
Baiant, Z.P., and Y. Xi (1994). 'Fracture of random quasibritlle materials: Markov process and Weibull-type models.' Structural Safety and 
Reliability (Proc. Of ICOSSAR'93-8th Intern. Conf. on Struct. Safety & Reliability, Innsbruck, Austria, Aug. 9-13, 1993), ed. By G.I. Schueller, 
M. Shinozuka and J.T.P. Yao, A.A. Balkema, Rotlerdam-Brookfield, 609-614. 

PROCEEDINGS OF ICOSSAR'93 - THE 6TH INTERNATIONAL CONFERENCE ON 
STRUCTURAL SAFETY AN'D RELIABILITY IINNSBRUCK/ AUSTRIA/9-13 AUGUST 1993 

Structural Safety 
& Reliability 
Edited by 

G. I. SCHUELLER 
University of lnnsbruck. Austria 

M.SHINOZUKA 
Princeton Universit); New Jersey, USA 

IT. P. YAO 
Texas A & M Universiry. College Station, Texas. USA 

VOLUME] 

A.A. BALKEMA 1 ROTIERDAM 1 BROOKHELD 11994 



Structural Safety & Reliability. Schueller. Shinozuka & Yao (eds) e 1994 Salkems. Rotterdam. ISBN 90 5410 3574 

Fracture of random quasibrittle materials: Markov process and Weibull-type 
models 

Zdenek P. Bafant & Yunping Xi 
Northwestern Ulliversit); Evanston. Ill .. USA 

.\BSTRACT: Quasibrittle materials. for example concretes. rocks. certain composites. toughened ceramics 
and ice. are materials that fail by fracture with a large fracture process zone. They have a heteroge
neous random microstructure. which causes significant scatter in material strength. The classical statistical 
strength models of Weibull-type, as well as some recent random process models for crack growth, are not 
applicable because they ignore the stress redistributions and energy release caused by large stable crack 
growth before failure, and the variability of critical energy release rate (the R-curve). This paper presents, 
in the first part. a new random process model for crack growth which takes the R-curve into account. The 
second part focuses on another related problem - the Weibull-type model. It reviews a recent nonlocal 
generalization of Weibull theory which can take into account the existence of a large fracture process zone 
and stable crack growth prior to maximum load. 

INTRODUCTION 

Probabilistic fracture modeling of quasi brit
tie materials such as concrete is a problem of 
formidable complexity which must be simplified to 
be tractable. The simplifications required should 
obviously be patterned a.fter the probablistic the
ories for the fracture of metals. although with cer
tain sa.!ient special features which reflect the fact 
that the size of fracture process zone in quasibrit
tie materials is normally comparable to the cross 
section dimensions and that quasibrittle structures 
exhibit a significant stable fracture growth before 
the maximum load is reached. In contrast to met
als, the fractures at maximum load of concrete 
structures typically occupy 50% to 90% of the 
cross section. 

The present brief conference paper will expound 
two simplification, one describing the probabilis
tic nature of fracture from the static viewpoint 
and another from the evolutionary viewpoint. The 
former simplification represents an adaptation of 
Wei bull theory in which the failure probability is 
estimated on the basis of the stress state of the 
structure before failure. This approach makes it . 
possible to deduce a simple law for the effect of 
the structure size. The latter simplification treat
s fracture propagation as a random process. for 
which the \Iarkov process is a natural choice. This 
approach can yield the probabilities of fracture 
growth at \'arious stages. First we will consider the 
evolutionary aspect of random process and then 
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will briefy outline the essential results in Weibull
type modeling. 

1 MARKOV CHAIN MODEL FOR 
RANDOM CRACK GROWTH 

The previous investigations of fracture in concrete 
structures concentrated mainly on the determin
istic and statistical behaviors at the peak load 
(Ba.iant and Kazemi, 1990: Gettu et a.!., 1990: 
Baiant and Xi. 199180, 1991b). :\ rea.!istic theo
ry is needed to consider the probabilistic nature of 
the steps in the crack growth process, especial
ly. the question how the survival probability of 
one elementary volume is infiuenced by the pre
ceding failure of an adjacent elementary volume. 
This requires following the incremental jumps of 
the fracture process in a probabilistic manner. To 
determine the probabilities of crack growth in each 
loading step, one must consider the probabilities of 
the lengths of the jumps of the crack tip for a given 
load increment when the major crack extends to 
a certain point. Furthermore, if a structure with 
a crack of a certain length is surviving at a giv
en load level, one must decide what is the failure 
probability for a given load increment. 

To answer these questions, a stochastic model 
for crack growth is required. We will now present a 
probabilistic model that can capture the random
ness of progressive crack growth in a quasibrittle 
material such as concrete. The present method 
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will be based on the Markov chain model and R
curve behavior which is derived from a new gener
alization of the size effect law combining Wei bull 
statistical theory and nonlocal concept (BaZant 
and Xi, 1991a, b). The standard deviation of the 
peak load will be the only statistical information 
needed for the model. The parameter estimation 
method wiII be formulated. and some applications 
will be illustrated. 

1.1 General Formulation 

The Markov process (or Markov chain) is a gener
al model commonly used to characterize and simu
late many kinds o{accumulative damage processes 
(Bogdanoff and Kozin, 1985). The well-known ba
sic evolution equation for the Marko\' process is 

(1) 

where .~. is the loading level, Pq is the initial state 
probabIlity (a vector), Po = tlrJ,r.2,'·'r.S-hO), 
with l: r.i = 1, in which r.J = Prob(damage state 
j is initially occupied) and P is the probabili

'1\' transition matrix which characterizes the ma
terial properties. Eq. 1 means that the proba
bility of crack advance depends only on the cur
reet state, i.e. is independent of the preceding 
states (the history). In the present study, we as
sume that always rol = 1, with all other 7rj = 0, 
which means the crack or damage always starts 
from state 1; Pz is the damage state probabili
ty, pz = pAl),pA2),···Pz(B), in which Pz(j) = 
Prob (damage state j is occupied at stress level 
X); and B denotes the failure state. Here we as
sume the crack can propagate only one unit at one 
loading level, which means a unit jump model is 
called for; then 
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PI ql 0 0 
0 1'2 q2 0 

P= 
0 0 P:l 0 

(2) 

0 0 0 PS-I qS-1 

0 0 0 0 1 

where PI = probability of remaining in the state i 
during one loading step, and ql = probability that 
in one loading step the damage moves from state 
i to state i + 1. 

Let the random variable XI.s denote the load 
at failure reached by starting in damage state 1 
at X = O. Then the first two central moments of 
XI.s are found to be (Bogdanoff and Kozin, 1985): 

S-I 

E(X1.s) = LO + Tj), (3a) 
j=1 

8-1 

Var (XI.S) = L Tj(l + Tj) (3b) 
j=1 

where 

(4) 

\Ve will focus on the statistical scatter of the fail
ure load, which actua.lly represents the macroscop
ic reflection of the microscopic randomness within 
the crack process zone. In other words, the fail
ure load will be considered as a fictitious source of 
randomness. while the real source of randomness 
of course is the heterogeneity of material proper
ties. 

In the case of real engineering problems. the fail
ure load and its standard deviation are the data 
most likely to be available, especially the failure 
loads obtained from small specimens. So, a suit
able equation has to be introduced as a mean 
curve. One must realize that this mean equation is 
not just the equation obtained from fracture me
chanics handbooks; it has to be calibrated from 
the peak load test results and averaged over all 
the specimens of different sizes. For quasi-brittle 
materials which show a very strong dependence of 
the nominal strength on the specimen size, the size 
effect law proposed by Batant and Xi (1991a,b) 
might be o~e of the availa.ble method satisfying 
such a requIrement. 

1.2 Mean R-Curve 

The deterministic equation for the nominal stress 
may generally be written in the form: 

x = JR(a - aD) Ec 
Fa F(a/d) 

(5) 
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where X represents the mean nominal stress 
(which is proportional to the applied load). Eo is 
the initial elastic modulus, R(a - ao) is the R
curve, F(a/d) is a geometry-dependent function. 
available in fracture handbooks (e.g. Tada. 1983). 
ao is the current crack length, and ao is the initial 
crack (or notch) length. 

The R-curve can be deduced from the statisti
cal generalization of the size effect law proposed by 
Baiant and Xi (1991a,b). By fitting this law to the 
test results on maximum load values for geometri
cally similar fracture specimens of sufficiently dif
ferent sizes, one can determine the fracture energy 
G J of the material (defined as the energy required 
to propagate a crack in an infinitely large speci
men). and the effective length of the process zone. 
cJ (defined for an infinitely large specimen). Then. 
according to the method of Baiant and Kazemi 
(1990), one can obtain the R-curve as follows: 

g'(a)c 1 
R(a - ao) = G,,( ) -1 2" (6a) 

9 00 c/ --;;;-

(6b) 

(ia) 

c = dog(oo) (:!...)2nlm 
, g'(oo) do 

(ib) 
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in which c = a - ao,oo = ao/d.o = a/d,g(o) 
is the nondimensionalized energy release rate ob
tained from handbooks, and c,. is a factor in the 
size effect law chosen arbitrarily for convenience 
I see Baiant and Kazemi, 1990), band c4> are two 
constants (see Eq. 11). \-Vhen m approaches infini
ty. Eqs. 6-7 degenerate to the same form as Baiant 
and Kazemi (1990). By choosing a series of 0 val
ues. the corresponding c-values are obtained from 
Eq. 6b, and then, substituting each c into Eq. 6a, 
the corresponding R-curve values can be calculat
ed. Then Eq. 5 will represent the mean curve of 
nominal stress as a function of the crack length. 

1.3 Variance of Nominal Stress before 
Failure 

.-\5 a simplifying approximation, we may assume 
the variance a}, at state j, to be proportional to 
the length of the fracture process zone. This as
sumption seems reasonable in view of the experi
ence from testing. The length of the process zone 
at the initial state is O. and the standard devia
tion of the load is also O. At the failure state, the 
process zone is fully developed and the standard 
deviation of the failure load must. therefore, also 
reach its maximum value at the same time. Since 
the fracture process zone size depends upon the 
crack length a, the variance at state j may be ex
pressed approximately as a linear function of the 
crack length a; 



(8) 

where am&X can be obtained from Eq. 5. O"';'"x' rep
resenting the variance of peak load. may be con
sidered to be size independent, since. as we already 
explained. the random scatter is mainly related the 
size of the fracture process zone during the loading 
process. and at ultimate state the fracture process 
zone size is almost independent of the structure 
size. This has been shown by test results of laser 
speckle interferometry (Ansari, 1989) and by size 
effect analysis (BaZant and Kazemi. 1991). 

1.4 Markov Chain Model Combined with 
R-Curve 

Based on Eqs. 5 and 8, we can derive the ex
pression for the parameters in Eq. 2 and dam
age state Bj . First, we divide the damage 
states j = 1. ... B-1 into j groups as follows: 
L. .. BI - 1:Bb.·.B2 - 1: ... : and Bj .... B-
1. Then we assume rl for 1. ... Bl - 1: r2 for 
BI .... B2 -1: ... , and rj for Bj .... B - 1. The 
following recursive equations are obtained 

-,. -:. 2 

BJ == -:. (::J ~ 0:j-1
2

) 2 ..,. B,-I' (ga) 
(.\; - '\J_I!"T" (O"J - 0":_1) 

Xj - .\"j-I 
rj = - 1 Bj - Bj _ 1 

(9b) 

1.5 Numerical Example 

Consider a notched three-point-bend beam speci
men of high strength concrete (Gettu et a1. 1990) 
as an example. The R-curve obtained from the 
peak loads by the size effect method is shown in 
Fig. 1. Fig. 2 shows the probability of each dam
age state and nominal stress. One can see that. 
for example. at loading level 61 (almost the peak 
load, which is 66) the probability for the occur
rence of the damage state 61 (almost the failure 

. state. which is 66) is very high. more than 90%. 
On the other hand, the probabilities for the oc
currence of the lower damage states. 1 - 50, at 
the same loading level are almost 0: this is true 
in reality, because at such a high loading level the 
probabilities for a very low damage state should 
be very small. The ridge of the probability surface 
represents the mean path of damage e\·olution. 

An advantage of the present model is that the 
sample curve can be easily simulated by the com
puter. Fig. 3 shows the relation between crack 
extension and loading level. One can clearly see 
that the generated sample cur .... es represent the ob
served test CUf\'es quite well. This means that the 
present model can characterize the probabilistic 
struct ure for the entire loading history from the 
initial state up to the failure load. 
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Fig. 4 Test result on diagonal shear failure of re
inforced concrete beam without stirrups, and 
optimum fit by (11) 

1.6 Conclusions on Markov Chain Model 

1. The present discrete Markov chain model can 
be used to determine the probabilistic struc
ture of progressive cracking under monoton
ic loading conditions. The crack propagation 
probability for an existing crack at any load
ing step before the peak load and the failure 
probability from any damage state can be cal
culated. 

2. The determination of model parameters re
quires a large number of sample curves. When 
only the peak load data are available and the 
number of samples for the peak load does not 
suffice to obtain the statistical parameters re
quired in tbe model, the mean curve based on 
fracture mechanics may be used as a substi· 
tute. 

3. The standard deviation of the mean curve in 
the entire process of crack propagation may 



be predicted from the standard deviation of 
the peak loads of specimens. The standard 
deviation of the peak load is affected by the 
crack process zone. In turn. the crack process 
zone is affected by the length of crack prop
agation. Hence. the peak-load deviation can 
be assumed as a function of the crack propa
gation length. 

4. The R·curve obtained bv size effect analvsis 
of a series of experimental results on peak 
loads for different sizes is employed as the 
mean curve. The peak load deviation is as
sumed to be a linear function of the length 
of crack propagation. The obtained proba
bilistic structure for the progressive damage 
process agrees with the general observation of 
experimental results. ()lote: In detail. the 
Markov process model will be presented in a 
journal article; BaZant and Xi. 1993). 

2 NONLOCAL GENERALIZATION OF 
WEIBULL STATISTICAL THEORY OF 
RANDOM STRENGTH 

The second part of the conference presentation 
briefly reviews a recent de\'elopment of nonlocal 
Wei bull-type theory for concrete and other qua
sibrittle materials (BaZant and Xi. 1991a.b) and 
discusses some new consequences of this model. 
The classical Wei bull theory applies only to those 
case where the maximum load (failure load) is at
tained at the initiation of the macroscopic crack 
propagation. Applications have been made to con
crete structures. in which large crack growth with 
large stress redistributions that occur prior to the 
maximum load are ignored. But such application 
f s are not very realistic. They do not yield the 
correct size effect. 

One might think of remedying the problem by 
substituting the stress distribution according to 
linear elastic fracture mechanics into the Wei bull
type probability integral. but the integral then di
verges. The root of the problem is that the proba
bility of material failure is. in the classical Weibull 
approach. assumed to depend on the local stress at 
any given point of the material. This is not realis
tic, as clarified bv the recent deterministic nonIo
cal continuum models for strain softening damage. 
In similarity to those models, it is proposed that 
the material failure probability be considered as a 
function of the average deformation of a certain 
neighborhood of a given point. Thus. generalizing 
the basic results of the classical Weibull theory, 
the basic hypothesis is that 

I { P 1~ (El;(Z))'" dl/(z) 
n 1 - ,) = L..J -- --. -

" ,=1 (70 li, 
(10) 

where P, is failure probability. z is coordinate vec
tor. E is elastic modulus, "'0 and V, are constants. 

613 

m is Wei bull modulus. n is the number of dimen
sion. and li(Z I are the averaged principal strains. 

The most important consequence of the nonlo
cality is a change in the size effect on the nominal 
strength. (7,'1;. of geometrically similar structures of 
different sizes. It can be shown that (BaZant and 
Xi,1991b): 

(11) 

where f .. is the tensile strength. d is the charac· 
teristic dimension. and b and do are two constants 
which can be identified by linear regression of the 
test results. This law has as the deterministic limit 
(m -+ ~) the size effect law proposed by Bdant 
and Kazemi (1990). 

Eq. 11 has been considered in dealing with 
the test results by Baiant and Kazemi (1991) on 
the diagonal shear strength of longitudinally rein
forced concrete beans without stirrups, which had 
a particularly broad size range, 1:16. These results 
are shown in Fig. 4. in comparison to the optimum 
fits by Eq. 11. as well as by the deterministic size 
effect law. Both fits are good. but the difference 
between them is minor. It has been concluded 
that. in this type of failure. the deterministic size 
effect due to energy release dominates, and the 
statistical contribution to the size effect is unim
portant. This may be explained by the fact that, 
due to localization of cracking, major contribution 
to the probahility integral in Eq. 10 comes only 
from the fracture process zone. the size of which 
is almost the same e\'en for specimens of different 
sizes. However. in other quasibrittle structures. 
in which such localization of damage prior to the 
maximum load does not take place. the nonlocal 
generalization of \Veibull statistical tb.eory could 
be more important. 
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