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Abstract. Based on the premise that large-scale failure of sea ice is governed 
by fracture mechanics, recently validated by Dempsey's in-situ tests, the paper1 
presents simplified analytical solutions for (1) the load capacity of floating ice plate 
subjected to vertical load and (2) the horizontal force exerted by an ice plated mov
ing against a fixed structure. The solutions reveal size effects of ice thickness, 
structure diamete.r and, in the case of a finite floe, the floe size. For vertical load
ing, the results agree with previous sophisticated numerical fracture simulations. 
The results contrast with the predictions of material strength or plasticity theo
ries, which exhibit no size effect on the nominal strength of structure. The results 
on size effect are supported "oy recent numerical simulations and comparisons with 
field observations. 

1 Introduction 
Because small scale laboratory tests of sea ice exhibit hardly any notch sensitiv
ity and do not exhibit fracture mechanics behavior, many studies from early to 
recent times have treated sea ice failure according to either plasticity or elasticity 
theory with a strength limit (Bernstein 1929, Nevel 1958, Kerr, 1975, 1996; Sodhi 
1995a,b, 1998). When size effect was observed in tests (e.g., Butiagin 1966), it 
was attributed to randomness of material strength as captured by Weibull (1939) 
theory (reviewed by Kittl and Diaz, 1988, and BaZant and Planas, 1998, and based 
on an idea of Mariotte, 1686, and extreme value statistics developed by Peirce, 
1926, and Fisher and Tippett, 1928). However, such an explanation of size effect 
is dubious because the maximum load is not reached at the initiation of fracture 
but only after large stable crack growth (e.g. BaZant and Planas 1998). Rather, 
the explanation must be sought in fracture mechanics. 

Many studies documented the brittlebess of ice (e.g., Weeks and Mellor 1984, 
Weeks and Assur 1972). Various recent experiments (Dempsey 1991, DeFranco 
and Dempsey 1994, Defranco, Wei and Dempsey 1991), especially Dempsey's in
situ tests of record-size specimens (Dempsey et al. 1999a,b; Mulmule et al. 1995; 
Dempsey et al. 1995), indicate that sea ice does follow fracture mechanics and 
on scales larger than about 10 m is very well described by linear elastic fracture 
mechanics (LEFM). Consequently, the size effects of fracture mechanics (Bazant 
1984, 1993, 1997a,b, 1999; BaZant and Planas 1998; BaZant and Chen 1997) must 
get manifested, and should be strong especially in all the problems in which large 
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cracks grow stably prior to reaching the maximum load. This includes two fun
damental problems: (1) vertical load capacity of floating ice plate (penetration 
fracture), and (2) the maximum horizontal force exerted on a fixed structure by a 
moving ice plate. The latter problems has been analyzed by fracture mechanics at 
various levels of sophistication in several recent works (BaZant and Li 1994, Li and 
BaZant 1994, BaZant and Kim 1998, Dempsey et al. 1995). Some of these stud
ies, particularly BaZant and Kim (1998), confirm that indeed a strong size effect 
ought to be present. Fracture analysis of another problem, namely the large-scale 
thermal bending fracture of floating ice (BaZant 1992a,b), also indicated a strong 
size effect. 

The purpose of the present study is to analyze the size effects by a simplified 
analytical approach leading to explicit formulae for the nominal strength of the ice 
plate as a function of the size and geometry. Such an approach helps intuitive un
derstanding, clarifies the failure mechanism, facilitates optimization of engineering 
design, elucidates the role of energy release as the main source of size effect, and 
readily reveals how material and geometry parameters control the size effect. 

2 Vertical Load Capacity and Penetration 

2.1 Review or Previous Numerical Fracture Analysis of Size Effect 

Before embarking on an analytical approach, it may be useful to review recent 
detailed numerical simulation of fracture of floating ice caused by a vertical load 
(BaZant and Kim 1998). The fracture pattern (for the case of 6 radial cracks) is 
shown in Fig. 1a. The radial cracks at maximum load penetrate through only a 
part of ice thickness (Dempsey et al. 1995, BaZant and Li 1995); Fig,. 1b,c. The 
radius of each crack is divided by nodes into vertical strips in each of which the 
crack growth obeys Rice and Levy's (1972) 'nonlinear line-spring' model relating 
the normal force N and bending moment M in the cracked cross section to the 
relative displacement A and rotation e (Fig. Ib). 

The analysis is based on a simplified version of the cohesive crack model in 
which the vertical crack growth in each vertical strip is initiated according to a 
strength criterion. The cross section behavior is considered elastic-plastic until the 
yield envelope in the (N, M) plane is crossed by the point (N, M) corresponding 
to fracture mechanics. For ease of calculations, a non-associated plastic flow rule 
corresponding to the vector (dA, dO) based on fracture mechanics is assumed. 

The following ice characteristics have been used in calculations: tensile strength 
f; = 0.2 MPa, fracture toughness Ke = 0.1 MPa yID, Poisson ratio l/ = 0.29, and 
Young' modulus E = 1.0 GPa, with the corresponding values: fracture energ~ 
Gf = K;/E = 10 J/m2 , and Irwin's fracture characteristic length Lo = (Ke/f;) 
= 0.25 m (this value happens to be about the same as for concrete). 

Fig. Ie displays, with a strongly exaggerated vertical scale, the calculated crack 
profiles at subsequent loading stages. Fig. 1£ shows the numerically calculated plot 
of the radial crack length a versus the ice thickness h ('fracture length' means the 
radial length of open:. crack, and 'plastic length' the radial length up to the tip 
of plastic zone). This plot reveals that, except for very thin ice, the radial crack 
length 

(1) 

where Ch ~ 24 for the typical ice properties assumed. 
The size effect is understood as the dependence of the nominal strength 0" N on 

structure size, which is in this case represented by ice thickness h. The nominal 
strength, which is not a material state variable but a parameter of the applied 
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Figure 1: Vertical penetration fracture problem analyzed by Bazant and Kim 
(1998), main numerical results, and comparison with field tests of Frankenstein 
(1963,1966) and Lichtenberger (1974). 
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vertical load P, may be defined for the vertical penetration problem as 

UN = P/h2 (2) 

The data points in Fig. 19 show, in logarithmic scales, the numerically obtained 
size effect plot of the normalized nominal strength UN = P/h2 versus the relative 
thickness of the ice (note that according to plasticity or elasticity with strength 
criterion, this plot would be a horizontal line). The initial horizontal portion, for 
which there is no size effect, corresponds to ice thinner than about 20 cm. 

Since the model of BaZant and Kim includes plasticity. it can reproduce the 
classical solutions with no size effect, depending on the input vaJ.ues of ice charac
teristics. The ice thickness at the onset of size effect depends on the ratio of ice 
thickness to the fracture characteristic length, hllo. For realistic ice thicknesses h 
ranging from 0.1 m to 6 m, the computer program would yield perfectly plastic 
response with no size effect size effect if the fracture characteristic length lo were 
at least 100x larger, i.e., at least 25 m. This would, for instance, happen if either 
I: were at least lOx smaller U: =::; 0.01 MPa or Ke at least lax larger (Ke 2= 10 
MPa Jiii). The entire diagram in Fig. 19 would then be horizontal. 

Larger vaJ.ues of Lo are of course possible in view of statistical scatter, but 
nothing like 100x larger. For example, by fitting Dempsey et alo's (2000b) size 
effect data from in-situ tests at Resolute, one gets Ke ~ 2.1 MPa y'iii, and with 
I: ~ 2 MPa one has the fracture characteristic length lo = (Kel I£)2 = 1 m. But 
this larger vaJ.ue would not make much difference in the size effect plot in Fig. 
19. The reason that these vaJ.ues were not used in the plot in Fig. 19 was that 
they correspond to long-distance horizontal propagation of fracture, rather than 
vertical growth of fracture. 

The curve in Fig. Ig is the optimum fit of the numerically calculated data points 
by the generalized size effect law proposed in Ba.zant (1985). The final asymptote 
has slope -1/2, which mea.ns that the asymptotic size effect is UN OC h- 1J2 , the 
same as for LEFM with similar cracks, and not h -3/8 as proposed by Slepyan 
(1990), Baiant (1992) and Baiant and Li (1994). The -3/8 power scaling would 
have to be true if the radial cracks at maximum load were full-through bending 
cracks. The -1/2 power scaling may be explained by the fact that during failure 
the bending cracks are not full-through and propagate mainly vertically, which is 
supported by the calculated crack profiles in Fig. Ie. 

By fitting of the data points in Fig. 19, spanning over four orders of magnitude 
of ice thickness h, the following prediction formula in the form of the generalized 
size effect law (BaZant 1985; Ba.zant and Planas 1998) has been calibrated (see the 
curve in Fig. 19): 

(3) 

with B = 1.214, >'0 = 2.55, m = 1/2, r = 1.55 and Lo = 0.25 m U: = 0.2 MPa in 
Fig. 2). 

Only very limited field test data exist. The data points in the size effect plots 
in Fig. Ih represent the results of the field tests by (Frankenstein 1963,1966) and 
Lichtenberger (1974), and the curves show the optimum fits with the size effect 
formula verified by numerical calculations (note that if the size effect were absent, 
these plots of nominal strength would have to be horizontal). After optimizing 
the size effect law parameters by fitting the data in the three plots in Fig. 1h, the 
data and the optimum fit are cOmbined in the dimensionless plot in Fig. Ii. 

Interesting discussions of Batant and Kim's (1998) study were published by 
Dempsey (2000) and Sodhi (2000) and rebutted by the authors. One objection 
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raised by Sodhi was the neglect of creep in Baiant and Kim's analysis. Intuition 
suggests that the influence of creep might be like that of plasticity, which tends 
to increase the process zone size, thereby making the response less brittle and the 
size effect weaker. But the influences of creep and plasticity are very different. 

The influence of creep on scaling of brittle failures of concrete, which is doubt
less quite similar from the mechanics viewpoint (albeit different in physical ori
gin), was studied in depth at Northwestern University, along with the effect of 
the crack propagation velocity; see e.g. Baiant and Gettu (1992); Baiant 81 al. 
(1993); Baiant and Planas 1998; and especially Baiant and Li (1997), and Li and 
Baiant (1997). The conclusion from these studies, backed by extensive fracture 
testing of concrete and rock at very different rates, is that (unless creep actually 
prevents crack initiation) creep in the material always makes the size effect due 
to cracks stronger. In the logarithmic size effect plot of nominal strength versus 
structure size, it causes a shift to the right, toward the LEFM asymptote, which 
means that the size effect is intensified by creep. The slower the loading (or the 
longer its duration), the closer to LEFM is the size effect in a cracked structure. 

The physical reason, clarified by numerical solutions of stress profiles with a 
rate-dependent cohesive crack model (Li and Baiant 1997), is that the highest 
stresses in the fracture process zone get relaxed by creep, which tends to reduce 
the effective length of the fracture process zone. The shorter the process zone, 
the higher is the brittleness of response and the stronger is the size effect. This 
explains why experiments on notched concrete specimens consistently show the 
size effect to be more pronounced at a slower loading (Baiant and Planas 1998). 
A similar behavior might be expected for ice. It thus transpires that, in order to 
take the influence of creep on the size effect approximately into account, it suffices 
to reduce the value of fracture energy (or fracture toughness) and decrease the 
effective length of the fracture process zone. 

2.2 Approximate Analytical Solution of the Vertical Penetration 
Problem 

An ice plate floating on water behaves exactly as a plate on Winkler elastic founda
tion (Fig. 2a,b). with a foundation modulus equal to the specific weight of water, 
p. Failure under a vertical load is known to involve formation of radial bending 
cracks in a star pattern (shown in a plan view in Fig. 2c for the case of 6 cracks). 
As transpired from a simplified analytical study of Dempsey et al. (1995) and 
was shown in a detailed numerical simulation by Baiant and Kim (1998), these 
radial cracks do not reach through the full ice thickness before the maximum load 
is reached. Rather, they penetrate at maximum load to an average depth of about 
O.8h and maximum depth O.85h where h is the ice thickness (Fig. 3a). The maxi
mum load is reached when polygonal (circumferential) cracks, needed to complete 
a failure mechanism, begin to form (dashed lines in Fig. 2c). 

Sea ice, unlike glacier ice, is not sufficiently confined to behave plastically. It is 
a brittle material, and so the failure must be analyzed by fracture mechanics (e.g. 
Dempsey 1991; DeFranco and Dempsey 1992, 1994; DeFranco et al. 1991; Baiant 
1992a,b; Baiant and Li, 1994; Li and Baiant 1994; Baiant and Kim 1998). The 
analysis must be based on the rate of energy dissipation at the crack front and the 
rate of energy release from the ice-water system. The energy release is associated 
with unloading, during which the ice deforms elastically, with a certaln Young's 
modulus E (which depends on temperature and other factors). 

The behavior of the ice plate may be described by the plate bending theory. 
Dimensional ana.lysis, or transformation of the partial differential equation of a 
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pla.te on Winkler foundation to dimensionless coordinates, shows that the behavior 
of the plate is fully characterized by the characteristic length 

L = (D/p)1/4 (4) 

where D = Eh3 /12(1 - 1/2 ) = cylindrical stiffness of the ice plate; 1/ = Poisson 
ratio of ice. 

Superposing the expressions for the stress intensity factor K/ of the part
through radial bending crack of depth a (Fig. 1b) produced by bending moment 
M and normal force N (per unit length), one has 

Kr = v;a [6~ FM(O) + NFN(O)] (5) 

where (Tada et al. 1985) 

. / 2 11'0 ( 11'0 ) -1 [ (11'0 ) 4] = V;;; tan 2' cos 2' 0.923 + 0.199 1 - sin 2' (6) 

./2 11'0 ( 11'0)-1 [ (11'0)3] V ;;; tan 2' cos"2 0.752 + 2.020 + 0.37 1 - sin"2 (7) 

with an error less than 0.5% over the entire range 0 E (0,1). According to Irwin's 
relation, the energy release rate is 

K2 N 2 

g = E; = E'hg(o) (8) 

where E' = E/(1 - 1/2 ) and 9 is a dimensionless function, 

g(o) = 11'0 [~ FM(O) +FN(O)f (0 = a/h) (9) 

e = - M / N = eccentricity of the normal force resultant in the cross section (posi
tive when N is above the mid-plane). 

To relate M and N to vertical load P, let us consider element 12341 of the plate 
(Fig. 2c and 3e,f,g), limited by a pair of opposite radial cracks and the initiating 
polygonal cracks. The depth to the polygonal cracks at maximum load is zero, as 
they just initiate, and since the cracks must form at the location of the maximum 
radial bending moment, the vertical shear force on the planes of these cracks is 
zero. The distance R of the polygonal cracks from the vertical load P must be 
proportional to the characteristic length L since this is the only constant in the 
differential equation governing the problem, and so we may set R = IJ.RL where 
dimensionless PH is assumed to be a constant. 

In each narrow radial sector, the resultant of the water pressure due to de
flection w (Fig. 3b,c) is located at a certain distance Tw from load Po Since Tw 

can be solved from the differential equation for w, and since the solution depends 
only on one parameter, the characteristic length L, Tw must be proportional to L. 
Integration over the area of a semi-circle of radius rw yields the resultant of water 
pressure acting on the whole element 12341. Again, the distance of this resultant, 
whose magnitude it P/2. from load P must be proportional to L, i.e., may be 
written as 

Rw = PwL (10) 
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where J.l.w is a constant that can be solved from the differential equation of plate 
deflections. Of course, #J.w is a constant only as long as the behavior is elastic. 
This is exactly true only if the crack depth a is constant. Although the crack is 
growing, we will assume that its rate of growth is small enough so that J.l.w would 
be approximately consj;ant. 

For the sake of Simplicity, we assume the normal force N and bending moment 
M on the planes of the radial cracks and the polygonal cracks to be uniform. 
The condition of equilibrium of horizontal forces acting on element 12341 in the 
direction normal to the radial cracks is then simple; it requires the normal forces 
on the planes of the polygonal cracks to be equal to the normal force N acting 
in the radial crack planes. The axial vectors of the moments Me acting on the 
polygonal sides are shown in Fig. 3e,g by double arrows. Summing the projections 
of these axial vectors from all the polygonal sides of the element, one finds that 
their moment resultant with axis in the direction 14 is 2RMe, regardless of the 
number n of radial cracks. So, upon setting R = #J.RL, the condition of equilibrium 
of the radial cracks with the moments about axis 14 (Fig. 3b,c,e,g) located at mid
thickness of the cross section may be written as: 

(11) 

The polygonal cracks initiate when the normal stress (1 reaches the tensile 
strength I: of the ice. As in all heterogeneous brittle materials, one must expect 
that a layer of distributed microcra.cking, of some effective constant thickness 
Db that is a material property, will form. at the top face of ice plate before the 
polygonal crack will start propagating (the existence of such a layer has been 
shown to explain the size effect on the modulus of rupture in the bending tests of 
concrete; BaZant and Li 1996). According to the nonloca.l concept for distributed 
damage, we may thus more generally assume that the polygonal cracks initiate 
when the average stress in this layer reaches the strength I:, and since the average 
stress is roughly the ela.stica.lly calculated stress for the middle of layer Db, the 
criterion of initiation of the polygonal cracks may be written according to the 
theory of bending simply as 

Me (h Db) N I 

h3 /12 "2 - 2" + h = It (12) 

This criterion, however, cannot be valid when h < D,,, i.e., the cracking zone tends 
to be larger than the cross section. It can be correct only when h is sufficiently 
larger than Db, Le., asymptotically for hI Db --t 00. The case h < Db is physica.lly 
meaningless. For h = Db, i.e., when the distributed cracking zone encompasses 
essentially the whole depth of plate, the moment at failure can be determined as 
the plastic bending moment, which may be approximately taken as 1.5 x larger 
than the elastic bending moment for the same material strength. This condition 
and the asymptotic properties for h ~ Db are satisfied by replacing (12) with the 
criterion: 

(13) 

Indeed, by expanding the left-hand side as Taylor series in { = hI Db and keeping 
only its first two terms, one obtains (12). This means that these two expressions 
are equivalent asymptotica.lly, for large enough e. 

In (11), we may substitute 

M=-Ne= NJ.l.eh (14) 
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where J.l.e = e/h = dimensionless parameter whose value at niaximum load may be 
assumed as approximately constant. This assumption is indicated by the numerical 
simulation of BaZant and Kim (1998), from which it further transpires that J.l.e ::::: 
0.45, as a consequence of the fact the average crack depth a at maximum load 
is about 0.8h. N is defined, as customary, to be positive when tensile, although 
the actual value of N is negative (compression). After substituting (14), we may 
express Me from {ll} and substitute it into (13). 

Furthermore, we must take into account the condition (8) of vertical propaga
tion of the radial bending cracks, which may be written as g = G f where G I is 
the fracture energy of ice. Thus, the critical value of normal force (compressive, 
with eccentricity e) may be written as 

The aforementioned operations furnish the equation 

which may be rearranged as 

E'Gfh /' -+ g(a) t 

E'Gf + f'h + 2Db} 
hg(OI) t h + Db 

(15) 

(16) 

(17) 

Finally, one needs to decide how the values of a at maximum load should 
change with ice thickness h. To this end, note that ice is a quasibrittie material. 
This is evidenced by the fact that at small laboratory scale it is notch-insensitive 
and exhibits no size effect while at large scale it behaves according to linear elastic 
fracture mechanics (LEFM) (D.empsey 1989, Dempseyet al. 1999b). Therefore, 
at the tip of the vertice.lly propa.ga.ting radial Cl'ack, there must exist a. finite 
fracture process zone (FPZ) of a certain characteristic depth 2c! which is a material 
property. This zone was modeled in the numerical simulations of BaZant and Kim 
(1998) as a yielding zone. The tip of the eqUivalent LEFM crack lies approximately 
in the middle of the FPZ, i.e., at a distance cf from the actual crack tip (BaZant 
and Planas 1998), whose location is denoted as ao. In structures of different sizes, 
the locations of the center of FPZ are usually not geometrically similar; rather, 
similar locations are those of the actual crack tip, i.e., the value of 010 = ao/h may 
be expected to be approximately constant when ice plates of different thicknesses 
h are compared. Thus, denoting g'(OIo) =: dg(OIo)/dOlo, one may introduce the 
approximation 

g(a) ~ g(ao) + g'(ao)cf (18) 

Substituting this into (17) and rearranging, one gets 

(19) 

The results of numerical simulations o(BaZant and Kim (1998) were found 
to be quite well represented by the simple classical size effect law proposed for 
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quasibrittle fracture by BaZant (1984), which reads: 

( 
h)-1/2 

erN = era 1 + h~ + err (20) 

where err is the large-size residual strength, which appeared to be negliglible in 
BaZant and Kim's (1998) numerical simulations (although in some problems of 
concrete it is not). Equation (19) reduces to this law with err = 0 when Db = 0 
and ff = 0, in which case then 

era = 41-lR.l-le 

I-lw 

g' (0:0) 
ho = cf -(-)' 9 0:0 

I-le f' err = -3- t 
I-lw 

(21) 

This means that the values of Db and fI are probably too small to have an appre
ciable effect. 

The terms in (19) containing Db anyway decrease with increasing h much more 
rapidly than (20)-for large h as l/h compared to 1/..fh. Consequently, they 
must become negligible for sufficiently large h regardless of the value of Db. Same 
as (20), equation (19) plotted as log erN versus log h approaches for large h a 
downward inclined asymptote of slope -1/2 and represents the large-size form of 
the size effect law in (19). 

Compared to the previous numerical simulations, the present derivation is in
structive in clarifying the reasons why there must be a deterministic size effect 
in penetration of floating ice. The size effect could be absent only if the failure 
occurred at the initiation of fracture, not after a large stable crack growth, of if 
the material behaved plastically. The stress distributions on element 12341 for 
the case of plastic failure are shown in Fig. 3h, where II, I~ denote the tensile 
and compressive yield strengths. Taking the moment equilibrium condition of this 
element, one can show that the nominal strength would in that case be expressed 
as 

(22) 

which exhibits no size effect. In a brittle material such as ice, however, the strength 
cannot be mobilized at various points at the same time, and so this solution cannot 
apply to ice. 

How does the number n of the radial cracks enter the solution? It does not 
appear in the present solutions for the maximum load. The reason is that the 
number of cracks is decided at the beginning of loading, long before the maximum 
load is attained. 

It is interesting to contrast the size effect obtained here with that deduced for 
large-scale thermal bending fracture of floating ice, which was shown to be (Bazant 
1992) 

b..T ex h-3/ 8 (23) 

where D.T is the temperature difference between the bottom and top of the ice 
plate, which is proportional to the maximum thermal stress before fracture. The 
large-size asymptotic size effect for fracture under vertical loads would have to 
follow also the -3/8 power law if the cracks at maximum load penetrated through 
the full thickness of ice and N were negligible (Slepyan 1990, Bazant 1992, BaZant 
and Li 1994), but this turned out not to be the case (Dempsey at e1. 1995, BaZant 
and Kim 1998). 
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3 Force Applied by Moving Ice Plate on a Fixed Structure 
Another fundamental problem where the question of scale is or prime interest is 
the force P that a moving and breaking ice plate of thickness h exerts on a fixed 
structure, idealized as a circular cylinder of diameter d. The nominal strength of 
the structures may in this case be defined as the average stress on the cross section 
area hd of the structure facing the ice plate, i.e., 

UN = P/hd (24) 

Several mechanisms of break-up are possible. 

3.1 Global Failure Due to Buckling of Ice Plate 

Cylindrical buckling, in whieh the deBection surface is a translationary surface, can 
occur only if the ice plate is moving against a long wall (d -+ 00) . In this case the 
plate behaves as a beam on elastic foundation, which is a one-dimensional problem. 
and the critical compressive normal force per unit width of the plate is known to 
be (e.g. BaZant and Cedolin 1991) Ncr = "'o..fP]5 where coefficient I'i. depends 
on the boundary conditions. Its smallest possible value, which corresponds to a 
sinusoidal buckling mode, is K.o = 2. 

IT the obstacle, such as the legs of an oil drilling platform, has a finite dimension 
d in the transverse direction, the buckling mode is two-dimensional and more 
complicated. In any case, however, dimensional analysis (Sedov 1959. Barenblatt 
1987) suffices to determine the form of the buckling formula and the scaling. There 
are five variables in the problem, Per, E'. p, h, d, and the solution must be have the 
form P(Per, E', p, h, d) = 0, where E' = E/(l - l/2) and Per is the critical force 
exerted by the resisting structure on the moving ice plate (Fig. 4a). 

There are, however, only two independent physical dimensions in the problem, 
namely the length and the force. Therefore. according to Buckingham's II theorem 
of dimensional analysis (Barrenblatt 1979, 1987; Sedov 1959), the solution must 
be expressible in terms of 5 - 2, Le., 3 dimensionless parameters. They may be 
taken as Per/E'hd, ..JiiI5/E'h and d/h. Because the buckling is linearly elastic, 
Pcr/E'hd must be proportional to ,fjiE'/E'h and d/h. Denoting 

(25) 

which represents the nominal buckling strength (or the average critical stress ap
plied by face of the resisting structures on the moving ice plate), and noting that 
D = E'h3/12 with E' = E/(l- l/2), we conclude that the buckling solution must 
have the form 

UNcr = I'i.(d/h).j pE'../h (26) 

where I'i. is a dimensionless parameter depending on the relative diameter of the 
structure, dlh, as well as on the boundary conditions. For hid -+ 00 (an infinite 
wall), this must reduce to the solution for a beam on elastic foundation, and so 
1'i.(0)/v'I2 = 2 or ,.,(0) = 4\1'3. This represents the smallest possible value of,., for 
any d/h, which becomes obvious by imagining a strip of width d in the direction 
of movement to be separated from the rest of the ice plate; for that strip "'0 = 2, 
and re-attaching the rest of the plate must increase the critical load; 

The interesting property of (26) is that UNer increases, rather than decreases, 
with ice thickness h. So there is a reverse size effect. Consequently, the buckling of 
the ice plate can control the force exerted on a stationary structure only when the 
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Figure 4: (a) Buckling of ice plate pushing horizontally against a fixed structure, 
and (b,c) cleavage crack. and (d-f) diverging V -cracks. 
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plate is sufficiently thin. The reason for the reverse size effect is that the buckling 
wavelength (the distance between the inflexion points of the deflection profile), 
which is Lcr = tr(D/p)1/4 (as follows from dimensional analysis or nondimension
alization of the differential equation of plate buckling), is not proportional to h; 
rather 

(27) 

Le., Lcr decreases with h. This contrasts with the structural buckling problems of 
columns, frames and plates, in which Lcr is proportional to the structure size. 

3.2 Global Failure Due to Cleavage Fracture 

Another failure mechanism consists of a long cleavage crack in the ice plate, prop
agating against the direction of ice movement (Fig. 4b,c). The resistance of the 
cracks to opening causes the ice to exert on the structure a pair of transverse 
force resultants F and a pair of tangential forces T in the direction of movement; 
T = F tan cp where cp nay be regarded as the friction angle. Forces T have no 
effect on the stress intensity factor KJ at the crack tip. Considering the ice plate 
as infinite, -we have 

KJ = F {2; (28) 
h V-;; 

(Tada et al. 1985, Murakami 1987). To determine the crack length a (Fig. 4b,c), 
we need to calculate the crack opening t5 caused by F. To this end, one may recall 
the well-known calculation of the energy rele'ase rate: 

g = ~ [8Ih] = ~ ~ [!C(a)F2] = F2 dC(a) 
h 80. F h do. 2 2h do. 

(29) 

where C(a) is the load-point compliance of forces F. Upon using (28) and Irwin's 
relation, we have at the same time 

(30) 

Equating (29) and (30), we thus get 

dC(a) 4tr 
~=Eha (31) 

This expression is now integrated from a = d/2 (surface of structure, considered 
as circular (Fig. 4b,c) to a (note that integration from a = 0, which would give 
infinite C, would be meaningless because a cannot be less than d). In this manner 
we obtain C(a), and from it the opening deflection <5: 

4trF (20.) <5 = ·C(a)F = - In -
Eh d 

(32) 

If cleavage fracture were the only mode of ice breaking, we would have t5 = d. 
However, as will be discussed later, there is likely to be at least some amount of 
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local crushing at, and ahead, of the structure. Consequently, the relative displace
ment between the two ftanks of the crack is no doubt less that d. We denote it as 
Xd where X is a coefficient less than 1. Setting 0 = Xd, we solve from (32): 

a = ~ exp (EhXd) 
2 471"F 

(33) 

(note that aid is not constant but increases with d; hence, the fracture modes are 
not geometrically similar, and so the LEFM power scaling cannot be expected to 
apply). Substituting (33) into (28), setting KJ = Ke = JEGJ (Irwin's relation, 
Ke = fracture toughness of ice), and solving for F, we obtain 

2yr;;F (EhXd) 
hJEGJd = exp B7I"F (34) 

The pair of forces F is related to load P on the structure (P = 2T, Fig. 4c) 
by a friction law, which may be written as 

P = 2 F tan<P (35) 

where t.p is the friction angle. Substituting F = P /2 tan II' and P = CT N hd into 
(34), and solving the resulting equation for d, we obtain, after rearrangements, 

CTN 
'i =

CTe 
(36) 

in which 'i is the dimensionless nominal strength, and de and CT e are constants 
defined as 

d - 471"Gf _ X tan II' E (37) 
c - X2 E ' CT e - 271" 

Equation (36), plotted in Fig. 5, represents the law of cleavage size effect in an 
inverted form. The small-size asymptotic behavior is the LEFM scaling for similar 
structures with similar cracks: 

(38) 

The plot of (36) in Fig. 5 shows that the size effect is getting progressively weaker 
with increasing structure diameter d (although no horizontal asymptote is ap
proached by the curve). The reason for this is that the crack is dissimilar, Le., 
the ratio, aid, of crack length to structure diameter is not the same for differ
ent sizes but increases according to (33) with the structure size. In designing 
ocean platforms, it is nevertheless always advantageous, with respect to the cleav
age mechanism, to use a smaller number of larger legs (which has of course been 
intuitively followed in practice). 

3.3 Compression Fracture of Ice Plate 

As typically observed in the field, ice breaks up into chunks in front of an obstacle. 
The cause is local compression fracture of the material. Its initiation is explained 
by sliding on inclined weak plains between ice crystals, which leads to axial split
ting microcracks called the wing-tip cracks (for ice, see e.g. Schulson 1990, 2000) 
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Figure 5: Size effect associated with cleavage fracture. 
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extending in the direction of compression for a certain finite length. This mech
anism, however, explains only the generation of local compressive damage in the 
material but does not explain to overall failure of the plate. 

To produce overall failure, the damage must propagate. The propagation typ
ically occurs in the form of a narrow band consisting predominantly of axial split
ting microcracks (generated by the wing-tip crack mechanism). The band of axial 
splitting microcracks can propagate either in the axial direction of the compressive 
stress, or laterally. The latter is shown in Fig. 6a, and the former in Fig. 6b. 

In the spirit of fracture mechanics, one must estimate the energy release. Con
sider the plausible situation depicted in Fig. 6a, where the band of a certain 
characteristic width We in the direction of compression has inclination Wb and 
reaches to depth a below the surface of plate. Formation of the band relieves 
the axial stress ON not only within the band area 12541, but also in the adjacent 
zones 1231 and 4564. The boundary of the stress relief zone is considered to have a 
certain characteristic inclination WOo, independent of the plate thickness. The com
bined area of the stress relief zone 43264 is a( We + ! a tan WOo + a tan Wb). Before 
the formation of the damage band, the initial strain energy density in this zone 
is a'i,/2E, and after the formation of the band it may be assumed as zero (more 
generally, one could assume some residual stress a r after crushing, which however 
would lead to similar results; see BaZant and Xiang 1997). Thus the total energy 
release caused by formation of the damage band per unit width is, approximately, 

a 2 

n" = 2~ a (we + ~a tan WOo + a tan Wb) (39) 

The rate of energy dissipation per unit width as the band propagates must be 
equal to the fracture energy of the band, Gb, which equals G lWei Sc where Gb is the 
fracture energy of the axial splitting microcracks in the band, and Se their average 
spacing. Energy balance during the quasistatic extension of the band requires that 
the rate of energy release be equal to G I, i.e., 

orr- a2 

oa = 2~(wc + atanwo + 2a tan Wb) = G b 

Solving this equation for aN, we get, after rearrangements, 

aN = a o (1 + ~) -1/2 

in which the following notations are made 

(40) 

~ (41) 

(42) 

Here we deliberately introduced the plate thickness h even though it cancels out 
of the equation. The reason is that it appears reasonable to assume the ratio alh 
for plates of various thicknesses to be approximately constant. In other words, 
the geometries of the damage band at failure of the plates of various thicknesses 
are assumed similar. This assumption is based on experience with some fracture 
problems, for which it was shown to lead to realistic results. Anyway, it is in
tuitively clear that it would be unreasonable to assume that for thin plates the 
damage band at maximum aN penetrates through most of the thickness and for 
thick plates penetrates only to a very shallow depth. 
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Figure 6: (a) Compression fracture of ice plate, (b) axial splitting fracture, (c) size 
effects corresponding to (a) and (b), and (d) overall fracture of ice floe. 
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Equation (41), plotted in Fig. 6c, is the same as the classical size effect law 
proposed by BaZant (1984) for quasi brittle structures failing after a long stable 
growth of tensile fracture. Among the mechanisms explored here, it is the only 
one that can explain the size effect of ice thickness. 

The ultimate cause of size effect in compressive (as well as tensile) fracture 
is that the volume of the energy dissipation zone, Le. the damage band, grows 
linearly with the distance a of propagation while the volume of the energy release 
zone grows faster than linearly, having a quadratically growing term that domi
nates for large sizes. Thus it is intuitively clear that if the stress in these zone 
at failure were the same, energy balance could exist only for one size but not for 
other sizes (BaZant and Chen 1997). So, in a larger structure the stress in the 
quadratically growing zones (1231 and 4564 in Fig. F5a) must be less. 

There is of course another possibility-namely that the damage band grows 
axially, in the direction of compression, which leads to a splitting failure (Fig. 
6b) . In that case the stress in the material on the sides of the crack band is not 
relieved, and so the energy release occurs only within the damage band itself. Not 
only the energy dissipation but also the energy release are proportional to the 
length a of the band, which means that energy rates for the same failure stress C1 N 

can balance for any size h. In that case there is no size effect. 
The axial growth is more likely because no new wing-tip cracks need to be 

nucleated. Therefore, at small enough sizes the axial splitting of ice should prevail, 
which means that the splitting mechanism corresponds in the logarithmic size effect 
plot (Fig. 6c) to a horizontal line starting below the curve of the size effect law 
for lateral propagation of the damage band. Howe:ver, the horizontal line must 
eventually cross the curve at a certain critical size her, above which the lateral 
propagation of damage band must prevail, and then a size effect must exist. 

The present analysis is similar to that made for concrete; seeBaZant and Xiang 
1997, where various fine details are discussed (also BaZant and Planas 1998, Ba.iant 
and Chen 1997). 

Finally, an explanation of empirical parameter X introduced for the cleavage 
fracture: It is presumed that the part (1 - X)d of the cross section facing the 
ice movement undergoes compression crushing. This part should be governed by 
equation (41), and so the force given by that equation needs to be added to the 
force P based on (35) and (36). 

3.4 Overall Fracture of Finite Ice Floe 

Collision of a large ice floe with a fixed structure may cause a fracture of the 
whole floe. The floe is loaded by distributed inertia forces of its mass, but the 
problem may be treated as essentially quasistatic, owing to the low velocity of 
movement. Except for the loading by distributed forces, the problem is similar 
to fracture tests in the laboratory, especially the three-point bend beam (Fig. 
6d). Dempsey's record-breaking tests on the Arctic Ocean near Resolute can 
be regarded as an approximate reduced-scale simulation of this kind of fracture 
(Dempseyet al. 1999b, Mulmule et al. 1995). The analysis may follow similar 
lines as presented, for instance, by BaZant and Planas (1998) for other materials. 
From that analogy it follows that the size L of the floe may cause one of two types 
of size effect: 

1) 
l:- _ ( Lr)-1/2r 
Lh - So 1 + Lo (43) 
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2) P (rLb)l/r 
Lh = Soc 1+£ (44) 

where P / Lh is the nOminai strength of the whole floe; So, Lo, S~, Lb are constants 
that can be calculated by fracture mechanics; and r is a parameter whose value is 
normally between 0.5 and 2. 

The first kind of size effect, which agrees very well with Dempsey et al. 's (1999b) 
field tests in the Arctic, applies when a large crack in the floe can form before 
the overall fracture of the floe takes place. The second kind applies to failures 
at fracture initiation, exemplified by the test of modulus of rupture (bending 
strength), and is pertinent if the floe fractures the maximum load is attained 
before a stable finite crack can develop (e.g, by means of the clea.vage mechanism). 

3.5 Comments on Diverging V.Shaped Cracks 

According to observations, diverging V-shaped cracks may also form ahead of an 
obstacle (e.g., Sanderson 1988, ch. 7); Fig. 4d,e. To estimate in a simple manner a 
rough approximate value of complementary energy n· of an infinite ice plate after 
formation of such cracks, we may assume that the force P from the structure causes 
stresses only within the wedge between the cracks (Fig. 4f). From a well-known 
solution (Timoshenko and Goodier, 1970), 

O'r = -Pk9coscp/rh, O'<p '= O'r<p = 0 (45) 

where U r , urp and O'rrp are the stress components in polar coordinates,r, cp, and 

k9 = 1 / (6 + ! sin 26) (46) 

6 being the inclination angle of the cracks (Fig. 4e). The displacement at r = d/2 
(structure surface) is 

u = roo ~dr = Pk9 ln 2a (47) 
id/2 E Eh d 

Then n· :;:: ~Pu = (P2k9/2Eh) In(2a/d). The complementary energy before frac
ture may be estimated as the value of n· for 6 = 11", i.e. no ~ (P~ /211"Eh) In(2a/d). 
The total energy release due to V-cracks in the ice plate is an· = n· - 00, and 
the derivative 8an*j8a at constant P must be equal to 2hGf. This condition 
yields 

(48) 

To determine crack length a and angle 6, one may use two conditions: 1) the 
opening displacement at the crack mouth, 6, must be equal to Xd/(2cos6), which 
means that the load-point displacement of force P must be u = (Xd/2) tan 6, 
and 2) the expression for P should be minimized with'respect to 6. These two 
conditions, however, make the solution quite complicated. We will not pursue it 
here because of this, as well as because of two unresolved questions: 1) An axial 
cleavage crack may be also present, and it may form either before or after the V
cracks. 2) Simultaneous compression crushing is very likely in the case of V-cracks, 
which makes the value of X, and thus the lengths a of V-cracks, rather uncertain. 

Unlike the cleavage fracture, the V-shaped cracks can occur only from time to 
time. They do not represent a mechanism that would accommodate continuous 
movement of the ice. 
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4 Conclusions 
1. The present simplified fracture analysis agrees with previous numerical sim

ulations base on cohesive fracture mechanics and confirms the presence of a 
strong size effect (effect of ice thickness) on the nominal strength of floating 
ice plate subjected to a vertical load. The size effect roughly follows the 
size effect law proposed in 1984 by Baiant. The analysis is instructive in 
clarifying the fracture mechanism. 

2. Simplified fracture analysis of the nominal strength of ice plate pushed 
against a fixed structure brings to light several mechanisms causing the ef
fects of ice thickness, the diameter of the structure and, if the size of the 
ice floe is finite, the size of the floe. Buckling of the floating plate causes 
a reverse size effect of ice thickness (Le., the nominal strength increasing 
with ice thickness) and therefore plays any role only for sufficiently thin ice. 
Cleavage of ice plate against the direction of ice movement causes a size 
effect of structure diameter which follows linear elastic fracture mechanics 
(LEFM) for small enough diameters and becomes progressively weaker with 
increasing diameter. Compression fracture, with ice crushing localized into 
transversely propagating bands, causes a size effect of ice thickness that fol
lows approximately the classical size effect law proposed in 1984 by Baiant. 
The overall fracture of a finite ice floe causes a size effect of the floe size, 
following again the same size effect law. 

3. The present approach contrasts with the classical approach based on material 
strength or plasticity theories, which leads to no size effect. 
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