ortiz's formulation (84.37), 
in which the damage measure coincides with the fourth-order 
tensor of elastic moduli of the material, appears particularly 
realistic and promising. 

Many of the damage constitutive laws involve some form of 
rate dependence, in which case the strain-softening may be 
disguised as stress relaxation. It is unclear, though, whether the 
modeling of strain-softening as stress relaxation is more than a 
simplifying device suitable merely for a limited range of appli
cations. As it seems, this type of formulation does not permit 
that strain-softening be obtained for various loading rates di
ffering by orders of magnitude, as observed in testing of con
crete. On the other hand, the strain rate in most materials 
affects the response as a parameter, and in this form the 
damage constitutive laws are no doubt useful for modeling 
strain-softening failures. 

After less than complete satisfaction wi th macroscopic phe
nomenologic modeling, intensive efforts are now being made to 
deduce the constitutive relation from physics and micromecha
nics analysis. Such formulations, involving statistics of crack 
distributions, their sizes and openings, statistics of slips, ther
modynamics of material cracking, etc., have been formulated by 
Kachanov, Vakulenko, Zaitsev, Wittmann, Roelfstra, Seamann, 
Shockey, Bui, Ehrlacher, Stout, Dienes, Horii, Nemat-Nasser, 
Davison, Chudnovsky, Ortiz, Margolin, Costin, and others (73.3, 
75.8, 76.4, 78.6, 79.11, 79.17, 80.17, 80.21, 81.27, 82.15, 82.27, 
83.19, 83.20, 83.21, 83.40, 83.49, 84.56, 85.28, 85.33, 85.48, 
85.53, 86.8). 

One simple and effective micromechanics approach to the 
stress-strain relation is the microplane model. It is based on G 
I Taylor's basic idea (38.1), developed "long ago in the slip 
theory of plasticity for polycrystalline metals by Batdorf and 
Budianski (49.1). To rocks and soils, these ideas were applied 
by Zienkiewicz and Pande (77.18, 82.16, 82.23, 82.24) in what 
they called the overlay model, and more recently to concrete by 
BaZant, Oh, and Gambarova (85.9, 84.8). The basic idea of 
these formulations is to characterize the inelastic behavior by a 
relation between the stress and strain components on a plane of 
an arbitrary inclination in the material, for which recently the 
general term" microplane" has been introduced. The stresses or 
strains from the microplanes of all orientations are suitably 
superimposed to obtain the macroscopic stress or strain tensor. 

The macroscopic stiffness matrix is obtained from the condi
tion that the rate of energy dissipation expressed in terms of the 
macroscopic and microscopic stresses and strains must be the 
same for any specified strain rate tensor. In formulations of this 
type it was normally assumed that the microstructure is stati
cally constrained, which means that the stresses on each micro
plane are assumed to be the resolved components of the macro
scopic stress tensor (49.1). Another equally simple possibility is 
to assume a kinematically constrained microstructure, in which 
the strains rather than the stresses on a microplane of any 
orientation are the resolved components of the macroscopic 
strain tensor. The latter, recent approach appears to be more 
realistic for concrete (85.9), for which the microplanes may be 
imagined to represent the thin contact layers between rigid 
aggregate particles. The deformation of these layers is essen
tially determined by the relative displacements of the aggregate 
particles, ie, is kinematically constrained. Aside from that, it is 
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found that the kinematic rather than static constraint is neces
sary to obtain a stable model for the case of strain-softening, 
and in the practical sense this is the overriding reason for 
introducing this approach. • 

The basic relations for a simple kinematically constrained 
microplane model in which only normal strains on the micro
planes are permitted are written in Fig. 36; ni are the direction 
cosines of the normal to each microplane, En is the normal 
component, Eij is the macroscopic strain tensor, and D is the 
macroscopic stiffness matrix obtained by integration over a unit 
hemisphere. Function f(n) indicates the frequency of the mi
croplanes for various orientations and is able to introduce 
anisotropic characteristics of the material. [For isotropy, f(n) 
= const.] A more sophisticated model which takes into account 
not only the normal but also the shear components on each 
microplane has been formulated (84.13), but it is not clear at 
the present whether consideration of the shear strains is neces
sary since a shear strain on one plane is equivalent to normal 
strains on certain inclined planes. If the normal stress-strain 
relation for each microplane exhibits strain-softening, one ob
tains strain-softening also macroscopically, and it is easy to fit 
various tensile strain-softening data for concrete. It seems that 
the microplane model should be also capable of modeling 
compression splitting as well as the inelastic behavior of con
crete under compression and shear in general, but work on this 
problem is still in progress (P C Prat, Northwestern University). 

Conceptually, the attractiveness of the microplane approach 
rests on the fact that we do not need to deal with relations 
between the tensors of stress and strain, worrying about their 
proper invariance. Rather, we need to describe only a simple 
relation between the components of stress and strain on one 
plane, and the tensorial invariance restrictions are then auto
matically satisfied by integration over all spatial directions. 

With regard to application in finite element programs, it is 
important to integrate over a unit hemisphere (Fig. 36) as 
efficiently as possible, since this integration must be repeated at 
each integration point of each finite element, at each loading 
step. Various efficient Gaussian-type numerical integration for
mulas for the spherical surface are available in the literature 
(71.12, 85.9), and one of the most efficient ones is illustrated by 
the point arrangement on an icosahedron in Fig. 37, in which 
the points indicate the discrete spatial orientations used in 
approximating the integral over a unit hemisphere by a finite 
sum, with certain suitable weights for each direction (86.3). The 

II. 0" = F( E,,) 

ReauIt: 
Da= D dE 

where 

D= 1. n,njnknmf(n) F'(E,,) dS 
S ---anisotropy 

FIG. 36. Microplane model for tensile microcracking: analog of 
Batdorf and Budianski's slip theory (49.1)_ 
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FIG. 37. Points of a numerical integration formula for a spherical 
surface: icosahedron vertices and midedges (degree 9) (86.3, 85.9). 

error of the integration formula may be estimated by assuming 
a certain type of loading, eg, uniaxial tension, and applying it at 
various orientations with regard to the set of integration points. 
If the integration formula were exact, identical response curves 
of stress versus strain would be obtained. Due to the approxi
mate nature of the numerical formula, the response curves have 
a certain spread which must be acceptable, both in the harden
ing and softening ranges (Fig. 37). Achieving a narrow spread 
of the response curves for the softening range is much harder 
than for the hardening range, and it necessitates in three 
dimensions the use of at least 21 integration points (85.9) (ie, 
discrete spatial directions). For two-dimensional problems, the 
number of discrete directions may be reduced to about eight 
(84.8). 

In the microplane approach, we trade conceptual simplicity 
for a penalty in computer time. Compared to the phenomeno
logic macroscopic constitutive models, the basic relations are 
simpler and involve fewer material parameters. Aside from that, 
the microplane approach is more realistic, especially when 
complicated loading paths in the stress or strain space are 
considered (eg, shear and normal extension applied either pro
portionally or in sequence). The microplane model can capture 
the development of cracking in various directions at the same 
point of the structure during the loading sequence. 

The macroscopic constitutive law does not provide complete 
information on the material properties. It is equally important 
to use micromechanics to determine material parameters that 
limit strain localization, such as the characteristic length I in 
the imbricate formulation or the cracking front width 'We in the 
crack band model. To obtain these parameters, the micromech
anics model cannot be restricted to a single idealized point of 
the macroscopic homogenized (smoothed) continuum, but the 
spatial fields themselves must be directly modeled in terms of 
an idealized microstructure. 

An example of this approach is the rigid particle contact 
model introduced for concrete by Zubelewicz (83.49) and subse
quently developed in detail by Zubelewicz and BaZant (see Fig. 
38). In this model, which is patterned after Cundall's distinct 
element method for frictional interaction of the grains of sand, 
gravel, and other bulk solids, one assumes that all inelastic 
deformation is concentrated into contact layers between rigid 
particles. In Fig. 39 this interaction is described simply as a 
sudden (vertical) stress drop when the specified strength limit is 
reached. The computer program generates a random system of 
rigid particles and their contact planes, and solves the problem 
in an incremental manner considering in each loading step the 
force and moment equilibrium conditions for each particle 
loaded by the interparticle contact forces. Figure 39 shows the 
calculated load-displacement curve and the curve of dissipated 
energy obtained for the example in Fig. 38, in which the top 
and bottom boundaries are subjected to prescribed uniform 
displacement. Evidently, the calculated tensile load displace-
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i 

FIG. 38. Rigid particle contact model simulating microstructure of 
concrete (85.56). 

ment diagram seen in Fig. 39, with its very long tail of the 
strain-softening response, looks quite realistic. 

Figures 40-42 illustrate the interparticle contact forces and 
the development of cracks. The heavy solid, dashed, and light 
solid lines indicate the lines of interparticle forces exceeding 
0.8, 0.6 and 0.4 of the strength limit. Note the concentration of 
interparticle forces in the vicinity of the notch tip and the 
general disappearance of heavily loaded contacts at subsequent 
stages of softening, as the material outside the fracture process 
zone is getting unloaded. The cracks obviously propagate dis
continuously, and not along the line of the symmetry of the 
panel. This is due partly to the randomness of the microstruc
ture, and probably also to instability of the straight crack 
direction in double cantilever fracture specimens (d. Cotterell 
and Rice, 80.11). 
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FIG. 43. Latest stage of crack evolution (after Zubelewic:z and 

Bafant, 1985). 

The latest stage of crack evolution is shown in Fig. 43, in 
which the approximate range on the cracked area is shaded. 
With regard to the crack band model, it is of interest to note 
that the mean width of the fracture process zone in this simula
tion is roughly three times the particle size. Hence, this model 
reveals the length restriction on the extent of localization of 
cracking, a characteristic which is impossible to obtain with 
pointwise micromechanics models, such as the microplane 
model. There is no doubt much further potential in the rigid 
particle contact approach. However, it would be difficult to 
apply this approach to real large structures because an increase 
in particle size would change the fracture energy, same as an 
increase in mesh size . 

Other very valuable studies of the propagation of micro
cracks in a random microstructure of concrete have been made 
by Wittmann and Zaitsev (85.50, 85.53, 83.47, 82.33, 81.27, 
81.26, 77.17). Finite elements have been applied to model the 
microstructure in the concrete-mortar system by Darwin 
(80.20), and recently Roelfstra and Wittmann use them in 
detailed modeling of the microscopic process of fracture as well 
as creep, water diffusion, and shrinkage in concrete (82.33, 
85.11, 85.50). 

The most important aspect of the micromechanics approach 
I wish to emphasize is that it is not enough to use micromecha
nics to obtain the macroscopic stress-strain relation, which has 
been the exclusive objective of nearly all the studies up to now. 
As Belytschko and I have been emphasizing, it is equally 
important to use micromechanics to determine the macroscopic 
parameters and laws which prevent complete localization of 
damage into a region of zero volume. Examples are the mini
mum crack band width we in the blunt crack band model, the 
characteristic length, the weighting function, and the form of 
the averaging law in the imbricate nonloca1 model. The 
stress-strain relation suffices to describe the macroscopic 
material properties of a statistically heterogeneous material only 
if the body is in the state of uniform stress and strain, but not if 
the state is nonuniform. Likewise, it is insufficient to test 
material properties on specimens which are designed to be as 
nearly as possible in a state of homogeneous strain, and incor
rect to interpret the test results by assuming a homogeneous 
strain distribution. 

If the properties of the particle system in Fig. 38 were 
described merely by a macroscopic stress-strain relation, the 
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FIG. 44. Ductility by local and nonlocal theory; exact nonlocal 
solution from [(1- c)E,(1 + >.28xx )2 + cEJu. xx = 0: (-) nonlocal the
ory. a = /1 = 1; (---) local theory with h = I/a (BaZant and Zubelewicz. 
1986. in preparation). 

cracking zone would localize into a line. The fact that it does 
not can be captured only by properties other than the 
stress-strain relation, properties that serve to restrict the locali
zation. It is time to realize that the thrust of micromechanics 
studies should be redirected towards the localization restricting 
characteristics of damage models. 

5. SIZE EFFECf 

As Willard Gibbs once remarked, the principal objective of 
science is to find the viewpoint from which a given problem 
appears the simplest. What is such a viewpoint for distributed 
cracking? In my opinion, it is the size effect. It must be taken 
into account in extrapolating from reduced-size laboratory tests 
to full-size real structures. We may distinguish size effects of 
different kinds and sources. 

One kind of size effect is manifested in ductility, ie, the ratio 
of the deformation at the failure load to the deformation at the 
maximum load. The simplest example is a uniaxially stressed 
bar loaded in a displacement controlled manner through a 
spring (Fig. 44). The strain along the bar remains uniform until 
a certain critical point at which two different equilibrium incre
ments become possible (76.2, 82.3, 85.4). For one of them the 
strain remains uniform, and for the other the strain becomes 
nonuniform at uniform stress-it increases (and is uniform) 
over a segment h of specimen length L and decreases (while 
remaining uniform) over the remaining segment of length L - h, 
ie, segment h undergoes loading and segment L - h unloading. 
The latter nonuniform deformation increment can occur at 
fixed load-point displacement, and represents an instability of 
failure. If h -+ 0, the failure occurs at the peak stress point, ie, 
no strain-softening can be realized. The fact that strain-soften
ing can be observed in tests means that the strain-localization 
length h must be finite. As proposed in 1974 (76.2), this length 
represents the band width in the crack band theory (h = we), 
which is assumed to be a material constant. 

Assuming a certain realistic stress-strain diagram for the 
material (Fig. 44), we obtain the diagrams in Fig. 44 showing 
the ductility, ie, the ratio of the failure strain to the strain at 
peak stress, as a function of the relative size L/h. The diagrams 
are plotted for various ratios of the spring constant to the 
equivalent spring constant for unloading of the bar. The dashed 
curves represent the simplified original solution (76.2) based on 
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FIG. 45. Structural size effect. Hypothesis: Energy release depends 
on (1) crack length a and (2) cracking area ndao, where nda = const 
(84.5). 

the crack band theory and the usual local continuum, and the 
solid curves represent the exact solution obtained by BaZant 
and Zubelewicz (1985) according to the imbricate nonlocal 
formulation in which the averaging operator is approximated as 
a differential operator with the Laplacian, as mentioned before 
(Fig. 26). An exact solution is possible in terms of trigonometric 
and hyperbolic functions. We see that, for a certain ratio a of 
the characteristic length of the imbricate continuum to the 
crack band width imposed for a local continuum discretization, 
the ductility diagrams are nearly identical. 

Another kind of size effect, usually the most important one, 
is the effect of the structure size on the nominal stress at failure, 
aN' when geometrically similar structures are compared. In a 
two-dimensional problem, ON' defined as the maximum load P 
divided by structure thickness b and the characteristic structure 
dimension d, is indepen<!ent of the structure size if the solu
tions based on plastic limit design or elastic allowable stress 
design (as well as hardening plasticity, viscoplasticity, or 
viscoelasticity) are considered. For fracture mechanics, how
ever, there is a cardinal difference: ON decreases as the structure 
size increases. 

The structural size effect was observed in fracture testing by 
Walsh (72.9) and others (84.30, 84.31, 85.6, 85.10). It was found 
that the size effect of linear elastic fracture mechanics is too 
severe. This size effect is of the type ON'" d- 1/ 2 (82.9, 84.26, 
81.4, 81.3, 81.16, 73.14, 74.3, 73.7) or log aN = - nlog d + 
const, which means that the plot of log aN versus log d for 
geometrically similar structures of different sizes is a straight 
line of downward inclination - t (Fig. 45). The test results, 
however, point to a milder size effect, somewhat like that shown 
by the solid curve. 

An approximate formula for the size effect law, shown in 
Fig. 45, was obtained by means of simplified solutions of 
certain simple problems by crack band theory. The same size 
effect law was also shown to ensue from the approximate, but 
apparently quite realistic, hypothesis (Fig. 45) that the energy 
release rate at failure depends on: (1) the length a of the 
fracture or the crack band, and (2) the area of the cracking zone 
ndua, where ndu is the cracking front width which is assumed 
to be a constant multiple of the aggregate size d" (84.5). 

If only the second part of the hypothesis were made, one 
would obtain the size effect law of limit analysis or elastic 
allowable stress design, according to which aN is independent 
of the structure size, as shown by the horizontal dashed line in 
Fig. 45. This is the classical strength (or yield) criterion of 
failure. If only the first part of the hypothesis were made, one 
would obtain the size effect of linear elastic fracture mechanics, 
given by the straight line of slope - ~, as already mentioned. 

It has been shown by dimensional analysis and similitude 
arguments (84.5, 85.13) that the complete hypothesis leads, with 
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FIG. 46. Regression of Walsh's fracture data by size effect law (72.9). 

a certain reasonable approximation, to the size effect law given 
and plotted in Fig. 45; B and Ao are two empirical constants 
characterizing the shape of the structure. Zaitsev and Kovler 
(85.54) confirmed this formula (Fig. 45) by analyzing notch 
sensitivity with a force approach. Intuitively, the key point is 
that in a small structure the area of the crack band occupies a 
large portion of the whole structure, and in a large structure it 
occupies a relatively small portion. For a relatively small struc
ture, for which dlAodQ is negligible compared to 1, the size 
effect reduces to ON"" B/,', which is the strength criterion of 
plastic limit analysis or elastic allowable stress design. For a 
very large structure, for which 1 may be neglected as it is much 
smaller than dIAod'J> we obtain ON = d- 1/ 2 . Thus, we see that 
the size effect law represents a gradual transition from the 
strength or yield criterion to the linear elastic fracture mecha
nics criterion (84.5, 85.13). 

Most available laboratory tests of structures are conducted 
on reduced size models, which are made, according to the 
conventional wisdom, as small as possible for a given aggregate 
size. The results then lie on the left, ie, near the strength-crite
rion end of the size effect curve (Fig. 45). Extrapolation of such 
test results into real structure sizes is at present done according 
to the strength criterion. This is obviously questionable. In fact, 
the existing codes for the design of concrete structures (77.3, 
78.3) do not take fracture mechanics into account and their 
formulas exhibit no size effect, ie, always correspond to a 
horizontal line in the size effect plot. Nevertheless, the size 
effect should be observed for all failures that are of a brittle 
type, for which there exists no yield plateau after the maximum 
load is reached but the load declines at increasing displacement. 
Such brittle failures must exhibit size effect. In the case of 
concrete, they include the diagonal shear failure and the tor
sional failure of beams, the punching shear failure of slabs, the 
torsional-punching shear failure, the bending failure of plain 

concrete, the failure of pavement under wheel load, the beam 
and ring failures of unrein forced pipes, etc. 

The size effect law agrees reasonably well with the results of 
laboratory fracture tests; see, eg, Fig. 46 in which the classical 
test results of Walsh (72.9) for three-point loaded beams at 
three different beam sizes are plotted in a straight-line regres
sion plot with the coordinate dldu and ordinate (/,' ION )2. In 
this plot, the size effect law appears as a straight line. Many 
subsequent results for different types of fracture tests provided 
similar results (85.6, 85.10). For brittle failures of real structures 
the data are much more limited; however, some information 
exists in the literature on the diagonal shear failure of beams 
(61.3, 62.2, 66.3, 68.1, 71.13, 72.8, 68.1, 75.5, 78.14, 81.19, 
81.20); see the data points in Fig. 47, where the size effect plot 
is on the right and its linear regression on the left (84.9, 86.2). 
The scatter of the data is large, due to the fact that test results 
from different laboratories on different concretes and different 
types of beams are combined in one diagram. Nevertheless, the 
downward trend with increasing beam depth is clearly apparent 
and contrasts with the present codes (77.3, 78.3) which imply no 
size effect (a horizontal line). It is also clearly apparent that the 
size effect is considerably milder than that for linear elastic 
fracture mechanics (the straight line of downward slope - ~). 
Similar results, which are highly scattered but clearly confirm 
the downward trend, have been obtained at Northwestern Uni
versity for other types of failure (85.6,86.1). 

The nonlinear fracture parameters have usually been de
termined on the basis of the so-called R-curves (resistance 
curves) which plot the energy required for crack growth as a 
function of the crack length c from the notch tip (60.3, 61.2, 
73.14, 74.3, 82.32, 84.7, 84.26, 84.49). These curves are normally 
determined by measuring crack opening displacements and 
unloading compliance associated with various crack lengths in 
the same specimen. Such measurements are rather difficult, 
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chiefly because of the ambiguity in the location of the crack tip. 
A considerably simpler measurement of nonlinear fracture 
parameters is made possible by the size effect law (84.10); it 
necessitates only the maximum load values for geometrically 
similar specimens of different sizes, which are easy to measure 
even with the most rudimentary equipment. The slope of the 
regression line. as exemplified in Fig. 46 yields the fracture 
energy, and the Y-intercept of this line provides the remaining 
nonlinear fracture parameters. For each specimen size, it is 
possible to plot from these data one of the fracture equilibrium 
curves in Fig. 48. The R-curve then results as the envelope of 
these curves (84.10). A simple formula to obtain the approxi
mate envelope from the parameters of the linear regression plot 
also exists. Furthermore, if the R-curve is given, it is possible to 
construct from it the size effect plot. So there is a one-two-one 
correspondence between these different characteristics of non
linear fracture (84.10). 

The size effect law in Fig. 45 is a simple approximation 
which is probably sufficient for most practical applications but 
is not likely to be valid for a very broad range of sizes. The 
most general size effect law can be expressed similarly to the 
formula in Fig. 45 if the expression in the denominator is 
replaced by a certain infinite series; 

ON -= B!,'( OO€-I + 1 + Ol€ + 02e + 03e + '" )1/2', 

where ~ - (dQ/d)' and B,!,', r, 00, al"" are constants 
(85.13). This yields a general asymptotic approximation which 
still has the same limits: the strength criterion and the linear 
elastic fracture mechanics. A special case, ON" B/,'[1 + 
(d/Aod" ),]-1/2" is probably sufficient for most applications 
(85.2). 

Another generalization of the size effect law in Fig. 45 is 
needed when concretes of greatly different aggregate sizes d

Q 

are considered. In that case the size effect law must be gener
alized as shown in Fig. 49, in which Co is an additional, third 
empirical material parameter (discussion closure of Ref. 84.9). 
This generalization is obvious if we realize that propagation of 
the cracking front cannot be continuous in the microscopic 
sense. The cracks must first form in the thin contact layers 
between the aggregate pieces, and only later they can join 
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FIG. 49. Structural size effect law at variable aggregate size (see 
discussions of Ref. 84.9). 
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through the soft matrix of mortar. The formula in Fig. 49 
results theoretically from the condition that a discontinuous 
microcrack must be produced in the next contact layer ahead of 
the microcracking front. Although fracture mechanics is used in 
this argument, the derivation is mathematically similar to that 
of the well-known Petch formula for the yield stress of poly
crystalline metals, which was derived from dislocation theory. 
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The effect of the aggretate size is shown in the linear regression 
plots in Fig. 50 and the bottom of Fig. 51, in which the data of 
Chana, Taylor, and Iguro, Shioya et al, are used (85.13). Figure 
51 shows the size effect regression plot of these data. 

The effect of aggregate size, presents an interesting question: 
given the structure size, should the maximum aggregate size be 
large or small? The answer depends on where the structure is 
located on the size effect curve (Fig. 52). While in the plot of aN 

vs the relative structure size did", a smaller aggregate always 
yields a larger strength at equal did", in the plots of aN vs the 
structure size d, a smaller aggregate may yield either a larger or 
a smaller strength. If the structure is smaller than a certain 
critical size, it is better to use a small aggregate, and, if the 
structure is larger than this critical size, it is better to use a 
larger aggregate. This observation justifies, eg, the practice of 
using very large aggregate pieces in concrete dams. 

Apart from the foregoing, deterministic sources of size effect, 
another source is statistical. In the past, the size effects observed 
in concrete struc'tures have usually been explained by Weibull's 
statistical theory (39.1, 59.3, 68.4, 74.1, 77.13, 78.1, 83.41, 84.36). 
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CONQ.USION 

To sum up, distributed cracking in brittle heterogeneous 
materials may be modeled as strain-softening, but strain-locali
zation instabilities must then be carefully analyzed and a com
plete localization into a line prevented. As a device to prevent 
such localization, the concept of imbricate nonlocal continuum 
may be used. The nonlocal concept introduces a new challenge 
to micromechanics: micromechanics should be used to predict 
not only the constitutive relation between homogenized stress 
and strain, but also the properties that prevent localization, 
such as the characteristic length and the averaging operator. 

Finally, what is the salient aspect of the mechanics of 
distributed cracking? In my opinion it is the size effect. As 
Einstein once remarked, a good theory should be as simple as 
possible but no simpler than that. In our case, the theory of 
distributed cracking must not be as simple as to miss the size 
effect. This is the principal issue. 
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