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Microplane triad model for simple and
accurate prediction of orthotropic elastic
constants of woven fabric composites

Kedar Kirane1, Marco Salviato2 and Zdeněk P Bažant3

Abstract

An accurate prediction of the orthotropic elastic constants of woven composites from the constituent properties can be

achieved if the representative unit cell is subdivided into a large number of finite elements. But this would be prohibitive

for microplane analysis of structures consisting of many representative unit cells when material damage alters the elastic

constants in each time step in every element. This study shows that predictions almost as accurate and sufficient for

practical purposes can be achieved in a much simpler and more efficient manner by adapting to woven composites the

well-established microplane model, in a partly similar way as recently shown for braided composites. The undulating fill

and warp yarns are subdivided into segments of different inclinations and, in the center of each segment, one microplane

is placed normal to the yarn. As a new idea, a microplane triad is formed by adding two orthogonal microplanes parallel

to the yarn, one of which is normal to the plane of the laminate. The benefit of the microplane approach is that it is easily

extendable to damage and fracture. The model is shown to give realistic predictions of the full range of the orthotropic

elastic constants for plain, twill, and satin weaves and is extendable to hybrid weaves and braids.
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Introduction

Owing to their light weight and high specific strength,
stiffness and toughness, woven fiber composites have
become attractive alternatives to metals in aerospace,
automotive, marine, and defense applications. To opti-
mize the engineering design of these components, phy-
sics-based constitutive modeling of the material on the
sub-scale is essential. The input of most conventional
continuum models uses the elastic properties of the
individual lamina semi-empirically. However, a
change in the weave type necessitates repeat testing of
all the mechanical properties of the laminate, despite
having the same constituents. This repetition can be
avoided by setting up a predictive model whose
lamina properties on the meso-scale could be calibrated
by tests for one weave type and then used in a similar
way for another weave type.

The literature abounds with analytical and numer-
ical formulations that achieve this goal with varying
degrees of success (see a comprehensive review in litera-
ture1–3). The effect of waviness and buckling of com-
pressed yarn embedded in a polymer was introduced in
19684 in an analytical model that gave very realistic

predictions of axial stiffness (for a summary see Sec.
11.9 in Bažant and Cedolin5). Later, important analyt-
ical models were proposed in the 1980s by Ishikawa and
Chou.6,7 Ishikawa and Chou6 proposed a ‘‘mosaic
model’’ which idealizes the woven fabric as an assembly
of cross-ply laminates and provides upper and lower
bounds for the elastic properties of laminate. Further,
they developed the ‘‘fiber undulation model’’6 which,
like,4 accounts for the knee behavior of plain weave
fabric composites and the yarn continuity, but again
only in the loading direction. Their third model, the
‘‘bridging model’’, also accounts for the load transfer
among the interlaced regions in satin composites.7
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Again, this model considers the undulation in the load-
ing direction, but not the transverse direction. Besides,
the effects of the cross section geometry of the yarn are
not considered.

A two-dimensional (2D) model that accounts for the
yarn cross section geometry and the gaps between yarns
was proposed by Naik and Ganesh8 but the out-of-
plane stresses were not captured. Another similar exam-
ple was the generalized 2D model of Hahn and
Pandey,9 which predicted not only the effective elastic
moduli but also the linear thermal expansion coeffi-
cient. There also exist several models based on the so-
called Classical Laminate Theory (CLT). An example is
the model developed by Scida et al.10 called
MESOTEX, intended for hybrid and non-hybrid
woven composites.

The most accurate predictions of the effective lamina
properties have been obtained by large-scale three-
dimensional (3D) finite element simulations of the rep-
resentative unit cell (RUC); see e.g.11–18 This involves a
detailed meshing of the RUC microstructure, including
the undulating yarns, with explicit resolution of the
contact between them. Although the calculated effective
lamina properties are very accurate, the programming
is not simple and requires tedious pre-processing, espe-
cially for complex weaves. More importantly, one has
to cope with a very high number of degrees of freedom
per RUC, which is a prohibitive computational burden
in systems of many RUCs when damage alters the elas-
tic constants of each RUC at each load step and pre-
vents repetitive use of the same elastic constants. The
advantages of the foregoing approaches could be com-
bined in a simple, semi-analytical framework that can
(1) predict all the orthotropic elastic constants in an
efficient manner and (2) merge seamlessly with a mater-
ial point level continuum damage model. Such a frame-
work is developed here, based on the microplane
theory.

The microplane theory was originally developed to
describe the softening damage of heterogeneous, but
statistically isotropic materials such as concrete and
rocks.19–21 The basic idea of the microplane model is
to express the constitutive law in terms of the stress and
strain vectors acting on a generic plane of any orienta-
tion within the material meso-structure, called the
microplane. The microplane strain vectors are the pro-
jections of the macroscropic strain tensor, whereas the
macroscopic stress tensor is obtained from the micro-
plane stress vectors via the principle of virtual work.
The use of vectors in a constitutive model was the idea
of Taylor.22 It helps physical insight and makes the
constitutive law conceptually clear. Taylor’s idea has
been used extensively for plasticity of polycrystalline
metals, in which the stress, rather than the strain,
tensor is projected onto the microplanes and the plastic

strain vectors are then superposed to give the plastic
strain tensor (for a review, cf. Brocca and Bažant23).
The static constraint, though, is limited to non-soften-
ing inelastic strain. For softening, it would make the
material model unstable19 and so a kinematic con-
straint must be employed.

Several approaches to apply the microplane concept
to orthotropic materials have been explored.24–26

However, the role played by the meso-scale constituents
(e.g. fibers and matrix) in determining the overall elastic
behavior was not clarified in these studies. This was
later attempted in Caner et al.27 where the microplane
theory was applied to orthotropic 2D triaxially braided
composites. They considered microplanes only with a
specific orientation, a concept equivalent to assigning
zero stiffness to microplanes of other orientations and
thus automatically introducing orthotropy. In addition
to the previously mentioned benefit of a vectorial for-
mulation, an added advantage became evident in Caner
et al.27 It was realized that the same microplanes that
describe the damaging behavior can also be used to
predict the elastic constants of the lamina from the
properties of the individual constituents and the details
of the meso-structure geometry. The preferentially ori-
ented microplanes allow physically intuitive inclusion
of the effects of yarn undulations and aspect ratio on
the stiffness and load transfer mechanisms.

However, this advantage was not fully realized in
Caner et al.,27 where only the axial elastic properties
of the laminate were predicted well. Presented here is
microplane theory improved by a new concept—the
microplane triads. It can predict realistically all the
macro-scale orthotropic elastic constants of woven
composites, including the shear stiffness and Poisson
effects. The model is shown to have sufficient generality,
allowing attractive extensions to more complex archi-
tectures such as hybrid woven composites, and two- or
three-dimensionally braided composites. Similar to
Caner et al.27 this model also is computationally effi-
cient and readily extendable to a point-wise continuum
damage constitutive model, suitable for analyzing
damage and fracture of large composite structures.
Here, however, the goal is to showcase the versatility
of the model in predicting the elastic properties of vari-
ous woven composites. Application of this framework
to a damage model is relegated to a follow-up article.

Microplane theory for woven textile
composites

Representative unit cell

A woven composite consists on the meso-scale of a
polymer resin matrix reinforced by two sets of yarns
interlaced perpendicularly to one another. The two
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sets are referred to as the fill (or weft) yarns and the
warp yarns. The yarns themselves consist of fiber bun-
dles with matrix between the fibers. Different types of
fibers (such as carbon, E-glass, aramid and polyester
fibers) as well as various types of weave architectures
are commonly employed, depending on the specific
application. The weave type is governed by the
number of yarns skipped per weave. For example, in
a plain weave, the fill yarn skips over every other warp
yarn and vice versa, while for the twill weave, it skips
over every two warp yarns.28,29

The microplane model characterizes at one con-
tinuum point the average behavior of one RUC,
defined as the smallest geometric unit that gets period-
ically repeated within the woven composite. For one
RUC, we introduce a local co-ordinate system such
that coordinates 1 and 2 represent the fill and warp
yarn directions, respectively. Then, the local direction
3 is the out-of-plane normal, as shown in Figure 1(a)
for a twill 2� 2 woven composite.

Each RUC is imagined to consist of three plates,
namely: (1) the fill yarn plate; (2) the warp yarn plate
and (3) the pure matrix (or polymer) plate (Figure1(b)).
These plates are assumed to act in parallel coupling.16,27

The elastic stiffness tensor of the RUC is then expressed
as

KRUC ¼
Vy

2
KFY þ

Vy

2
KWY þ ð1� VyÞK

M ð1Þ

where KRUC, KFY, KWY and KM represent the fourth-
order stiffness tensors of the RUC, fill yarn plate, warp
yarn plate, and pure matrix plate, respectively, and Vy

is the volume fraction of the yarn (or the tow) within
one RUC. It should be noted that this is the volume
fraction not of the pure fiber (Vf), but of the yarn within
the RUC. The yarn itself consists of some matrix
material (or polymer) that lies between the individual

fiber strands. The yarn volume fraction Vy within one
RUC is expressed as

Vy ¼
volume fraction of fiber within one RUC

volume fraction of fiber within one yarn
¼

Vf

VY
f

ð2Þ

Equation (1) indicates how to predict the elastic stiff-
ness tensor of one RUC from the stiffness tensors of its
constituents at the lower scale. How to derive each of
these constituent stiffness tensors is described next.

Stiffness tensor of the matrix plate

Since the matrix is isotropic, its fourth-order stiffness
tensor is given by

KM
ijkl ¼

Em

3ð1� 2�mÞ
�ij�kl

þ
Em

2ð1þ �mÞ
�ik�jl þ �il�jk �

2

3
�ij�kl

� � ð3Þ

Here subscripts i, j, k, l run from 1 to 3 and �ij is
Kronecker delta or the second-order identity tensor,
such that �ij ¼ 1 when i¼ j and �ij ¼ 0 when i 6¼ j. Em

and �m denote the Young’s modulus and Poisson ratio
of the matrix.

Stiffness tensor of the yarn plates

The stiffness tensor of the yarn plates (fill and warp) is
now derived by applying the microplane theory. To
describe the yarn stiffness, the portion of the undulating
yarn within the RUC is subdivided into several seg-
ments of different inclinations. Each segment is repre-
sented by a triad of orthogonal microplanes, oriented
such that one of the microplane normals, n, be always
tangential to the yarn curve at the segment center, and
one other microplane have a normal vector m parallel
to the yarn plate.

Then, the stiffness tensors of the yarn plates KFY and
KWY are obtained by imposing strain energy density
equivalence. It is stipulated that the strain energy dens-
ity at yarn plate level TYP be equal to the volume aver-
aged strain energy density at microplane level T�. Then

TYP ¼
1

AL

Z
V

T�dV ¼
1

L

Z
L

T�dL ð4Þ

where A is the yarn plate cross section area, L is the
curvilinear length of the yarn, V is the yarn plate
volume¼AL and dV¼AdL.

The foregoing integral is unbiased and exact if there is
an infinite number of microplane triads along the yarn.
Here we propose a discretized approximate equivalent

Fill Yarn PlateWarp Yarn Plate Matrix Plate

+ +

1 2

3 2x2 twill RUC
(a)

(b)

Figure 1. Schematic representation of (a) the RUC of a 2� 2

twill composite and its local coordinate system; (b) decompos-

ition of the RUC into matrix, fill, and warp yarn plates assumed to

be in parallel coupling.

RUC: representative unit cell.
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this integral. This is achieved by discretizing the portion
of the undulating yarn within the RUC into several seg-
ments, as shown in Figure 2(a). For the identified RUC
of woven composites, at least six yarn segments are
required to discretize the undulating yarn path.

One microplane triad is introduced for each yarn seg-
ment. It is oriented such that the normal n of one of the
three microplanes be parallel to the yarn curve at the
center of the segment. From the angle of that normal
with respect to the yarn plate, denoted as � (Figure
2(a)), the direction cosines of the normals of all the
microplanes in the triad follow. For each triad, vectors
m and l are normal to the local yarn direction. The vec-
tors n, m, and l form a right-handed triad of vectors.

Angle � is related to the aspect ratio of the elliptical
yarn cross section and is given by � ¼ tan�1

½by=ðay þ gyÞ� where ay is the major axis, by is the
minor axis (equal to the yarn thickness), and gy is the
average gap between the yarns. Microplane triads are
introduced in both the fill and warp directions. Due to
the assumed symmetry, the � values for both the fill and
warp yarns are the same. Then, the microplanes for the
warp yarn are nothing but the fill yarn microplanes
rotated by 90� about the RUC coordinate vector 3.
Note that a different undulation angle for the fill and
warp yarns could easily be used when dealing with
another composite.

Integral (4) can be discretely approximated as a
weighted average of the strain energy density of all
six microplane triads

TYP ¼
X6
�¼1

w�T� ð5Þ

Here � is the number of the microplane triads, and
w� is its weight, given by w� � L�=L, where L� is the
length of the yarn segment corresponding to the micro-
plane triad �. Thus, the microplane triad stiffness is
weighted in proportion to the fraction of yarn length
occupied by that orientation. E.g., for a plain weave the
weights for each microplane triad would be mutually
equal and have the value of 1/6, but for a satin weave
they would be unequal. The weights are normalized by
the partition of unity, so

P6
�¼1 w

� ¼ 1. Note that, as
opposed to the standard iso-strain assumption, the pre-
sent microplane model with the aforementioned
weighted sum allows a different projected strain on
the various microplanes, to account for the effect of
the undulating yarn.

Once the total strain energy density is computed, the
stiffness tensor of the yarn plate is defined as

KYP
ijkl ¼

@2TYP

@�ij@�kl
ð6Þ

which provides the following final equation

KYP
ijkl ¼

@2

@�ij@�kl

X6
�¼1

w�T�

 !
¼
X6
�¼1

w�
@2T�

@�ij@�kl

¼
X6
�¼1

w�K�ijkl

ð7Þ

where K�ijkl represents the stiffness tensor at microplane
level, and is derived next. This approach is a conceptual
parallel to the principle of virtual work, used in the
conventional microplane model for statistically iso-
tropic particulate composites (e.g. concrete) to relate
the macro and microplane stresses. Since here the
focus is on the elastic properties only, it suffices to
use the strain energy equivalence. Both approaches
are identical, except that, in the end, the stiffness ten-
sors in equation (7) are replaced by the stress tensors
corresponding to the strain tensor.

It should also be noted that the stiffness tensor cal-
culated in equation (7) is the result of a homogeniza-
tion over all the microplanes describing the yarn,
which is characterized by different projected strains.
While this approach does not aim at being as accurate
as a full 3D-FE simulation, it appears to be an effective
way to describe the effects of the mesostructure, with
the intriguing possibility to extend the model to
damage. In fact, the slightly lower accuracy is largely
compensated by computational efficiency, which allows
the simultaneous modeling of many RUCs required for

ay
by

Angle of 
undulation

gy

µ-th microplane triad

εM

l
n m

εB

εL

εC

l

εB

εL

εC

εM

m

εA

εCn

εA

εB

εN

1 2 3 4 5 6

a

a

(a)

(b)

Figure 2. Example of discretization of the yarn into micro-

planes for a twill 2� 2; (b) projection of the strain tensor into the

mth microplane triad.
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damage and fracture analysis of large composite
structures.

Stiffness tensor at microplane level

The stiffness tensor for one microplane triad is derived
from the elastic properties of the constituents, i.e. the
fibers and matrix. Each microplane triad represents a
segment of the yarn which is considered as a uni-direc-
tional, transversely isotropic, composite consisting of
pure fibers and inter-fiber matrix. The macroscopic
strain tensor �ij is projected on each microplane of
each triad (Figure 2(b)). The normal microplane
strain �N is given by

�N ¼ �ijninj ð8Þ

and the transverse normal strains in the triad are
given by

�M ¼ �ijmimj �L ¼ �ijlilj ð9Þ

Furthermore, �A, �B and �C are the shear strain vec-
tors that are given by

�A ¼
1

2
�ijðnimj þminj Þ �B ¼

1

2
�ijðnilj þ linj Þ

�C ¼
1

2
�ijðmilj þ limj Þ

ð10Þ

These strain vectors are now used to derive the full
fourth-order stiffness tensor for the microplane triad.
While in previous formulations of the microplane
model, �M and �L denoted the shear strain vectors,
here they denote the transverse normal strain vectors.
The shear strain vectors are denoted by �A, �B, and �C.

This change in notation is necessary because of using
microplane triads instead of individual microplanes.
Herein lies the essential difference of the present micro-
plane model from the conventional microplane models
for statistically isotropic materials. In the conventional
models for statistically isotropic materials, the orienta-
tions of microplane normals sample the optimal
Gaussian integration points for the evaluation of an inte-
gral over all spatial directions (i.e. over the surface of a
hemisphere). Each of these microplanes is characterized
by the normal strain and two shear strains. Refining the
Gaussian integration scheme converges to the integral,
which guarantees tensorial invariance. The normal and
shear moduli on the microplanes control the values of
the macroscopic shear moduli and Poisson ratio.

For an orthotropic material the invariance restric-
tions are different and more complex. The present
approach with microplane triads representing the
well-defined microstructure avoids dealing with these
restrictions and produces an orthotropic material

stiffness tensor directly. It is important that each micro-
plane triad is characterized by three normal strains, one
for each microplane in the triad, and three shear strain
components (note that each shear strain is common to
two microplanes in the triad). Note that in the plane
normal to the yarn segment, the response of the yarn
segment is isotropic.

A properly representative choice of microplanes is,
of course, important. This is exemplified by comparison
with the preceding model27 that featured the micro-
planes normal to yarn segments but missed the micro-
planes parallel to the yarn. That model, applied to a
braided composite, could not capture the Poisson and
shear effects accurately.

Another difference from the previous formulation in
Caner et al.27 is the use of the strain energy approach to
derive the stiffness tensor for each microplane triad.
Although the equilibrium conditions obtained by deriva-
tives of strain energy are equivalent to those expressed
by the principle of virtual work in previous microplane
models, the present energy approach is convenient for
ensuring the inclusion of all the deformation modes,
including the volumetric and deviatoric ones, and for
automatically capturing the Poisson and shear effects.

Accordingly, the strain energy density for one micro-
plane triad T� is written as30

T� ¼ A1�
2
N þ A2�

2
M þ A3�

2
L þ

A4

2
ð�N�M þ �M�NÞ

þ
A5

2
ð�N�L þ �L�NÞ þ

A6

2
ð�M�L þ �L�MÞ

þ A7�
2
A þ A8�

2
B þ A9�

2
C

ð11Þ

where A1,A2 . . .A9 are functions of the elastic constants
of the unidirectional composite yarn, and will be
described later.

Substituting equation (8) in the first term of the
foregoing expression, we get

T1 ¼ A1�
2
N ¼ A1ð�ijninj Þ

2
¼ A1ð�ijninj Þð�klnknl Þ ð12Þ

(index repetition implies summation). Similarly, the
second and third term become

T2 ¼ A2ð�ijmimj Þð�klmkml Þ ; T3 ¼ A3ð�ijlilj Þð�kllkll Þ

ð13Þ

Terms 4 to 6 involve cross terms, and become

T4 ¼
A4

2
ð�ijninj Þð�klmkml Þ þ ð�ijmimj Þð�klnknl Þ
� �

T5 ¼
A5

2
ð�ijninj Þð�kllkll Þ þ ð�ijlilj Þð�klnknl Þ
� �

T6 ¼
A6

2
ð�ijmimj Þð�kllkll Þ þ ð�ijlilj Þð�klmkml Þ
� �

ð14Þ
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Likewise, terms 7 to 9 are given by

T7 ¼ A7ð�ijaiaj Þð�klakal Þ
T8 ¼ A8ð�ijbibj Þð�klbkbl Þ
T9 ¼ A9ð�ijcicj Þð�klckcl Þ

ð15Þ

where aiaj ¼ 1=2ðnimj þminj Þ, bibj ¼ 1=2ðnilj þ linj Þ
and cicj ¼ 1=2ðmilj þ limj Þ. Now, substituting the
above in equation (11) and taking twice the deriva-
tive with respect to the strain tensor, we obtain the
expression for the stiffness matrix of one microplane
triad as

K�ijkl ¼
@2T�

@�ij@�kl
¼ KN�

ijkl þ KP�
ijkl þ KS�

ijkl ð16Þ

Here the three right-hand-side terms represent various
parts of the stiffness tensor. KN�

ijkl represents the normal
stiffness in the axial and transverse directions, KP�

ijkl the
Poisson effects and KS�

ijkl the shear stiffness.
Due to the well-defined roles of the microplane

strain vectors, the individual contributions of each
term in the strain energy density expression to the stiff-
ness tensor can easily be clarified. The first three terms
contribute to the normal stiffness KN�

ijkl in the axial and
transverse directions, given by

KN�
ijkl ¼ 2A1ninjnknl þ 2A2mimjmkml þ 2A3liljlkll ð17Þ

Terms 4 to 6 contribute to the Poisson effects, and
are written as

KP�
ijkl ¼

A4

2
ðninjmkml þmimjnknl Þ þ

A5

2
ðninjlkll þ liljnknl Þ

þ
A6

2
ðmimjlkll þ liljmkml Þ

ð18Þ

Lastly, terms (7) to (9) represent the shear stiffness
and are included in KS

ijkl as

KS�
ijkl ¼ 2A7ðaiajakal Þ þ 2A8ðbibjbkbl Þ þ 2A9ðcicjckcl Þ

ð19Þ

Together, these three terms yield the complete stiff-
ness tensor for one microplane triad. See the appendix
for a simple demonstrative example.

Effective elastic properties of the yarn

To explain parameters A1,A2 . . .A9 that populate the
microplane triad stiffness tensor, the effective properties
of the yarn are calculated first using a meso-mechanics
approach. Let the superscript Y denote the yarn

properties, m the matrix properties and f the pure
fiber properties. In this context, the term ‘‘matrix’’
now implies the matrix in between the pure fibers
within one yarn.

Various meso-scale simulations suggest that the
matrix between the fibers within a yarn works in trans-
ferring the loads in the lateral direction and stiffens the
axial response. This may be approximated by consider-
ing a parallel coupling of the matrix with pure fibers in
the axial direction, but a series coupling in the trans-
verse direction. As will be seen later, the calculated yarn
properties are in satisfactory agreement with the values
from experiments (it is nevertheless possible that using
more advanced rules of mixtures, such as the self-
consistent concentric cylinder model31 could further
improve the predictions). Accordingly, we have,
for the yarn

EY
10 ¼ VY

f E
f
10 þ ð1� VY

f ÞE
m ð20Þ

where EY
10 is the axial modulus of the yarn, Ef

10 is the
axial modulus of the fiber, Em the modulus of the
matrix and VY

f is the fiber volume fraction within one
yarn. For the transverse directions we assume a series
coupling. So

EY
20 ¼ EY

30 ¼
VY

f

Ef
20

þ
1� VY

f

Em

 !�1
ð21Þ

where EY
20 ¼ EY

30 and Ef
20 ¼ Ef

30 are transverse moduli
of the yarn and the fibers, respectively. Here the
suffix 10 denotes the axial direction of the yarn,
while the plane 20 � 30 is the cross section of the
yarn as shown in Figure 3. The ‘‘prime’’ is intro-
duced to distinguish from the RUC co-ordinate
system (where direction 1 is the fill yarn, and direc-
tion 2 the warp).

For the in-plane shear response, it is common to
assume a self-consistent scheme of coupling32 which

3’

1’ 2’

3’

Yarn Section

Fibers

Figure 3. Local coordinate system assigned to each yarn

section.
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provides better estimates compared to a pure series
coupling. Accordingly

GY
1020 ¼ GY

1030 ¼ Gm
ðGf

1020 þ GmÞ þ VY
f ðG

f
1020 � GmÞ

ðGf
1020 þ GmÞ � VY

f ðG
f
1020 � GmÞ

ð22Þ

For the out-of-plane shear elastic modulus, a series,
rather than parallel, coupling is appropriate. So

GY
2030 ¼

VY
f

Gf
2030

þ
1� VY

f

Gm

 !�1
ð23Þ

where GY
1020 ,G

Y
1030 ,G

Y
2030 represent the shear moduli of the

yarn, Gf
1020 ,G

f
1030 ,G

f
2030 the shear moduli of the fiber and

Gm ¼ Em=2ð1þ �mÞ the shear modulus of the matrix.
For all the Poisson ratios of the yarn, we assume the

following relations

�Y1020 ¼ VY
f �

f
1020 þ ð1� VY

f Þ�
m;

�Y1030 ¼ VY
f �

f
1030 þ ð1� VY

f Þ�
m;

�Y2030 ¼ VY
f �

f
2030 þ ð1� VY

f Þ�
m

ð24Þ

These effective properties are used to obtain the
fourth-order elasticity tensor of the yarn. Noting that
10 � 20, 10 � 30, and 20 � 30 are three planes of material
symmetry, the elastic tensor of the yarn, denoted as Cpq

(p, q¼ 1 to 6), can be written as follows

�10

�20

�30

�1020

�2030

�1030

2
666666664

3
777777775
¼

C1010 C1020 C1030 0 0 0

C1020 C2020 C2030 0 0 0

C1030 C2030 C3030 0 0 0

0 0 0 C4040 0 0

0 0 0 0 C5050 0

0 0 0 0 0 C6060

2
666666664

3
777777775

�

�10

�20

�30

	1020

	2030

	1030

2
666666664

3
777777775

ð25Þ

The various Cpq are obtained from the effective yarn
properties as32

CY
1010 ¼

1� �Y2030�
Y
3020

EY
20E

Y
30�

; CY
2020 ¼

1� �Y1030�
Y
3010

EY
10E

Y
30�

;

CY
3030 ¼

1� �Y1020�
Y
2010

EY
10E

Y
20�

ð26Þ

and

CY
1020 ¼

�Y1020 þ �
Y
1030�

Y
3020

EY
10E

Y
20�

; CY
1030 ¼

�Y2030 þ �
Y
2010�

Y
1030

EY
10E

Y
30�

;

CY
2030 ¼

�Y3010 þ �
Y
2010�

Y
3020

EY
20E

Y
30�

ð27Þ

and

CY
4040 ¼ GY

1020; CY
5050 ¼ GY

2030; CY
6060 ¼ GY

1030 ð28Þ

� ¼
1

EY
10E

Y
20E

Y
30

1 ��Y2010 ��
Y
3010

��Y1020 1 ��Y3020
��Y1030 ��

Y
2030 1

������
������ ð29Þ

Using the various Cpq, one can then calculate the
parameters A1,A2, . . .A9 using the relations given in
Andrianopoulos and Dernikas.30 Dropping, for brev-
ity, superscript Y, one may express them as

A1¼
1

2D
ðC1010 þC1020 þC1030 Þ

2
þC1010 ðC2020 þ2C2030 þC3030 Þ

�
�ðC1020 þC1030 Þ

2
�

ð30Þ

A2¼
1

2D
ðC1020 þC2020 þC2030 Þ

2
þC2020 ðC1010 þ2C1030 þC3030 Þ

�
�ðC1020 þC2030 Þ

2
�

ð31Þ

A3¼
1

2D
ðC1030 þC2030 þC3030 Þ

2
þC3030 ðC1010 þ2C1020 þC2020 Þ

�
�ðC1030 þC2030 Þ

2
�

ð32Þ

A4 ¼
1

2D
2ðC1010 þ C1020 þ C1030 ÞðC1020 þ C2020 þ C2030 Þ½

þ 2C2
1020 � ðC1010 þ C1030 ÞðC2020 þ C2030 Þ

�
þC1020 ðC1030 þ C2030 þ C3030 ÞÞ�

ð33Þ

A5 ¼
1

2D
2ðC1020 þ C2020 þ C2030 ÞðC1030 þ C2030 þ C3030 Þ½

þ 2ðC2030 ðC1010 þ C2030 Þ þ C1030 ð�C2020 þ C2030 Þ

� C2020C3030�C1020 ðC1030 � C2030 þ C3030 ÞÞ�

ð34Þ

A6 ¼
1

2D
2ðC1030 þ C2030 þ C3030 ÞðC1010 þ C1020 þ C1030 Þ½

þ 2ðC1030 ðC1030 þ C2020 þ C2030 Þ � C1010 ðC2030 þ C3030 Þ

�C1020 ð�C1030 þ C2030 þ C3030 ÞÞ�

ð35Þ

A7 ¼ C4040=2 A8 ¼ C5050=2 A9 ¼ C6060=2 ð36Þ
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where

D ¼ C1010 þ C2020 þ C3030 þ 2C1020 þ 2C1030 þ 2C2030 ð37Þ

Thus, using the computed values of A1,A2, . . .A9

and equations (16) to (19), one can obtain the stiffness
tensor for one microplane. The foregoing expressions
were derived by expressing the elastic strain energy
density for anisotropic materials as the sum of the volu-
metric and deviatoric parts (for more details, see
Andrianopoulos and Dernikas).30

Summary of calculation of the orthotropic
stiffness constants

The proposed formulation computes the stiffness tensor
of the RUC starting from the individual meso-scale
constituents and then systematically proceeds to the
macro-scale [MatrixþFibers ! Yarn ! Microplane
! Yarn plate ! RUC]. This lends the model a hier-
archical multi-scale character. To summarize, the pro-
cedure consists of five steps:

1. Obtain the effective properties of the yarn from the
properties of the matrix and the fiber, given by equa-
tions (20) to (24);

2. Calculate the components of the elasticity tensor of
the yarn, by considering it to be a unidirectional
composite, given by equations (26) to (29);

3. Calculate the pre-multipliers A1,A2, . . ., given by
equations (30) to (37);

4. Calculate the stiffness tensor for the fill and warp
yarn plates from the pre-multipliers and the micro-
plane orientations;

5. Calculate the stiffness tensor of the RUC using equa-
tion (7).

Validation of the model for different
weave architectures

The model is now used to compute the elastic proper-
ties of various woven composites. For any given weave
type, the following inputs are required:

1. Elastic properties of the matrix;
2. Elastic properties of the fiber;
3. Volume fractions of the fiber within the yarn, VY

f ,
and within one RUC, Vf (which yields Vy);

4. Undulation angle � (which yields the microplane
orientations);

Typically the properties of interest are the axial
moduli, the shear modulus and the in-plane Poisson
ratio of the composite. These are obtained by

calculating the 6� 6 compliance matrix of an RUC
½CRUC� ¼ ½KRUC�

�1 and then using the following
relations

E1 ¼ E2 ¼
1

CRUCð1, 1Þ
; �12 ¼ �

CRUCð1, 2Þ

CRUCð1, 1Þ
;

G12 ¼
1

CRUCð4, 4Þ

ð38Þ

Plain woven composites

A plain weave consists of each fill yarn skipping over
every other warp yarn. For this weave, the RUC is
shown by the dashed square in Figure 4(a). The undu-
lating yarn for a plain weave is discretized as shown in
Figure 4(b). One microplane triad is introduced per
segment, and equal weights are assigned to each micro-
plane (!�¼ 1/6 for all �).

To evaluate the model, we choose a data set for plain
woven composites from Ishikawa et al.33 This compos-
ite consisted of T-300 carbon fibers and epoxy resin
3601. The properties of individual constituents, as
listed in Ishikawa et al.33 are shown in Table 1. The
volume fraction of the fiber within one RUC was
0.58, while that within one yarn was about 0.65.
Then, the volume fraction of the yarns (fillþwarp) Vy

within one RUC is given by equation (2) as 0.89 and
then the volume fraction of the matrix outside the yarn
is 0.11. The yarn properties shown in the table are cal-
culated according to equations (20) to (24).

The ratio of the minor to major axis of the elliptical
yarn cross section was 0.096. Assuming no gaps, the
orientation of the inclined microplanes, �¼ 5.484 deg.
With these inputs, one computes the RUC stiffness
tensor, and equation (38) then yields the required elas-
tic constants. Their values are compared against the
experimental values in Table 2. It is seen that the agree-
ment is very good, for not only the axial moduli but
also the in-plane Poisson ratio and the shear modulus.

RUC

Plain Weave

Microplane triad weights:

µ=1 2 3 4 5 6

wµ=1/6  for all the microplane triads

(a)
(b)

Figure 4. Schematic representation of (a) an RUC for a plain

weave composite; (b) the microplane triads used for the dis-

cretization of the yarns.

RUC: representative unit cell.
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To get the off-axis properties, the stiffness matrix is
first rotated about axis 3 of the RUC. The compliance
matrix is calculated, and equations (20) to (24) then
yield the corresponding elastic constants. Three orien-
tations are considered, viz. (1) 15/� 75, (2) 30/� 60,
and (3) 45/� 45. The predicted elastic constants are
compared to experimental values in Table 3. While
the off-axis properties are slightly underestimated, the
overall agreement is very good. These underestimations
are consistent with the CLT. To explain it, consider the
45� case. According to the CLT

1

Ex
¼

c4

E1
þ

s4

E2
þ s2c2

1

G12
�
�12
E1

� �
ð39Þ

where Ex is the off-axis axial modulus, E1, E2, and G12

are the various on-axis moduli, and s and c are the sine
and cosine of the angle. Since E1 ¼ E2 � G12, one may
approximate the above as

1

Ex
�

s2c2

G12
or Ex � 4G12 at 45� ð40Þ

The above equation implies that an underestimation
of G12 in the on-axis configuration translates to under-
estimation of E1 in the off-axis configuration. Similarly,
an overestimation of on-axis E1 would translate to an
overestimation of off-axis G12. This helps clarify why
the present model tends to underestimate the off-axis
stiffness. Anyway, a big improvement over the earlier
microplane model for braided composites is obtained.

Consider now the data from Scida et al.10 on plain
woven composites consisting of a vinylester matrix and
E-glass fibers. For these data, the properties of the indi-
vidual constituents are unavailable, but those of the
yarn are. So, the known range of the resin and fiber
properties is used. The exact values are adjusted until
the desired yarn properties are obtained; (see Table 4).
For this weave, the fiber volume fractions with respect
to the yarn and the RUC are 0.800 and 0.549, respect-
ively. Accordingly, the volume fraction of the yarn
within one RUC is 0.687.

The ratio of the minor to major axis of the yarn
cross section is 0.0833. This implies the orientation
angle of � ¼ 4:76�. With these parameters, the axial

Table 1. Mechanical properties of the constituents for epoxy

3601/carbon T-300 plain woven composite.33

Elastic constant Matrix Fiber Yarn

Axial modulus E10 [GPa] 4.511 (¼Em) 208.8 137.3

Transverse modulus

E20 ¼ E30 [GPa]

4.511 (¼Em) 43 10.65

Shear modulus

G1020 ¼G1030 [GPa]

1.7 (¼Gm) 7.42 5.38

Shear modulus

G2030 [GPa]

1.7 (¼Gm) 7.42 3.8

Poisson ratio �1020 ¼ �1030 0.38¼ (�m) 0.2 0.263

Poisson ratio �2030 0.38¼ (�m) 0.499 0.4574

Table 2. Comparison of measured and predicted elastic con-

stants for an epoxy 3601/carbon T-300 plain woven composite

lamina.33

Elastic constant Configuration Experiment Prediction

E1¼ E2 [GPa] 0/90 63.1 64.92

�12¼ �21 0/90 0.053 0.019

G12 [GPa] 0/90 5.56 4.188

E1¼ E2 [GPa] 45/�45 19.5 14.87

�12¼ �21 45/�45 0.75 0.775

G12 [GPa] 45/�45 30 31.84

Table 3. Comparison of measured and predicted on and off-

axis elastic moduli of an epoxy 3601/carbon T-300 plain woven

composite lamina.33

Elastic constant Orientation Experiment Prediction

E1¼ E2 [GPa] 0/90 63.1 64.92

E1¼ E2 [GPa] 15/�75 46.8 35.26

E1¼ E2 [GPa] 30/�60 22 18.42

E1¼ E2 [GPa] 45/�45 19.5 14.87

Table 4. Mechanical properties of the constituents for vinylester/E-glass plain woven composite.10

Elastic constant Matrix Fiber Yarn Yarn (target value from)10

Axial modulus E10 [GPa] 4.1 (¼Em) 71 57.62 57.5

Transverse modulus E20 ¼ E30 [GPa] 3.5 (¼Em) 71 16.65 18.8

Shear modulus G1020 ¼ G1030 [GPa] 1.485 (¼Gm) 16.5 7.46 7.44

Shear modulus G2030 [GPa] 1.485 (¼Gm) 16.5 5.46 –

Poisson ratio �1020 ¼ �1030 0.38¼ (�m) 0.22 0.252 0.25

Poisson ratio �2030 0.38¼ (�m) 0.49 0.468 –
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and shear moduli, and the in-plain Poisson ratio, are
calculated from equations (20) to (24) and are com-
pared with the experimental results in Table 5. As can
be seen, the agreement is good, which serves as an add-
itional validation of the model.

Twill woven composites

The model is now extended to different weave types.
Consider a twill weave, for which the fill yarn skips
over two warp yarns per weave (Figure 5(a) and (b)).
The data are obtained from Scida et al.10 where tests of
E-glass/epoxy composites are reported. For these tests,
the properties of individual constituents are again
unavailable, but those of the yarn are. So, the resin
and fiber properties are adjusted within their known
range until the desired yarn properties are obtained
(as shown in Table 6). The fiber volume fractions for
this weave with respect to the yarn and the RUC are
0.75 and 0.383, respectively. Accordingly, the volume

fraction of the yarn within one RUC is 0.5106. The
ratio of the minor to major axis of the yarn cross sec-
tion is 0.1084, which implies the microplane orientation
angle of � ¼ 6:18�. Based on these parameters, the axial
and shear moduli, and the in-plain Poisson ratio, are
calculated from equations (20) to (24).

The weights of the microplane triads are decided
based on dividing each ellipse into three parts, and
then drawing the discretized undulation path. The
path consists of six segments, each corresponding to
one microplane triad. The weight assigned to the triad
is proportional to the fraction of the yarn length occu-
pied by that segment. So, for a twill weave, the weights
are 1/8, 1/4, 1/8, 1/8, 1/4, and 1/8. Using the foregoing
microplane orientations, weights, volume fractions, and
the constituent properties, the stiffness tensor of the
RUC KRUC can be calculated. This yields the elastic
properties of the laminate. Table 7 documents very
good agreement between the measured and predicted
values. Versatility and applicability to various weave
patterns is thus demonstrated.

Harness satin woven composites

The 8-harness satin weave is a fabric in which the fill
yarn alternately skips over one and then seven warp
yarns and vice versa. The unit cell for this weave and
the discretization of the undulating yarn are shown in
Figure 6(a) and (b). Again, six segments along the yarn
are used, implying six microplane triads, with different
weights. Each yarn segment between two inflexion
points is divided into three equal parts Figure 6(b),
and then the weights of the six microplane triads are
1/24, 1/24, 1/24, 1/24, 19/24, 1/24. The higher weight is
thus assigned to the non-inclined segment.

The data set for this weave is also available in33 both
for on- and off-axis properties. The constituent proper-
ties are the same as in Table 1. The fiber volume frac-
tions for this weave, with respect to the yarn and the
RUC, are 0.65 and 0.62, respectively. Accordingly, the
volume fraction of the yarn within one RUC is 0.9692.
The yarn cross section is more circular for this weave,
and the ratio of minor to major axis is 0.35. So, the

Table 5. Comparison of measured and predicted elastic moduli

of a E-glass/vinylester plain woven composite.10

Elastic constant Experiment Prediction

E1¼ E2 [GPa] 24.8� 1.1 27.71

�12 0.12� 0.01 0.098

G12 [GPa] 6.5� 0.8 5.58

RUC

2x2 Twill

µ=1 2 3 4 5 6

Microplane triad weights:

wµ=1/4      for µ = 2 and 5

wµ=1/8      for µ = 1,3,4 and 6

(a) (b)

Figure 5. Schematic representation of (a) an RUC for a 2� 2

twill weave composite; (b) the microplane triads used for the

discretization of the yarns.

RUC: representative unit cell.

Table 6. Mechanical properties of the constituents for epoxy/E-glass twill woven composite.10

Elastic constant Matrix Fiber Yarn Yarn (target value from)10

Axial modulus E10 [GPa] 4.1 (¼Em) 73 57.62 55.7

Transverse modulus E20 ¼ E30 [GPa] 4.1 (¼Em) 73 14.03 18.5

Shear modulus G1020 ¼ G1030 [GPa] 1.485 (¼Gm) 14.5 6.14 6.15

Shear modulus G2030 [GPa] 1.485 (¼Gm) 14.5 4.545 –

Poisson ratio �1020 ¼ �1030 0.38 ¼ (�m) 0.167 0.2203 0.22

Poisson ratio �2030 0.38 ¼ (�m) 0.49 0.4625 –
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undulation angle is higher in this case and is equal to
19:28�. Using these parameters, the elastic properties,
both on and off-axis, were predicted. Their comparison
against experimental data is shown in Table 8. It is seen
that the agreement is again very good, though with
slight underestimation of the off-axis properties.

Conclusions

1. Multi-scale adaptation of the microplane model to
woven composites makes it possible to get rather
accurate predictions of all the orthotropic elastic
constants from the constituent properties and the
weave architecture, including the plain, twill and
satin weaves.

2. The new microplane model for woven composites
captures the lower-scale effects of yarn undulations
and of the cross section aspect ratio on the ortho-
tropic elastic constants of the composite. The feature
that makes this possible is that the constituent elastic
properties are characterized in the microplane model
in a vectorial form, which allows simple, clear, and
physically sound conceptual interpretation of the
mechanical behavior on the meso-scale.

3. The macro-scale constitutive behavior is derived
from the meso-scale model of the fibers, yarn, and
polymer matrix. It is this multi-scale feature that
leads to high-fidelity predictions.

4. The possibility to predict the orthotropic elastic con-
stants from the constituent properties reduces the need
for repeat testing of similar composites with small
differences in composition or weave type, or both.

5. The formulation has sufficient generality to allow
extensions to composites with more complex archi-
tectures, such as the hybrid woven composites, and
two- or three-dimensionally braided composites.

6. Compared to the previous microplane model for the
orthotropic elastic constants of the triaxially braided
composite,27 the improvements consist of signifi-
cantly better predictions of the shear stiffness and
Poisson effects (especially for off-axis cases). This is
achieved by: (a) deriving the microplane stiffness
tensor from all the components of strain energy,
and (b) representing the yarn segments of different
inclinations by triads of orthogonal microplanes in
which the transverse interactions can be captured in
a simple way.

7. Although the off-axis predictions are slightly less
accurate than the 3D finite element modeling of the
elastic constants of the RUC, they are still perfectly
acceptable for practical purposes. Thus, the model
achieves proper balance between accuracy of predic-
tion and computational efficiency, which is what the
detailed finite element models of the RUC lack.

8. The present model is readily extendable to micro-
plane finite element analysis of large composite
structures in which material damage alters the elastic
moduli matrix of each RUC. By contrast, the 3D
finite element analysis of the orthotropic constants
would be computationally prohibitive, since it would
have to be run for each finite element in each time
step. This is where the main advantage of the present
model lies.
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Table 7. Comparison of measured and predicted elastic moduli

of a E-glass/epoxy twill woven composite.10

Elastic constant Experiment Prediction

E1¼ E2 [GPa] 19.24� 0.13 20.42

�12 0.13� 0.004 0.107

G12 [GPa] 3.59� 0.03 3.86

RUC

8Harness Satin

Microplane triad weights:

wµ=1/24        for µ = 1 and 3-6

wµ=19/24      for µ = 2

µ=1 2 3 4 5 6

(a)

(b)

Figure 6. Schematic representation of (a) an RUC for a 8-

harness satin composite; (b) the microplane triads used for the

discretization of the yarns.

RUC: representative unit cell

Table 8. Comparison of measured and predicted elastic con-

stants for an epoxy 3601/carbon T-300 8-harness satin woven

composite.33

Elastic constant Configuration Experiment Prediction

E1¼ E2 [GPa] 0/90 65.2 68.35

�12¼ �21 0/90 0.061 0.012

G12 [GPa] 0/90 5.3 4.42

E1¼ E2 [GPa] 45/�45 18 15.68

�12¼ �21 45/�45 0.7 0.773

G12 [GPa] 45/�45 30.7 33.78

E1¼ E2 [GPa] 22.5/�67.5 34.7 25.5
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Appendix

For additional clarity, we demonstrate the construction
of the complete stiffness tensor for one microplane triad
for which n¼ [1, 0, 0], m¼ [0, 1, 0] and l¼ [0, 0, 1].
For the sake of convenience we introduce Kelvin nota-
tion. So, ninjnknl ¼ NINJ, mimjmkml ¼MIMJ and
liljlkll ¼ LILJ where I and J¼ 1 to 6. Then

NINJ ¼

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666666664

3
7777777775

MIMJ ¼

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666666664

3
7777777775

LILJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666666664

3
7777777775

ð41Þ

Thus

KN�
IJ ¼

2A1 0 0 0 0 0

0 2A2 0 0 0 0

0 0 2A3 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775

ð42Þ

Furthermore, ninjmkml ¼ NIMJ, ninjlkll ¼ NILJ and
mimjlkll ¼MILJ. Then

NIMJ ¼

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775

MINJ ¼

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775

ð43Þ

NILJ ¼

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666666664

3
777777777775

LINJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666666664

3
777777777775

ð44Þ

MILJ ¼

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775

LIMJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666664

3
777777775

ð45Þ

Thus

KP�
IJ ¼

0 A4=2 A5=2 0 0 0

A4=2 0 A6=2 0 0 0

A5=2 A6=2 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666666664

3
777777777775

ð46Þ

Kirane et al. 1259

 at NORTHWESTERN UNIV LIBRARY on March 8, 2016jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


and

AIAJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
666666666664

3
777777777775

BIBJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

2
666666666664

3
777777777775

CICJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 1

2
666666666664

3
777777777775

ð47Þ

Thus

KS�
IJ ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 2A7 0 0

0 0 0 0 2A8 0

0 0 0 0 0 2A9

2
666666664

3
777777775

ð48Þ

Then the fully populated microplane triad stiffness
tensor becomes

K�IJ ¼

2A1 A4=2 A5=2 0 0 0

A4=2 2A2 A6=2 0 0 0

A5=2 A6=2 2A3 0 0 0

0 0 0 2A7 0 0

0 0 0 0 2A8 0

0 0 0 0 0 2A9

2
666666664

3
777777775
ð49Þ

It is thus demonstrated that, to calculate the complete
stiffness tensor of a microplane triad in a rigorous
manner, all the six strain vectors need to be considered.
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