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Abstract 
A time-depenrlcnt gcncmlization of the smcar-rd-crack model (crack banel) or coilcsit'e 
crack model is obtained by modeling rate-dependent fracture growth and creep in the ma
terial. Thc fmc/lIre growlh is de.9cribed by a rate-dependent relation bcl,vecn lhe crack 
bridging stress and the opening displaceflle71t, which i,~ based 011 thc tlc/iua/ion eneryy 
concept. The creep of concrete is formulated according to the solidification theory. A 
numerical algorithm is developed and il1![1lemellted in a finite element program. Numer
kal results iI/us/rate the performance of the model and show that the model is capable 
of good represcn.tation of lhe behavior observed in recent experiments. 
Keywords: Finite Elements, Conc.rete Fracture, Rate Effect, Creep, Crack Band 
Model, Cohesive Crack Model. 

1 Introduction 

The time-dependence of fracture is caused by three phenomena: (1) The effect of 
inertia weight propagation in the neighborhood of the crack tip, (2) the rate dependence 
of the process of bond breakages which produces the fracture surfaces, and (3) viscoelas
tic behavior or creep in the bulk of the material. The third phenomenon is negligible 
for very fast dynamic fracture, whilst the first phenomenon is negligible for very slow, 
static fractUre. The time-dependence of connete fracture has been studied extensively 
[1-6], but so far most studies focused on dynamic fracture. In regard to the time effect 
In static fracture, some investigators reported that it is effected by creep [e.g. 2, 4, 
7-9). Recently, an equivalent linear elastic fracture model based on the R-curve has 
been generalized to describe the rate effect and size elfect in quasibrittlc materials [7, 
91 and exten~ive experimental data on tIle loading rate effect and the effect of a sudden 
chan~e of loading rate, as weJJ as the size effect at different rates, have been obtained 
[8, 10J. The stress-strain relations of t.he nonlocal strain softening microplane model for 
concrete have also been generalized to the rate effect [l1J, however, in a manner that 
produces the rate effed only within one order of magnitude of the loading rates. 

A characteristic and difficult feature of concrete fracture is that the rate dependence 
is almost equally pronounced over many orders of magnitude of the loading rate, and 
this poses considerable modeling difficult.ies (such behavior has already been modeled 
in [9]). The purpose of this study is to present a rather general and fundamenta.l model 
based on stress-strain or stress-displacement relations' for the fracture process zone 
which give the rate effect over many orders of ma.gnitud(l of the loading rate. 

2 Mathematical Formulation 

First one needs to formulate a model for the rate-dependence in fra.cture growth. 
In a fundamental approach, this model should be based on the rate process theory 
('r('f'p and Shrmkagp tlf Conerele. Edited ny Z.P. Baz;lnt and L CilJOJ. © RJLEM 
Puhli.hcd by E & FN SpO". 2-4, Boundary Row. Lundon SEI 81/"1. ISBN () 419 18630 l. 
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which describes the thermally activated nature of the breakages of bonds causing the 
formation of fracture surfaces. A mathematical formulation for this process is developed 
in a separate paper in this volume [12) and wiII now be briefly summarized. The rate of 
bond fractures is governed by the Maxwell-Boltzmann distribution of the frequency at 
which the energy of thermally vibrating atoms or molecules exceeds a certain specified 
energy level U. This distribution reads I = kbeu/ RT in which T = absolute temperature, 
R = gas constant, and kb = constant. The potential of the bond forces, U (Fig. la) has 
a certain maximum called the activation energy Q which must be overcome for the bond 
to rupture. Now the activation energy barrier at no stress Q is modified by the presence 
of stress on the bond, Ub (Fig. lc), which causes that the rate of atom or tnolecule 
jumps over the activation energy barrier to one side exceeds the rate to the other side, 
thus leading to displacement with bond breakage. Based on this argument, which is 
similar to that used in material science models for creep or plastic flow, one obtains the 
following expression for the rate of opening of a crack due to thermally activated bond 
breakages [12), 

v = I(u, v) = vr sinh[¢(u, v») exp(Q / RTo - Q / RT) (1 ) 

in which vr = constant (reference opening velocity), To = reference absolute temper
ature, and ¢( u, v) = a function such that the equation ¢( u, v) = 0 approximately 
describes the stress-displacement relation of the cohesive crack model for extremely 
slow opening, v ..... 0). By an extension and refinement of the arguments in [12) and in 
view of experimentai data, this function has been introduced in the following form 

u-tJ>(v) 
¢(u,v) = k[tJ>(v) + ko/:J (2) 

in which k,ko'/[ = constant (/' = tensile strength), and tJ>(v) = stress-displacement 
curve of the cohesive (fictitious~ crack model for an infinitely slow loading (Fig. 1b) 
(v ..... 0). ko/: is a constant added in denominator Eq. 2 in order to prevent the 
denominator from approaching O. Function tJ>( v) is used in the denominator because 
it is assumed that the crack opening rate does not depend simply on the difference of 
the stress from the stress displacement curve tJ>(v) for infinitely slow loading, but on the 
ratio of this difference to the value on the curve, augmented by small constant. For the 
purpose of numerical calculations, it is convenient to express the crack bridging stress 
u explicitly from Eq. 1 and 2, which yields 

u = F(v,v) = tJ>(v) + k[tJ>(v) + ko/:Jsinh-t(v/vr) ( at T = To) (3) 

(for the case of reference temperature). The constants involved in the model have 
been calibrated according to the experimental data, and the corresponding plots of the 
stress-displacement relations for various displacement rates are shown in Fig. 1c. The 
area under these curves represents the fracture energy of the material, G 1> for various 
opening rates, and its value for v ..... 0 is taken as a material property. Ho represents 
the initial slope of the stress-displacement curve, shown in Fig. lb. Coefficient k in 
the model can be approximately deduced by noting that, according to test results, the 
peak stress is increased approximately by 25% when the loading rate is increased by 
4-8 orders of magnitude, that is, 

V(u = 1.25ft, v = 0) = 104 ~ 108 

Vcr(u = It. v = 0) 
(4) 

in which Vcr is assumed to be a certain critical opening rate below which the rate effect 
vanishes (in practice, such a rate probably does not exist, but Vcr may be interpreted 
as a rate so slow that is beyond the range of interest). The range of the k values is thus 
estimated as 0.01 ~ 0.05. 

Eq. 1 or 3 may be used directly as a rate-dependent generalization of the cohesive 
crack model. In this study, we choose to pursue a rate-dependent generalization of the 
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crack band model (which is similar to that of a nOlllocal continuum model). III that case, 
the fracturing strain corresponding to the opening displacement v may approximately 
be taken as (f = v / h where h is approximately the width of the crack band front or 
the characteristic length of the material in a non local model. Similarly, if = v/h. The 
total strain in the continuum model with cracking is assumed to be a sum of the elastic 
strain, creep strain, fracturing strain, and shrinkage and thermal strains. 

The creep of concrete, alon~ with the effect of aging, has been described according 
to the solidification theory [13. The aging is in the theory modeled by a growth of 
the volume fraction of the soli ified load-bearing matter. The creep of the solidifying 
constituent is considered to be nonaging, characterized by a non aging compliance func
tion or, for the purpose of numerical computation, a nonaging Kelvin chain model. The 
retardation spectrum of this material is characterized as a continuous spectrum [14], 
based on approximating a Jog-power creep Jaw for the solidifying matter. 

The foregoing mathematical description of the fracturing strain and creep has been 
combined with the smeared-crack concept (e.g. (15]). For the purpose of numeri
cal calculations with the smeared-crack concept, FAJ. 3 is approximated in an in
cremental form and is transformed into the relation 6u = I1'd( f + mdi f' in which 
lI' = hau( v, v)/ Ov, m = hOu( v, iJ)/ avo This equation is then generalized to a matrix 
form and is combined with the elastic and creep strain according to the smeared-crack 
model. The numerical algorithm for time steps 6t is of a forward gradient type, with 
a linear interpolation for the fracture strain rate used in each time increment. The 
algorithm is similar to that used by Needleman [15]. To handle post-peak softening, 
the modified Newton-Raphson method is comhined with the arc-length method of Cr
isfield [16] (an excellent discussion of numerical algorithms for this type of prohlems has 
recently been given by Sluys [17]). 

3 Numerical studies and comparisons with test data 

Several examples of finite element analysis with the proposed constitutive model will 
now be presented. The calculations have heen performed using four-node isoparametric 
finite elements with a 2 X 2 Gauss integration scheme. First, the model performance 
is checke.d for a uniaxial concrete bar in tension at various imposed strain rates. The 
calculated results are shown in Fig. Id, in which ilr = 0.001 in./day and k =0.03. We see 
we achieve rate sensitivity many several orders of magnitude of the displacement rate, 
however, due to the choice of constants, the rate sensitivity decreases for i. < 1O-4/day. 
The peak stress in the strain range shown varies by 25%, which roughly agrees with 
experiments on concrete. 

The fracture specimens considered and the corresponding mesh are shown in Fig. 2a. 
This type of specimens was tested in [8] at various crack mouth opening displacement 
(CMOD) rates and for three specimen sizes in the ratio 1 : 2 : 4, with geometrically 
similar shapes. Fig. 2b shows the load-CMOD curve a.~ affected by the shear reduc
tion factor (3 of the smeared-crack model. The effect of aging in creep on the fracture 
behavior is shown for two different Mode durations in Fig. 2c. In Fig. 2d,e the per
formance of the model is compared with experimental results [8] (k = 0.03, vr = 10-3 

in/day, Gf = 0.2 Ib./in.), and the tensile strength /1 is related to the Young's modulus 
according to the ACI formula. In Fig. 2d, the CMOD rate is constant and tp is the time 
to reach the peak stress. Fig. 2e shows that the model is also capable of approximating 
the experimentally ohserved size effect. 

4 Conclusions 

The rate dependent generalization of the cohesive crack model hased on the acti
vation energy concept and com hi ned with a model for concrete creep in the bulk of 
the specimen approximately agrees with the experimental evidence on the responses of 
direct tension specimens and fracture specimens at different loading rates as well as at 
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different specimen sizes. However, close representation of the experimental results will 
require further refinements and calibration, which is in progress. 
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