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Recent investigations prompted by a disaster in Palau revealed that worldwide there are 69
long-span segmental prestressed-concrete box-girder bridges that suffered excessive multi-
decade deflections, while many more surely exist. Although the excessive deflections were
shown to be caused mainly by obsolescence of design recommendations or codes for static
creep, some engineers suspect that cyclic creep might have been a significant additional
cause. Many investigators explored the cyclic creep of concrete experimentally, but a
rational mathematical model that would be anchored in the microstructure and would
allow extrapolation to a 100-year lifetime is lacking. Here it is assumed that the cause of
cyclic creep is the fatigue growth of pre-existing microcracks in hydrated cement. The
resulting macroscopic strain is calculated by applying fracture mechanics to the microcracks
considered as either tensile or, in the form of a crushing band, as compressive. This leads to
a mathematical model for cyclic creep in compression, which is verified and calibrated by
laboratory test data from the literature. The cyclic creep is shown to be proportional to the
time average of stress and to the 4th power of the ratio of the stress amplitude to material
strength. The power of 4 is supported by the recent finding that, on the atomistic scale, the
Paris law should have the exponent of 2 and that the exponent must increase due to scale
bridging. Exponent 4 implies that cyclic creep deflections are enormously sensitive to the
relative amplitude of the applied cyclic stress. Calculations of the effects of cyclic creep in six
segmental prestressed concrete box girders indicate that, because of self-weight dom-
inance, the effect on deflections absolutely negligible for large spans ð4150 mÞ. For small
spans ðo40 mÞ the cyclic creep deflections are not negligible but do not matter since the
static creep causes in such bridges upward deflections. However, the cyclic creep is shown
to cause in bridges with medium and small spans ðo80 mÞ a significant residual tensile
strain which can produce deleterious tensile cracking at top or bottom face of the girder.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

A segmental prestressed-concrete box-girder bridge built in 1977 in Palau, which had the world record span of 241 m,
deflected within 18 years by 1.61 m. This was 5.3-times greater than the allowable deflection. An attempt to lift the midspan
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by additional prestressing led three month later to collapse (with fatalities). Subsequent worldwide search for data (Bazant
et al., 2011a) revealed that 69 large-span bridges of the same type suffered within 20–40 years long-time deflections most of
which are excessive and require either replacement of the bridge or risky remedial prestressing. Although a detailed analysis
(Bazant et al., 2012a, 2012b) showed that these excessive deflections can be explained by severe underestimation of
multidecade (static) creep of concrete in the current design codes and standard recommendations (ACI Committee 209,
1972, 2008; FIB, 1999; Gardner, 2000; Gardner and Lockman, 2001; Bazant and Baweja, 1995, 2000), some engineers at
conferences questioned whether the cyclic creep due to traffic loads may have been a significant contributing factor.
Examination of this question was the motivation for the present study in which a constitutive law for cyclic creep is
developed and calibrated by the available test data.

The cyclic creep of concrete, also called the fatigue creep or vibro-creep (vibropolzuchest' in Russian), is the long-time
deformation produced by cyclic load in excess of the static creep. This phenomenon was experimentally detected by Féret in
1906 and was also observed by Probst in 1925, Mehmel and Heim in 1926, and Ban in 1933 (cf. Bechyně, 1959). More
systematic experiments that allow quantitative characterization had to wait until the works of Kern and Mehmel (1962) and
Gaede (1962). After World Word II, many researchers studied this phenomenon experimentally and proposed various
approximate empirical formulas (Le Camus, 1946; L'Hermite, 1961; Mal'mejster, 1957; L'Hermite, 1961; Murdock, 1965;
Gvozdev, 1966; Bennett and Muir, 1967; Nordby, 1967; Bazant, 1968a, 1968b; Batson et al., 1972; Wittmann, 1971; Whaley
and Neville, 1973; Hirst and Neville, 1977; Neville and Hirst, 1978; Bazant and Panula, 1979; Garrett et al., 1979; Hsu, 1981;
Brooks and Forsyth, 1986; Bazant et al., 1992; Pandolfi and Taliercio, 1998). Yet mutually contradictory formulations abound
and no generally accepted theory has yet emerged.

In 1962, Gaede (1962) proposed the following formula based on his own extensive tests of cyclic compression:

ΔεN ¼ cN0

f p

smax

Esec

N
N0

� �r

ð1Þ

where ΔεN ¼ strain increment due to cyclic loading; N ¼ number of cycles, N0 ¼ 105; fp ¼ compressive strength of prisms; c
and r¼empirical fitting parameters with no mechanical explanation provided; and Esec ¼ instantaneous elastic modulus
measured for pulsating compression. Eq. (1) was based on compression cycles from 14% to 75% of the compression strength
f ′c, which is way beyond the service stress range allowed in bridge design (o40% of f ′c).

Wittmann (1971) tried to generalized his power law for a (static) creep curve, εðtÞ ¼ atn sinh ðbs=f cÞ in which a, b are
empirical constants. The aging effect was ignored, and a hyperbolic sine function ensued from an assumption of thermally
activated transitions. Considering cyclic stress s¼ smþΔs sin ωt where ω¼constant and sm;Δs¼ the mean and amplitude
of cyclic stress, he empirically generalized this power law by replacing the constant exponent n with the variable
n¼ n0þcðΔs=f cÞd where n0, c, d are constants which he calibrated by Gaede's data.

Hirst and Neville (1977), Neville and Hirst (1978) and Whaley and Neville (1973) presented the most comprehensive and
diverse experimental data. In Neville and Hirst (1978), they proposed that the cyclic creep is an inelastic deformation caused
by microcracking, but made no attempt to model the microcracking per se. In view of the hardening effect under low stress
cyclic creep observed in some experiments (Bennett and Muir, 1967; Hirst and Neville, 1977; Neville and Hirst, 1978; Whaley
and Neville, 1973; Batson et al., 1972), they suggested that the microcracking occurs at the aggregate interfaces. Garrett and
Jennings, Garrett et al. (1979), speculated that these microcracks could expose unhydrated cement to further hydration
which in turn might cause further deformation. Hirst, and later also Brooks Hirst and Neville (1977); Brooks and Forsyth
(1986), assumed that εcyclic ¼ εstaticAðlntÞB, where ε is the creep strain and A, B are calibration parameters.

Later on, Pandolfi and Taliercio (1998) suggested a more complicated formula for cyclic creep of concrete based on
numerical simulations. They emphasized two concepts: The time is only implicitly related to the number of cycles, N, i.e., the
tests should be interpreted in terms of N, the number of cycles, and the loading frequency is indirectly related to the loading
rate (Hsu, 1981). Damage evolution models based on failure surfaces in the stress space have also been suggested. It appears,
however, that no model based on fatigue growth of individual microcracks under cyclic loading has been presented.

The phenomenological formulations treated cyclic creep in two ways: either as a deformation ΔεN that is additional to
the static creep (Bazant, 1968a) or as an acceleration of the static creep (Bazant and Panula, 1979; Bazant et al., 1992, 2012b).
Both were able to provide acceptable fit of the main data, doubtless because of their limited duration (mostly o10 days,
some up to 28 days). However, extrapolations to lifetimes of up to 100 or 150 years, usually desired for large bridges, give
very different predictions.

In this paper, a micro-mechanical model for cyclic creep is proposed and calibrated by tests. Although the micro-
mechanics has been discussed intuitively in qualitative terms (e.g., Neville and Hirst, 1978; Garrett et al., 1979) or in terms of
phenomenological damage mechanics (Gao and Hsu, 1998; Maekawa and El-Kashif, 2013), no micro-mechanics based and
experimentally validated constitutive model seems to have been proposed during a century of research. This is what the
present study aspires to.
2. What is the microscale mechanism?

In fatigue embrittled metals or in fine-grained ceramics, a critical safety consideration is the fatigue growth of cracks.
Although such dangerous cracks can be small, they are nevertheless macrocracks because they are larger than the
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Fig. 1. (a) Generic microcrack in three dimensions, and a mode I penny-shaped crack; (b) set of sparse microcracks and crushing bands, one in each cube
of side lc.
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representative volume element (RVE) of the material. In contrast to concrete, these materials are relatively homogeneous
from micrometer scale up.

Unlike metals and fine-grained ceramics, the microstucture of concrete is disordered on all the scales, from the nanoscale
to the macroscale of an RVE, whose size is typically 0.1 m (assuming normal size aggregates). On all scales, the material is
full of flaws and preexisting cracks. The growth of cracks larger than the RVE is blocked by reinforcing bars, and cracks much
smaller than the RVE are not important for safety. Under fatigue loading, such cracks must be expected to grow but affect
only inelastic deformation rather than safety since they are much smaller than the RVE. Indeed, the experimental results for
cyclic compressive loading of concrete within the service stress range (i.e., for stresses less than 40% of the strength) indicate
no degradation of material strength for subsequent short-time loading up to failure and only a slight decrease of concrete
stiffness (Hellesland and Green, 1971).

3. Macroscopic strain due to small growth of microcracks

Consider a generic three-dimensional planar macrocrack of size a (denoting, e.g., the radius of a penny-shaped crack);
Fig. 1a. In the case of compression loading, a shear crack with a combination of modes II and III is relevant, and in the case of
tensile loading, a mode I crack. For the sake of simplicity, the crack is assumed to grow in a self-similar way, expanding in its
plane in proportion to a. The energy release rate due to three-dimensional self-similar growth of the crack may generally be
expressed as

G¼ γ1
a

∂Π�

∂a

� �
s

ð2Þ

where Πn is the complementary energy (or Gibbs' free energy) per microcrack, s¼applied remote stress, and
γ1¼dimensionless geometry factor which, e.g., would be equal to 1/π in the case of a penny-shaped crack in mode I. Even
though KI ;KII ;KIII must vary along the crack edge in three dimensions, one can define an effective stress intensity factor at
the crack edge on the basis of the average energy release rate of the microcrack, i.e.,

K ¼
ffiffiffiffiffiffi
EG

p
ð3Þ

where, in general,

G¼ γ2as
2=E ð4Þ
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Here E¼Young's elastic modulus and γ2¼dimensionless geometry factor. For the simple case of a mode I penny-shaped
crack, K ¼ KI ¼ 2s

ffiffiffiffiffiffiffiffi
a=π

p
(Tada et al., 1973), which gives γ2 ¼ 4=π.

According to Eqs. (2) and (4), the total energy release rate of the crack is

∂Π�

∂a

� �
s
¼ γ2s

2

γ1E
a2 ð5Þ

Integrating at constant s, one gets

Π� ¼ γ2s
2

3γ1E
a3 ð6Þ

Let the volume per microcrack be lc
3
and consider, for the sake of simplicity, all the microcracks to be normal to the

direction of applied stress s. According to Castigliano's theorem (see, e.g., Castigliano, 1873 or Flügge, 1962), we may
calculate the displacement u per crack as follows:

u¼ ∂Π�

∂P

� �
a
¼ 1

l2c

∂Π�

∂s

� �
a
¼ γ0

El2c
sa3 ð7Þ

where P ¼ sl2c , the applied force per crack, and the notation γ0 ¼ 2γ2=3γ1 is a dimensionless constant characterizing the
geometry. Since u¼ lcε, the macroscopic strain caused by the formation of microcracks of size a under remotely applied
stress s is ε¼ u=lc or

ε¼ γ0

El3c
sa3 ð8Þ

The total microcrack size increment over N cycles is ΔaN ¼ aN�a0 where aN is the crack size after N cycles and a0 is the
initial crack size before cyclic loading. According to Eq. (8), the strain increment due to cyclic loading is

ΔεN ¼ γ0

El3c
s a3N�a30
� �¼ γ0

El3c
sa30 1þΔaN

a0

� �3

�1

" #
ð9Þ

In failure analysis, large ΔaN need to be considered. But since the creep strains in service are always small, we may assume
that ΔaN=a0⪡1. Noting that ð1þxÞ3 � 1þ3x when x⪡1, Eq. (9) may thus be linearised as follows:

ΔεN ¼ 3γ0
s
E

a0
lc

� �3ΔaN
a0

ð10Þ

4. Paris law and strain due to subcritical growth of microcracks

Consider cyclic loading of amplitude Δs¼ smax�smin (Fig. 1c). Paris (with Erdogan) (Paris and Erdogan, 1963) showed
that, except for very large stress amplitudes and very high smax occurring in failure analysis, the fatigue growth of a crack
depends only on the amplitude ΔK of the stress intensity factor K but not on its maximum and minimum individually. So the
Paris law reads

Δa
ΔN

¼ λ
ΔK
Kc

� �m

ð11Þ

where Kc is the critical stress intensity factor for monotonic loading. Prefactor λand exponent m are empirical constants. The
Paris Law is a good approximation for the intermediate range of fatigue crack growth, which is relevant for creep deflections
of structures in service. For very large or small ΔK , the crack growth rate deviates from the slope m, producing a S-shaped
deviations when Kmax and ΔK exceed certain thresholds ΔK . While exceeding these thresholds is important for failure
analysis, it is not for deformations in the service stress range (i.e., for stresses less than 40% of the strength limit). When the
Kmax and Del K vary broadly, it is further important to take into account the dependence of prefactor λon the ratio
R¼ Kmax=Kmin, but again this is not important within the service stress range. Recently it has been shown that on the atomic
scale, exponent m must be equal to 2 and that m must increase when moving up to higher scales (Bazant and Le, 2009; Le
and Bazant, 2011).

For mode I microcracks, the K should be interpreted as KI, the mode I stress intensity factor. But for shear cracks and
compressive loading, K should be understood as a certain effective value of a combination of mode II and mode III stress
intensity factors along the crack front edge in three dimensions, and may better be interpreted as a characteristic derived
from the average energy release rate, G¼ K2=E, along the crack edge.

For polycrytalline metals, for which the fracture process zone (FPZ) size is on the micrometer scale, exponent m is known
to be around 4 (Kanninen and Popelar, 1985), while for the macrocracks in concrete m is about 10 (Bazant and Xu, 1991) and
in ceramics about 30. The increase seems to be explained by the recent finding that the exponent of the Paris law must grow
when moving up through the scales in material (Le and Bazant, 2011). In concrete, the FPZ size is of the order of 0.1 m.
Unlike metals and ceramics, for macrocracks in concrete the prefactor λ was found to depend on the structure size (Bazant
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and Xu, 1991; Baǎnt and Schell, 1993), which was shown to be caused by a non-negligible size of the FPZ compared to the
structure size. But here the λ cannot depend on the structure since we consider only microcracks far smaller than the FPZ.

The amplitude ΔK is proportional to the remotely applied stress amplitude Δs, i.e.,

ΔK ¼ c
ffiffiffi
a

p
Δs ð12Þ

where c is a dimensionless geometry constant. E.g., for mode I penny shaped cracks, c¼ 2=
ffiffiffi
π

p
. Substituting Eq. (12) into (11),

we would get variable a on both sides of the equation. Although the resulting differential equation could be easily integrated
by parts, we may consider that, in the case of creep under service loads, Δa⪡a0. So, ΔK ¼ c

ffiffiffiffiffi
a0

p
Δs. Integration at constant Δs

then furnishes, for small crack extensions:

aN�a0 ¼ λ
cΔs

ffiffiffiffiffi
a0

p
Kc

� �m

N ð13Þ

5. Cyclic creep formula ensuing from Paris law

Substituting Eq. (13) into (10) and rearranging, we obtain for the strain increment due to cyclic creep after N cycles the
formula:

εN ¼ C1 s
Δs
f ′c

� �m

N ð14Þ

where C1 ¼
3γ0
E

λ

a0

ca0
lc

� �3 f ′c
ffiffiffiffiffi
a0

p
Kc

� �m

ð15Þ

Here f ′c is the standard compression strength of concrete, introduced merely for convenience of dimensionality.
It is noteworthy that εN is predicted to depend on both s and N linearly. This agrees with the available cyclic creep

measurements and is convenient for structural analysis.

6. Quantitative estimates

Let us now use Eq. (10) to estimate the magnitude of ΔaN=aN . This can be done easily for mode I penny-shaped cracks.
According to the aforementioned values of γ1 and γ2 for penny-shaped cracks, we have γ0 ¼ 2γ2=3γ1 ¼ 2ð4=πÞ=ð3πÞ ¼ 8.
The ratio εel ¼ s=E represents the elastic strain under the static stress component. The ratio ΔεN=εel may, according to
experiments, reach about 0.05.

To calculate the macroscopic strain, one simple possibility is to idealise the microcracks as nearly dilute (i.e.,
approximately non-interacting), in which case E would be the Young's modulus of the uncracked matrix and the size lc
of the cubical material domain per microcrack would have to be at least 3-times larger than the crack size, a0, i.e., lc=ac � 3.
Then Eq. (10) would indicate that

ΔaN=a0 ¼ 0:05� 27=ð8=3Þ � 0:51 ð16Þ
This value is certainly not small enough to make the linearisation of Eq. (9) accurate.

Another simple possibility is to assume that the microcracks are very dense. In that case, following the classical
philosophy of Eschelby, one microcrack may be assumed to be embedded in a homogeneous elastic continuum in which E
represents the effective or average macroscopic properties of the microcracked material. Considering that, e.g., lc � a0,
Eq. (17) is now replaced by

ΔaN=a0 ¼ 0:05=ð8=3Þ � 0:019 ð17Þ
Concrete, or cement hydrate, is known to be full of microcracks. So, the second possibility, Eq. (17) for dense microcracks,

is more realistic. This means we can use the linearisation in Eq. (9). At the same time, it should be noticed that Eq. (14)
obtained upon linearisation does fit well the cyclic creep data for the service stress range.

7. Dimensional analysis and similitude: compressive cyclic loading

Although the analysis in Eqs. (2)–(9) was exemplified by a mode I crack, it is equally applicable to cyclic creep under
compressive and shear loadings, which are of main practical interest for prestressed structures in which almost no concrete
is under tension. Under compression, five types of cracks producing inelastic compressive strain can be distinguished:
(a)
 crushing band propagating transversely to compression (Suresh, 1998; Suresh et al., 1989; Eliáš and Le, 2012, p.193)
(Fig. 3a);
(b)
 wedge-splitting cracks (Bazant and Xiang, 1997) at hard inclusions, parallel to compression (Fig. 3b);

(c)
 interface cracks at inclusions (Fig. 3c);
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(d)
 pore-opening cracks parallel to compression (Sammis and Ashby, 1986; , Fairhurst and Comet, 1981) (Fig. 3d); and

(e)
 wing-tip frictional cracks inclined to compression direction (Ashby and Hallam, 1986; Horii and Nemat-Nasser, 1982;

Ingraffea, 1977; Kachanov, 1982; Schulson and Nickolayev, 1995) (Fig. 3e).
The last is observed only rarely and is the only type that can be conceived to develop in a homogeneous medium that
contains only preexisting microcracks or weak planes but neither inclusions nor pores (Schulson and Nickolayev, 1995). The
first type, i.e., Suresh's crack growth, differs from the others in that only a finite crack extension is possible, but in the
present case it does not matter since very small crack length growth is assumed at the outset.

Detailed mathematical analysis of these compressive cracks would be rather complicated. We will, therefore, resort to
dimensional analysis and similitude considerations (Barenblatt, 1979, 2003). According to Buckingham's Π-theorem
(Buckingham, 1914; Barenblatt, 1979) (which should in fairness be called the Vashy–Buckingham theorem (Vashy, 1892)),
the number of independent governing parameters N¼Nt�Nd where Nt is the total number of governing parameters and Nd

is the number of independent physical dimensions among the parameters.
In the equation for energy release rate, Eq. (4), fromwhich everything follows, the independent parameters are crack size

a [dimension m], applied remote stress s[dimension N/m2], elastic modulus E [dimension N/m2], and the energy release rate
per unit area of crack G [dimension N/m]. Here we have only two independent dimensions, length and force. So the number
of dimensionless independent parameters is N¼ 4�2¼ 2. They can be selected as

Π1 ¼
EG
s2a

; Π2 ¼
s
E

ð18Þ

where K2 ¼ EG. The governing relation must have the form ΦðΠ1;Π2Þ ¼ 0, and since, in the special case of mode I penny-
shaped crack, the governing relation must coincide with Eq. (5), it must have the form Π1�μ0Π2 ¼ 0 where μ0 is a constant.
Indeed, this gives

G¼ μ0
s2

E
a2 ð19Þ

which is identical to Eq. (5) (with μ0 ¼ γ2=γ1). The subsequent derivation of the cyclic creep strain proceeds the same way as
before, i.e., the integration of (19) at constant load yields the complementary energy, whose differentiation at constant
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length then yields (according to Castigliano's theorem) the displacement. This is then combined with the Paris law and leads
to the same form of the cyclic creep law. Although the Paris law seems not to have been tested for cyclic compression
(except for transverse crushing band (Suresh, 1998)), it is expected to apply.

8. Cyclic creep compliance and multi-axial generalisation

Because s appears in Eq. (14) linearly, it is possible to define the cyclic creep compliance ΔJN ¼ΔεN=s, i.e.,

ΔJN ¼ C1
Δs
f ′c

 !m

N ð20Þ

The total material compliance in presence of cyclic loading component is

Jtot ¼ Jðt; t′ÞþΔJN ð21Þ
where Jðt; t′Þ is the compliance for creep (including elastic response), as given, e.g., by model B3 (Bazant and Baweja, 2000).
It is defined as the strain at time t caused by a unit applied uniaxial stress introduced at concrete age t′. However, the linear
engineering theory of bending cannot be used, since the distribution of Δs over the cross section is nonlinear and thus
makes the distribution of εN over the cross section nonlinear (cf. Bazant, 1968a).

No experimental information seems to exist for cyclic creep under multi-axial stress or tensile loading, nor cyclic creep
with cycles of varying amplitudes. Nevertheless it appears reasonable to neglect transverse strains and to expect that under
tension the cyclic creep per unit stress is at least as large as it is under compression. Also note that, for the special case of a
crack normal to the principal stress, an analysis similar to Eqs. (2)–(8) gives a zero lateral strain.

A three-dimensional finite element program for creep and cyclic creep in a bridge has been formulated in Bazant et al.
(2012b) under the assumption that the cyclic creep eigenstrains corresponding to individual principal stresses can be
superposed.

9. Simpler alternative of limited applicability: time acceleration

Within a time interval in which the compliance rate _J ¼ ∂Jðt; t′Þ=∂t is nearly constant, it is alternatively also possible to
model the cyclic creep as an acceleration of the static creep obtained upon increasing the creep duration by
ΔtN ¼ JNΔð ln JNÞ=_JN , which is

ΔtN ¼ Ct
Δs
f ′c

 !m

N where Ct ¼ C1
Δðln JNÞ

_JN
ð22Þ

Formulating the cyclic creep as an acceleration of static creep is simple and computationally convenient, but is acceptable
only for limited time intervals. The reason that the existing test data could be fitted in this manner also well (Bazant and
Panula, 1979; Bazant et al., 1992) is that the data duration is very limited (only about 10 days) and is such that parameter Ct
in the last equation does not change much within the time span of the data.

However, for a general creep prediction model covering multi-decade structural response, _J cannot be assumed to be
constant. So the cyclic creep must be considered to be an eigen-strain, as written in Eq. (21) (which is the way the cyclic
creep was empirically treated in Bazant (1968a, 1968b)). In extrapolation to the structural lifetimes of 20–150 years, this
makes an enormous difference.

10. Calibration by fitting of existing test data

Experimental verification relied on well-documented laboratory data from the literature. Because the present analysis
applies only to cyclic creep under service stresses, which are generally limited to less than 40% of concrete strength, the tests
in which this limit was exceeded, or in which fatigue failure occurred, have not been considered. For each curve, the B3
creep model (Bazant and Baweja, 2000) was first calibrated to fit the static creep curve (i.e., curve for zero stress amplitude),
which must be subtracted from the data to separate the effect of cyclic creep. The B3 parameters thus calibrated were then
used in the joint least-square optimization of the fit of all cyclic test curves to determine optimum cyclic creep parameters Ct
and m in Eq. (20). The fits of the test curves are shown in Fig. 4. They include both cyclic creep and static creep, the latter
under either sealed conditions (basic creep) or drying conditions (drying creep).

The data set of Whaley and Neville (1973) is the most comprehensive set available, containing cyclic tests done under
both sealed and drying conditions. The initial strains, which were not reported, were estimated by extrapolation of the
model B3 curve fitted to the initial portion of the data. Whaley and Neville measured the cyclic creep at various amplitudes
and mean stress levels, at a frequency of 585 cycles/min. One of their data sets, studying the effect of mean stress, could not
be used because the maximum stresses in the cycles exceeded the fatigue limit. Also considered were the tests of Kern and
Mehmel (1962) with co-workers, which reported the effect of stress cycling on the drying creep at various average stresses
and various amplitudes of the cyclic load, at two different frequencies, 380 cycles/min and 3000 cycles/min. Furthermore,
Hirst and Neville (1977) reported tests at 3000 cycles/min and various stress amplitudes. Further cyclic test data do exist,



 

 

 

 

Fig. 3. Five types of cracks producing axial inelastic strain; (a) transversely propagating crushing band, (b) axial wedge-splitting cracks at hard inclusions in
hardened cement paste, (c) interface cracks at inclusions, (d) pore-opening axial cracks, and (e) inclined wing-tipped frictional cracks.
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but were not used because they either lacked the reference static creep test (at zero amplitude) or used a concrete with
unusual mix proportions beyond the scope of model B3.

The calibrated fit of Eq. (20) to the test data is presented in Fig. 4. With the optimized parameter values Ct ¼ 46� 10�6

and m¼4, all the data were fitted with a coefficient of variation of only 0.05 (root-mean-square error divided by data mean).
The fact that the experiments verify the exponent value m¼4 is interesting. According to the activation energy based

probabilistic theory of quasibrittle fracture (Bazant and Le, 2009; Le and Bazant, 2011), exponent m of the Paris law should
be equal to 2 on the nano-scale. Moving up through the scales causes the exponent m of the crack growth law to increase by
approximately 2 for each order of scale magnitude. This matches the fact that for metals and fine-grained ceramics, in which
the RVE is of micrometer size, m� 4. In concrete, one has to cross several more scales to reach the scale of an RVE, which is
of the size of 0.1 m. Thus it is not surprising that the exponent of Paris law of for macroscale crack propagation in concrete is
about 10 (Bazant and Xu, 1991). In this light, it is not at all surprising that the cyclic creep exponent of concrete is equal to 4.
In view of the theory of Bazant and Le, this value of m implies that the relevant cracks that cause the cyclic creep should be
micrometer scale cracks, far smaller than the RVE size. Thus we have a partial theoretical support for our starting hypothesis.

11. Estimate of magnitude of cyclic creep effects in structures

Let us now consider prestressed segmental box girders, which are very efficient structures for bridges of spans from 40 m
to 250 m. However, It has not been widely realized that they are prone to excessive multi- decade creep deflections (Bazant
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Fig. 4. Optimal fitting of test data by Whaley and Neville (1973), Kern and Mehmel (1962), and Hirst and Neville (1977).
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et al., 2011a, 2011b, 2011c) and often develop more cracking than expected for a structure designed with a prestress that
should be sufficient to avoid tensile stresses, according to the design code. When excessive deflections or cracking are
discussed at conferences, one often hears an opinion putting the blame on cyclic creep without any supportive calculations.

Consider a simplified form of the cross section at pier of a box girder bridge, as shown in Fig. 6. For the sake of simplicity,
we use the engineering theory of bending, with the cross sections remaining plane. The cross section dimensions and
prestress level are designed so that the longitudinal normal stresses s reach their allowable limits, s¼ � f cðf c40Þ at bottom
face of coordinate z¼ �cbðcb40Þ and s¼ f t at top face of coordinate z¼ ct where coordinate z is measured from the cross
section centroid and cb ¼ h�ct , h¼cross section depth. For sustained loading, the design code sets the allowable stress
limits as ft¼0 and f c ¼ 0:4f ′c where f ′c standard cylinder compressive strength of concrete.

According to the theory of bending, � f c ¼ �ðMDLþPeÞcb=I�P=A and f t ¼ ðMDLþPeÞct=I�P=A where P, e¼prestress force
(positive for compression) and its eccentricity (positive if upwards); A, I¼area and centroidal moment of inertia of cross
section; MDL ¼MDþML ¼ total bending moment (positive if causing compression on top), MD;ML ¼ bending moments due
to dead load (including self-weight) and to live load, representing the traffic load. By solving the foregoing two equations,
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one gets the P and MDL values corresponding to the extreme allowable stresses:

P ¼ A
h

f cct� f tcb
� �

; MDL ¼ f c�
P
A

� �
I
cb
�Pe ð23Þ
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The road traffic causes the bending moment to cycle between ML and MDþML (possible dynamic overloads are ignored).
This produces the cyclic stress amplitude Δs and the static (or average) stress

Δs¼MLz
I

; s¼ � f cz
I

MDþ
ML

2
þPe

� �
�P
A

ð24Þ

needed to calculate the inelastic cyclic strain from Eq. (14). Here MDþML=2¼M ¼ average moment over the cycle. The use
of the average is appropriate because it agrees with the symmetric periodic load fluctuations (Fig. 2a,d) used in the
experiments and with the way Eq. (14) was calibrated from these experiments.

When, however, the load cycles are asymmetric as shown in Fig. 2b,c, the proper value of M is debatable since no such
tests have been reported. If linear superposition of the load effects were applicable, then MD would represent the time
average of load over the cycle (shown by the horizontal dashed lines in Fig. 2). But since the dependence of cyclic creep on
stress is highly nonlinear, the time shape of cycle is probably unimportant and mainly the extremes matter. Then the
average value M ¼MDþML=2 may be used for all cycle shapes as seen in Fig. 2.

The inelastic strains (or eigenstrains) εN due to stress cycling, calculated for various z from Eq. (14) after substituting
Eq. (24), do not satisfy the condition that the cross sections must remain planar. Therefore, self-equilibrated elastic residual
strains εr must develop to enforce the planarity of cross sections, in the same way as it happens for shrinkage or thermal
strains. The external complementary work of virtual normal force N and virtual bending moment M on residual normal
strain εr0 at the centroid and on residual curvature κr must be equal to the internal complementary virtual work of
equilibrating virtual stresses N=A and Mz=I on the corresponding cyclic inelastic strains εcycðzÞ over the cross section area A,
i.e., Nεr0 ¼

R
AðN=AÞεcycðzÞdA and Mκr ¼

R
Að�Mz=IÞεcycðzÞdA. These two complementary virtual work relations yield:

εr0 ¼
1
A

Z ct

cb
εcycðzÞbðzÞ dz; κr ¼ �1

I

Z ct

cb
εcycðzÞz bðzÞ dz ð25Þ

where εcycðzÞ ¼ free inelastic strain produced at level z by stress cycling (Eq. 14), dA¼ bðzÞdz and b(z)¼combined width of
cross section at level z. It follows that the residual strain and residual stress at any level z produced by cyclic creep is

εrðzÞ ¼ εcycðzÞ�ðεr0�κrzÞ; sr;elðzÞ ¼ EεrðzÞ ð26Þ
where E¼Young's modulus. The extreme values of εrðzÞ and srðzÞ occur at either the top face, z¼ ct , or the bottom face,
z¼ cb; sr;elðzÞ represents the residual stresses that are produced by cyclic loading if the concrete remains elastic; their force
and moment resultants are zero.

To evaluate the severity of cyclic creep effects, we will introduce two dimensionless measures, namely the inelastic
residual strain ratio and the inelastic residual curvature ratio produced by load cycling:

ρ¼ εmax
r

f ′t=E
; r¼ κr

κel
ð27Þ

Here εmax
r ¼max½εrðcbÞ; εrðctÞ� ¼maximum strain produced in the pier cross section by stress cycling (occurring at either top

or bottom face); E¼Young's modulus of concrete; κel ¼maximum possible elastic curvature in the pier section, which is

κel ¼
f cþ f t
Eh

ð28Þ

and corresponds to stresses at bottom and top faces being � fc and ft.
Since we assumed the pier cross section to be designed so as to exhaust the allowable stress limits, the only variable is

the amplitude of the live load, causing the cyclic stresses cross-hatched in Fig. 6 (left). Knowing the span and the cross
section variation along the bridge, we can estimate the dead and live loads specified by the design code and the bending
moments caused by them.

Fig. 6 shows the straight-line distribution of the maximum stress, varying between � fc and ft, the distribution of dead
load (or permanent) stress marked sD, and the line for the typical distribution of the prestress (whose time variation due to
prestress losses is neglected). The second diagram to the right shows the distribution of the cyclic creep compliance, Δf N
(Eq. 20). The next diagram shows the distribution of cyclic creep strain, εcyc, calculated from Eq. (14), and the next and last
diagram shows the distribution of the residual inelastic strain εr which results in damage and cracking.

Since we assume the pier cross section to be designed so as to exhaust the allowable stress limits, the only variable is the
amplitude of the live load, the distribution of which is cross-hatched in Fig. 6 in the left-most diagram. Knowing the span
and the cross section variation along the bridge, we can estimate the dead and live loads specified by the design code and
the bending moments caused by them.

To appraise the cyclic creep effects in large prestressed segmental box girders, a collection of designs of six large-span
bridges has been obtained through the courtesy of Y. Watanabe, Shimizu Construction Co., Tokyo (Japanese bridges
Koshirazu, Tsukiyono, Konaru and Urado), of I. Robertson, University of Hawaii Manoa (North Halawa Valley Viaduct), and
of G. Klein, WJE, Highland Park, Illinois (the ill-fated world-record bridge in Palau). The data on these bridges are used in
Fig. 5–7 and for details of these bridges see (Bazant et al., 2012a, 2012b).

For the sake of easier comparability, it is assumed that, in all these bridges, the P and MDL values were the maximum
allowable for each cross section (Eq. 23). Based on the dimensions of each bridge, the live and dead loads (including the
self-weight) are determined, and the bending moments at the pier are calculated assuming the girder to be rather flexible at
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Fig. 8. Schematic comparison of the evolution of creep deflection and of the residual cyclic strain.
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mid-span, in which case the moment at the pier is almost as large as it would be for a hinge at mid-span. The results for the
residual strain ratio ρ and the cyclic creep curvature ratio r at N¼2 million are plotted in Fig. 5 (bottom) and Fig. 7 (right).

The results for these bridges are rather scattered, which is obviously explained by variability in the cross section shapes.
Therefore, another set of scaled bridge cross sections is generated by interpolating and extrapolating trend between the
cross section of the Hawaii bridge (span 110 m) and of the KB bridge in Palau (span 241 m). A similar calculation procedure
lead to the diagrams for ρ and r in Fig. 5 (top) and 7 (left).

Note that whereas the static long-time creep deflections grow in time logarithmically (Bazant et al., 2011a, 2012a), the
cyclic creep deflections grow linearly (provided that the traffic load frequency and amplitude remain constant).

This property is verified by experiments and, theoretically, is a consequence of Paris law Eq. (11), which states that the
crack extension is proportional to the number of cycles, N. Consequently, even if the cyclic creep effects are insignificant
within the first 20 years of service, they may become significant, compared to creep, for a 100-year lifetime; see Fig. 8.

For the KB Bridge in Palau, the cyclic creep effects were virtually nil. Why? Partly because the traffic was light (low N), but
mainly because this record-span bridge was totally dominated by self-weight. The bending moment due to traffic
represented only about 2.5% of the total bending moment. Consequently, the ratio Δs=s was unusually small, only about
0.025. Since the exponent, equal to 4, is high, one has ðΔs=sÞ4 � 4� 10�7. This explains why the cyclic creep contribution to
curvature, deflection and cracking must have been, in this bridge, virtually zero. However, the high value, 4, of the exponent
causes that a 20-fold increase of the ratio of traffic load to self-weight will increase the cyclic creep contribution about 105.

Much stronger effects of cyclic creep are seen in the plots of the curvature ratio r in Fig. 7. They reveal that, for spans
between about 40 m and 120 m, the cyclic creep can produce significant tensile strains-times. These strains can approach or
even exceed the maximum elastic strain at the top or bottom faces of the box girder. These strains get superposed on strains
from differential shrinkage, drying creep and temperature, and obviously aggravate distributed tensile cracking, which may
in turn lead to corrosion of reinforcement.

Other structures, such as those supporting large turbines or electric generators, can also suffer from surface tensile
cracking caused by cyclic creep.

12. Conclusions
1.
 The mechanism of cyclic creep can be described by growth of preexisting micrometer-scale subcritical crack governed
by Paris Law.
2.
 The relative increase of crack length must be considered small, in order to match the observed linear dependence of
cyclic creep on the time-average stress.
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3.
 The cyclic creep strain is obtained as the sum of openings of the microcracks calculated from the amplitude of the stress
intensity factor, which itself is assumed to be proportional to the amplitude of the applied cyclic load.
4.
 Detailed derivation of the form of the cyclic creep law is possible mode I cracks, either tensile or (in the sense of
crushing band) compressive. A general applicability of this law for various kinds of cracks under compressive loading
can be justified by dimensional analysis and similitude arguments.
5.
 The derived cyclic creep law can fit the test data available in the literature quite well and has been calibrated by them.
The data show that the Paris law exponent must be about 4. This observation is consistent with the recent finding that
the Paris law exponent on the atomic scale must be 2 and that the exponent should roughly double during each scale
transition, in this case from the nano-scale to the micrometer scale.
6.
 Exponent 4 is so high that cyclic creep deflections are enormously sensitive to the relative amplitude of the applied
cyclic stress.
7.
 While the static creep deflections grow in time approximately logarithmically, the cyclic creep deflections grow linearly.
This is a consequence of the Paris law. Consequently, even when the cyclic creep is unimportant for ten years of service,
it may be important for hundred years of service.
8.
 For a broad time range, the long-term cyclic creep cannot be modelled as an acceleration of static creep.

9.
 Calculation examples indicate that, contrary to often voiced opinions, the cyclic creep effects are absolutely negligible

for large-span prestressed segmental box girders, which are totally dominated by self weight. In particular, the cyclic
creep could have played no role in the excessive deflections of the ill-fated world-record KB Bridge in Palau. For small
spans ðo40 mÞ, the cyclic creep deflections are not negligible but it does not matter since the static creep in such
bridges causes upward deflections.
10.
 Cyclic creeps can produce major tensile strains in small and medium span prestressed bridges, and thus contribute
significantly to their cracking and corrosion.
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