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ABSTRACT 

The paper reports fracture tests of double 
notched beam specimens of concrete and mortar 
loaded in shear. I t is demonstrated that shear 
fracture propagation exists provided that there 

exists a concentrated shear zone. The results tend 

to confirm the maximum energy release rate criteri

on for fracture propagation. Tests of geometricall y 
similar specimens yield maximum loads that agree 

with the recently established size effect law for 
blunt fracture, previously verified for Mode I. 

Preliminary results also indicate agreement with 

finite element analysis based on the strain-soften

ing crack band model, in which the same material 

properties are assumed for fractures in Mode I and 
Mode II. The results are of particular interest 

for the failure of concrete structures sub j ected to 
blast loadings. 

INTRODUCTION 

Cracks in concrete or mortar have been gener

ally assumed to propagate in the direct i on normal 
to the maximum prinCipal stress, which represents 

the cleavage (or opening ) fracture mode, desig

nated as Mode 1. This ty pe of cracking has been 

ve ri fied even for the failure of many structures 

loaded in shear , e . g. , the diagonal shear failure 

of beams, the punching shear failure of slabs, the 

torsional failure of beams, the shear failure of 
panels, etc. Ingraf fea [1] showed recently that 

in a shear-loaded beam with a starter notch normal 
to the beam axis the crack does not propagate in 
this direction but roughly in the direction normal 

to the maximum prinCipal stress. Thus, many in

vestigators have thought that shear fracture does 
not exist, and even the claim that "shear fracturp 

is a sheer nonsense" has been heard in some recent 

lectures. 

Shear fractures are nevertheless observed in 

practice. For exampie , reinforced concrete slabs 

'loaded by an intense short-pulse blast often fail 

by shearing off at the support along a crack 

normal to the slab. Penetration of proj ectil es 

into concrete also apparently involves shear
produced cracks. On the modeling side, applica
tions of the recently developed crack band model 
with str ain -softening [13,16,17,10] have indicated 

that the crack band which models fracture can 

propagate,under certain conditions, in the shear 

mode (Mode 11). 
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Therefore, a program to investigate the shear 
fracture of concrete has been undertaken at 

Northwestern University, and presentation of the 
first results is the purpose of this paper. 

TEST SPECIMENS 

The test specimens were beams of constant rec
tangular cross section and constant length-to-depth 
ratio 8:3 (see Fig. 1). To determine the size ef
fect, a crucial aspect of fracture mechanics, geo
metrically similar specimens of various depths, d = 

1.5, 3, 6, and 12 in. (Fig. 2), were tested. The 
specimens of all sizes were cast from the same batch 
of concrete or mortar, and their thicknesses b were 
the same; b = 1.5 in. 

For comparison of specimens of different sizes, 
the choice of their thicknesses is a sub tle ques
tion which has no clear-cu t answer. The question 
aris",; with respect to the effect of the probable 
variation of fracture energy along the crack edge 
across the thickness. This variation is principally 
due to two effects: 1) The fact that the crack front 
in the interior of the specimen is essentially in 

plane strain, while near the surface it is essen
tially in plane stress, which causes for elastic 
�ehavior an additional stress singularity at the 

surface termination of the crack edge [2J; and 2) 
The fact that nonplanar deformation at crack front 
near the surface may be caused by failures along 
planes nonorthogonal to the specimen sides, simi
larly to the shear-lip phenomenon in plastic frac
ture of metals [3,4,5J. The former effect would 

prevail for structures very large compared to the 
aggregate size, which would basically follow linear 
fracture mechanics. The latter effect seems to be 
more important for structures of normal sizes be

cause the size of the fracture process zone affected 
by the surface would be proportional to the aggre
gate size and independent of the specimen size. 
Therefore, the latter effect was deemed to be more 
important, and this was the reason for chOOSing the 
same thickness for specimens of all sizes, ensuring 
the same thickness-to-aggregate size ratio. 

A pair of symmetric notches, of depth d/6 and 

thickness 2.5 mm (same thickness for all specimen 
sizes) was cut with a diamond saw into the hardened 
specimens. (Compared to the specimen with a one
sided notch used before, the symmetrically notched 
specimen, in which two cracks propagate simultan
eously, is Simpler to analyze.) The specimens were 
cast with the side of depth d in, a vertical posi-
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tion, using a concrete mix with water-cement ratio 
0.6 and cement-sand-gravel ratio of 1:2:2 (all by 
weight). The maximum gravel size was da= 0.5 in., 
and the maximum sand grain size was 0.19 in. Min
eralogically, the aggregate consisted of crushed 
limestone and siliceous river sand. The aggregate 
and sand were air-dried prior to mixing. Portland 
cement C150, ASTM Type I, with no admixtures, was 
used. 

To illustrate the effect of aggregate size, a 
second series of specimens was n�de of mortar, with 
water-cement ratio of 0.5 and cement-sand ratio of 
1:2. The same sand as for the concrete specimens 
was used, the gravel being omitted. Thus, the max
imum aggregate size for the mortar specimens was da 
= 0.19 in. The water-cement ratio differed from 
that for concrete specimens in order to achieve ap
proximately the same workability. 

Companion cylinders 3 in. in diameter and 6 in. 
in length were cast from each batch of concrete or 
mortar to determine the compression strength. A fter 
standard 28-day moist curing, the compression 
strength was f� "' 5500 psi with standard deviation 
S.D. = 125 psi for the concrete specimens, and 7100 
psi with S.D. =107 psi for the mortar specimens 
(each value determined from J cylinders). 

The specimens were removed from the plywood 
forms after 1 day and were subsequently cured until 
the mOllient of the test, for 28 days, in a moist room 
L)f 95% relative humidity and 78F temperaturp. Three 
ident ic:il specimens were tested for each type of 

test. 

The tests were carried out in a 10-ton servo
controlled closed-loop MTS testing machine (Fig. 3). 
Th .. laboratory environmc'nt had relative hum id ity 

abuut ()5% and temperature about 71lF, and the speci
mens WL're exposed to this environmpnt ap prox imately 

J hours bc'fore the start of the test. 
Thl' sht'ar loading was produced by a systelll of 

steel bc'ams shown in Fig. 1, which applied concpn
tratpd vprtical loads onto the specimen. Three of 
t hl' loads were applied through rollers, and one 
through a hinge, which produced a statically deter 
millate' sup por t arrangement. The steel surfaces 
WtTe car,.j-ully machined so as to minimize the fr ic
tion on the rollers. 

The distribution of shear force V in the ver
tical cross sections, produced by this load arrange-

ment. is shown in Fig. 1. Note that the loads wpre 

applied relatively close to the notches, so as to 
produce a narrow region of a high shear force. lIow

,'ver, tile loads could not be too close to the notch, 

ur "Ise the concrete under the support would shear 
otf local ly before the overall shear fracture could 

be produced. To prevent this from happening, the 
load-distributing steel plate under the roller 
could not be too small, and after some experimenta

tion a suitable size of the support plate was de
termined. For the four specimen sizes, the support 
plates under the rollers and the hinge had the 
widths of 0.25, 0.5, 1 and 2 inches. The distance 
of the loads from the notch axis was always kept 
as d/12. The thickness of all loading plates was 
0.25 in. 

The specimens were tested at constant dis-
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placement rate of the machine. For each specimen 
size the displacement rate was selected so as to 
achieve the maximum load in about 5 min. (�30 sec.) . 

TEST RESULTS 
The measured values of the maximum load meas

ured are given in Table 1 for all specimens of all 
sizes, along with the mean values. 

Type 
of 

Test 

r----
I , 

I Mode I I  �concrete 

I 
: Mode I I  
Mortar 

: 

Table 1. - Mea2�.r�d_ Maximum Loads 

Depth 
d 

(in. ) 

1.5 
3.0 
6.0 

12.0 
1.5 
3.0 
6.0 

12.0 -- --- --

I 
I 

Maximum Load 

1 

1380 
2792 
5300 
9910 --
1700 
3200 
5280 
9200 ---... - -

I , 

(lb.) 
2 

1465 
2816 
5580 
9990 
1735 
3300 
5400 
9700 

---

P, 

3 

1475 
3012 
5590 

10100 
1755 
3350 
5500 

10000 

Mean 

P 

1440 
2873 
5490 

10000 
1730 
32e3 
5410 
9633 i----- ._--

- - --41'0 - � 1.5 405 408 417 
Mode I 
Concrete 

-- -

, Mode 1 

3.0 676 
6.0 984 

12.0 1715 
1.5 456 
3.0 702 

705 710 697 I 
1034 1090 1036 
1716 1750 1727 

508 543 502 
751 776 743 : 

I Mortar 6.0 999 1053 1098 1050 i 
12.0 1461 1559 1565 1528 I 

-- --�-.�- ._--_.- I 
The cracks propagate as shown in Fig. 1. This 

proves that shear fracture exis ts, I.e., the crack 
can propagate in Mode 11. Microscopically, of 
cour se, the s/It'ar fracture is 1 ike]y to form as a 
zOlle of tensile microcracks with a preduminantly 

45°-inclinatiol1 which only latt'r connect by shear
ing; but the fact is tha t_ in the macros('''!,i" se'nse 

the ohserved fracturl's IIlllSt 1)(' dt'scr ihl'd as Mode 11. 
As already ment iUlwd, the presently observed 

crack d irection contrasts with that observed by In
graffea [lj in h is test sketched in Fig. 4a. This 
test dHferpd by its wider separation of the load

ing points. Therefore, the present t Vi''' of test 

was also made with a widl'r separat ion of the load
ing points. In that case the cracks propagated 

from till' notch tip basically in thl' d irection nor

mal to the maximum principa l stress, same as obser
ved by Ingraffea ; see Fig. 4b. In both the present 
type of test (Fig. 1) and the tests with the wide 
shear zone (Fig. 4a,b) thl' stress fit'lds near the 
fracture front are similar. So thl' crack somehow 
senses the stress field remote from the cracks and 

responds to it. Consequently, the stress fiel� 
near the fracture front, as well as the strain and 
strain energy density fields near the fracture 
front, does not govern the direction of fracture 
propagation. What is then the governing law? 

The answer is that a Mode I crack propagating 

sideway from the notch tip would, for the present 
type of test with a narrow shear force zone, quickly 
run into a low stress zone of the material, and 
would, therefore, release little en�rgy. On the 
other hand, a vertically running crack (M�de 11) 
continues to remain in the highly stressed zone of 
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the material, and can, therefore, cause a large re
lease of strain energy. This appears to confirm 
that the fracture propagation direction is governed 
by the criterion of the maximum energy release rate. 
This criterion has been known in theoretical frac
ture mechanics and is in fact a direct consequence 
of the basic laws of thermodynamics. 

The conclusion that the criterion of maximum 
energy release rate should govern the direction of 
crack propagation is confirmed by the finite ele
ment studies reported by Pfeiffer et al. [6-9]. In 
these studies, the crack band model was used, and 
among all finite elements adjacent to the crack 
band front the crack band was advanced into that 
element for which the energy release from the finite 
element system was maximum. These finite element 
simulations indicated the crack band to propagate 
sideway when the shear force zone was wide (Fig. 4b), 
and vertically when the shear force zone was narrow 
(Fig. 1), which is in agreement with the observed 
directions of crack propagation. 

SIZE EFFECT AND FRACTURE ENERGY 
The structural size effect, a salient aspect 

of fracture mechanics, is observed when geometri
cally similar structures of different characteris
tic dimensions d are compared. It can be described 
in terms of the nominal stress at failure, defined 
as e1N ; P/bd where p; load at failure (maximum 
load) and b; structure thickness. While according 
to the strength or yield criteria used in plastic 
limit design or elastic allowable stress des i g n ,  ON 
is independent of structure size d, in fracture me
chanics "N decreases as tbp structure size in

creases. This is because fracture mechanics is 
hased on energy criteria for failure. 

Introducing an approximate but appan 'ntl y 

quite reasonable hypotheBls that the energy releasL' 

caused by fracture is a function of both the frac
ture lellgth and the area traversed by the fracture 
process zonp, Ba!ant showed [10,111 by dimensional 
analysis and similitude arguments that, for geomet
rically si mil ar structures of specimens, 

- d -\" 
, = Bf" 1 + -- --) N t' YUda 

(1) 

ill which fi: is thl' direct tensile strength of con
('rell', da is tile maximum aggregate size, and J, YO 
an' L'mp i r  ical parameters characterIzIng the Bhape 
of the structure or specimen. According to this 
siZt' effect law, the plot of log ON vs. log (d/da) 
represl'nts a gradual transition from the strength 
criterion (i.e., ON proportional to strength f�) 
to the failure criterion of the classical, linear 
elastic fracture mechanics (i.e., ON proportIonal 
to·.d-'o). This size effect law Is verified, within 

the limits of inevItable statiBtical scatter, by 
all available Mode I fracture tests of concrete 
and mortar. Moreover, thIs size effect law has 
also been shown applicable to the dIagonal shear 
failur e of longitudinally reinforced beams without 
stirrups 112], and is probably applicable to all 
the so-called brittle failures of reinforced con
cn'te structures. Does the size effect law also 
apply to Bhear fracture? 

The measured maximum load values show that it 
does. They are plotted in Fig. b as the data 
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points, wllile the size effect law iB plotted as the 
smooth curve, and a good agreement is apparent. 
Parameters B and YO of the sIze effect law can be 
most easily obtained by the linear regression plot 
in Fig. 6 because Eq. 1 can be rearranged aB Y ; 
AX+C where X;d/da, Y;(fiJON)2, C;1/B2, A ;  
l/(YOB2) . This means that B = llle, Yo ; l/(AB;» 
where A represents the slope of the straight re
gression line in Fig. 6 and C represents HB inter
cept with axiB Y. 

An advantage of the regression plot is that 
it also yields statistics of the errors, i.e., of 
the deviations of the meaBured data points from 
the size effect law. As iB clear from Fig. 6, 
these deviations are random rather than systematiC, 
and their coefficient of variation is found to be 
wYIX = 0.0911, which is quite acceptable for a 
heterogeneous material wIth statistical properties 
such as concrete. This value is calculated as 
wYIX = {[l:(Y-Ytest)2]/ (N-2)}12/Y, which is an un
biased estimate; Y- Ytest are the deviations of 
data pOints, N is the number of all data points, 
and Y = (EY) /N ; mean of all meaBured Y. When the 
statistics is based on the mean P for each specimen 
size, then wYIX ; 0.0668. 

To calibrate tne size effect law once its 

validity Is already accepted requires specimens 
whose sizes differ at least as 1:3. However, to 
verify the valIdity of the size effect law one 

needs a much broader range of sizes, at leas t 1:10. 
This neceBBitateB inclusion of very large specimens 
in the test program. The smallest specimen is 
chosen as small as possi!>.!e for tht" given s i ze of 

aggregate. This is the reason for choosing the 

depth of the smallest specimen to be only 3da. The 
largest pract icable sp,'cimen for th" available 
testing milchilw was t hen of (h'ptl! d � 12 ill. (d/da 
; 24). F()r C()IW[('t,', I,OW('vl'r, t.his "izl' is 1I0t 
large enough to ver i f y the siz" effect J aw ( Eq. 1), 
since the l ast data points f o r concr('te i n  Fig. b 
I ie too far from the 1 imiti ng inclined "tra ight 

1 inl' of slope - 1/2 corr espond lng to 1 i n,"ar elastic 
fracture mechanics. This was the main reason [or 
adding a second series of mortar specimens, which 
makl's it possihle to extend substantially the 
range of relative sizes d/da without having to 

test still much larger specimens. Even though 
some additional error is no doubt introduced due 
to the d i ffL'rl'nces between mortar and concrete 
other than those due to aggregatl' size da, the 
meaBured maximum loads for concrete and mortar, 
when put together, app"'H to follow quite well the 
size effect law (Eq. I), and thus to verify its 
vali.dity. 

Note also that according to Fig. 6 linear 
fracture mechanics would govern tlll' behavior of 

specimens with d/da; 200 or larger. This implies 
for: concrete the beam depth of over 100 i n., and 

for mortar over 40 In. 

Another advantage of the size effect law is 
that it allows the simplest way to determine the 
fracture energy Gf. As recently shown [141, 

g(a ) 
G ; __ ,0_ (f,)7d f A hc t a 

in which A; slope of the B12(' effect regression 
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line (Fig. 7b in the present case), E� a elastic 
Young's modulus, and g(ao) - G(ao)Ecb d/p2: G(a) 
represents the linearly elastic energy release rate 
as a function of a -aId where a � aO+c, ao-length 
of the notch and c - length of the crack from the 
notch tip, G(ao) is the value of G evaluated for 
a -aO' and g(ao) with aO - aO/d is the nondimen
sional energy release rate. The values of G(ao) or 
g(ao) can be found in handbooks [15] or textbooks 
[3,4,5] for many typical specimen geometries, how
ever, not for the present specimen. Therefore, the 
value of g(ao) was obtained by linear elastic finite 
element analysis; g(aO) .. 2.93. 

Note that f! and da are used in Eq. 2 because 
the regression plot in Figs. 6 and 7 is in nondimen
sional variables in order to allow comparing mortar 
and concrete. Alternately, the regression could be 
done in the plot of ON-2 versus d, and then ft2 and 
da do not appear in Eq. 2. Therefore, the precise 
values of ft (and da) are immaterial for the value 
of Gf calculated in Eq. 2. 

Application of Eq. 2 to the present data yields 
the following values for Mode II fracture energy 
Gf = Gfll; 

G II c 
f 

G ll= f 

5.85 lb./ in. (1020 N/m) for concrete 
(3) 

3.25 lb./in. (539 N/m) for mortar. 

From preliminary results of the companion Mode 
test series for the same type of concrete and mor

tar, application of Eq. 2 (for the three-point bent 
specimen geometry) yields approximately the value 
GfI = 0.184 Ib. /in. (32.2 N/m) for concrete and Gfl 
= 0.123 Ib./in. (21.5 N/m) for mortar. The linear 
regression plot and size effect are plotted in Fig. 
8 for individual maximum load values. The load 
values for Mode I fracture tests are given in Table 1. 

It is striking how much larger the fracture 
energy is for Mode II as compared to Mode 1. The 
ratio appears to be about 32 for concrete and 26 
for mortar. This huge difference seems, however, 
explicable in terms of the crack band finite element 
model [16] which was shown to also describe correct
ly the crack shear resistance [17]. 

The results of tests and of preliminary 
element calculations compare as follows: 

finite 

Tests: G� .. 0.184 lb./in. , G:1= 5.85 

Finite GI = / II 0.236 lb. in., Gf' ,. 5.02 Elements: f 

lb./in. 
(4 ) 

lb./in. 

It must be emphasized that the same material 
properties, defined by the same tensile strain
softening diagram [16], were used both for Mode I 
and Mode II finite element simulations. 

In Mode I fracture, the fracture energy is in 
the crack band model represented by the area under 
the tensile strain-softening diagram, multiplied by 
the width of the fracture process zone. In Mode II 
(shear) fracture, tensile cracking is not all that 
is needed for failure. The cracks produced by 
shear are inclined about 45·, and there remains a 
connection across the fracture after these cracks 
form, consisting of inclined struts between the 
cracks spanning across the fracture (Fig. 6). 

The full shearing of the material also re-

quires ttllit these struts be broken by compression 
crushing (which would most likely consist in com
pression-shear failure of these struts). Therefore, 
the fracture energy for shear also includes the 
area under the compression stress-strain diagram 
for these inclined struts, including the strain
softening portion of this diagram, mUltiplied by 
the width of the fracture process zone. Now, the 
area under the complete compression stress-strain 
diagram is many times larger than the area under 
the complete tensile stress-strain diagram. Thus, 
it is not surprising that the Gf-values in Eq. 3 
are far larger than those for Mode 1 fracture. It 
must be kept in mind, however, that these values of 
Gfll include the energy to break the shear resis
tance due to aggregate interlock (crack surface 
roughness). 

The size effect law also makes it possible to 
easily determine the H-curve, i.e., the plot of the 
energy required for crack growth as a function of 
Lhe crack length, c (measured from the notch tip). 
As shown in Hefs. 14 and 19, the H-·curve represents 
Lhe envelope of the fracLure equilibrium curves of 
geometrically similar specimens of all sizes; see 
Figs. 7, 8 and 9, in wldch the convex curve for 
each specimen depth d can be plotU,d from the max
imum load value, P [14,lYj. it is essential to use 
for this purpose the maximum load values smoothed 
by the size effect law. If the use of unsmoothed, 
scattered data (as measun-d) is att<-mpted, then the 
f racture equilibrium curves do !loL yield any envel
ope {14,19J. As already remarked, the limiting 
asymptotic value of the envelope, I.e., of the R
curve, is the fracture energy obtained from Eq. 2. 
Fig. 7 shows the H-curve for shear fracture obtained 
after smoothing with the regression line in Fig. 6. 
(Fig. 9 shows the H-curve for Mode I fracture from 
regression line in Fig. 9.) Availability of the H
curve makes it possible to approximately calculate 
failure loads of structures with an equivalent anal
ysis based on linear elastic fracture mectllinics, 
even though the fracture law is evidently highly 
nonlinear. 

A more dl'tailed study of the finite element 
modeling of shear fracture with the crack band 
model is planned for subsequent work. While the 
crack band model and the finite element models based 
on a stress-displacement relation for a line crack 
(Hillerborg's modeJ, Refs. IH and 1 9) are essential
ly equivalent for Mode 1 fraclure U,sLs of concrete 
and can reprl-sent them equally well, thc,re appears 
Lo be a significant difference for shear fracture 
tests. It seems that both Modl' 1 and �l()de I I frac
ture tests call be described with one and the same 
crack band mod"l. This is not true for the model 
based on the- stress-displacement relaLIon, for 
which some additional rules apparently need to be 
added to make it work also for shear frae ture and, 
in particular, to represent the contrIbution of 
surface roughness (aggregate interlock ) to tlte 
shear fracture energy. 

CONCLUSIONS 

1. Shear fracture (i.e., Mode II fracture) of con
crete exists. 

2. The direction normal to the maximum principal 
stress cannot be considered in gener�l as a 
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criterion of crack propagation direction in con
crete. Rather, fracture seems to propagate in 
the direction for which the energy release rate 
from the fracture is maximized. 

3. Like Mode I fracture, the shear (Mode II) frac
ture follows the size effect law of blunt frac
ture [Ill. This implies that a large fracture 
process zone must exist at the fracture front, 
and that nonlinear fracture mechanics should be 
used, except for extremely large structures. 

4. The maximum aggregate size da appears acceptable 
as a characteristic length for the size effect 
law. This further implies that the size of the 
fracture process zone at maximum load is approx
imately a certain fixed multiple of the maximum 
aggregate size. 

5. The shear (Mode II) fracture energy appears to 
be about 32-times larger than the cleavage ( Mode 
I) fracture energy. This large difference may 
probably be explained by the fact that shear 
fracture energy includes not only the energy to 
create inclined tensile microcracks in the frac
ture process zone, but also the energy required 
to break the shear resistance due to interlock 
of aggregate and other asperities on rough 
crack surfaces behind the crack front. 

6. The R-curve.describing the shear fracture energy 
required for crack growth as a function of the 
crack extension from the notch, may be obtained 
from the size effect law. It results as the en
velope of the fracture equilibrium curves for 
geometrically similar specimens of various 
sizes. 
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