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Abstract

The paper shows that spectral wave propagation analysis reveals in a simple and clear manner the effectiveness of
various regularization techniques for softening materials, i.e., materials for which the yield limits soften as a function of
the total strain. Both plasticity and damage models are considered. It is verified analytically in a simple way that the
nonlocal integral-type model with degrading yield limit depending on the total strain works correctly if and only
one adopts an unconventional nonlocal formulation introduced in 1994 by Vermeer and Brinkgreve (and in 1996 by
Planas, and by Strömberg and Ristinmaa), which is here called, for the sake of brevity, �over-nonlocal� because it uses
a linear combination of local and nonlocal variables in which a negative weight imposed on the local variable is com-
pensated by assigning to the nonlocal variable weight greater than 1 (this is equivalent to a nonlocal variable with a
smooth positive weight function of total weight greater than 1, normalized by superposing a negative delta-function
spike at the center). The spectral approach readily confirms that the nonlocal integral-type generalization of softening
plasticity with an additive format gives correct localization properties only if an over-nonlocal formulation is adopted.
By contrast, the nonlocal integral-type generalization of softening plasticity with a multiplicative format provides real-
istic localization behavior, just like the nonlocal integral-type damage model, and thus does not necessitate an over-non-
local formulation. The localization behavior of explicit and implicit gradient-type models is also analyzed. A simple
analysis shows that plasticity and damage models with gradient-type localization limiter, whether explicit or implicit,
have very different localization behaviors.
� 2005 Elsevier Ltd. All rights reserved.

Keywords: Softening; Plasticity; Damage; Nonlocal models; Gradient models; Spectral analysis; Localization; Harmonic waves
0020-7683/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.03.038

* Corresponding author. Tel.: +39 022 399 4278; fax: +39 022 399 4220.
E-mail address: diluzio@stru.polimi.it (G. Di Luzio).

mailto:diluzio@stru.polimi.it
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1. Introduction

Already in the mid 1970s it was recognized that a continuum formulation for softening materials leads to
serious problems: the boundary value problem becomes ill-posed, and the numerical calculations cease to
be objective, exhibiting pathological spurious mesh sensitivity, incorrect size effect, and excessive damage
localization as the mesh is refined (Bažant, 1976). In dynamics, the differential equations of motion become
parabolic or elliptic when the material softens. Thus, the initial value problem becomes ill-posed as the
wave velocity becomes imaginary (Hadamard, 1903). By contrast, in statics the elliptic partial differential
equations of equilibrium become hyperbolic or parabolic. This fact was formally demonstrated for the lin-
earized rate equilibrium problem by using the method of linear comparison solid (Hill, 1958). To recover a
well-posed problem and to prevent the damage from localizing into a zone of zero volume, the continuum
theory must be complemented by certain conditions called �localization limiters�, involving a characteristic
length of the material (Bažant, 1976; Bažant and Oh, 1983; Bažant et al., 1984; Bažant and Belytschko,
1985; Lasry and Belytschko, 1988).
A broad class of localization limiters is based on the concept of a nonlocal continuum. The nonlocal

concept was introduced in the 1960s (Eringen, 1966; Kröner, 1967; etc.) for elastic deformations and in
the 1980s expanded to hardening plasticity. A nonlocal continuum is a continuum in which the stress at
a point depends not only on the strain at that point but also on the strain field in the neighborhood of
that point. Bažant (1984) and Bažant et al. (1984) introduced the nonlocal concept as a localization lim-
iter for a strain-softening material. This formulation was later improved in the form of the nonlocal
damage theory (Pijaudier-Cabot and Bažant, 1987) and was applied in real-life problems (Bažant and
Lin, 1988; Bažant and Lin, 1989; Saouridis and Mazars, 1992). To improve the performance in large
post-peak deformations, Vermeer and Brinkgreve (1994), Planas et al. (1996) and Strömberg and Ris-
tinmaa (1996) proposed a novel formulation in which a nonlocal averaging integral with a weight func-
tion everywhere positive is modified by multiplying the weight function by a factor greater than 1 and
compensating for it by adding at the center a negative delta-function spike, equivalent to subtracting the
local variable (this is unlike applying the common rule of mixture because the nonlocal component in
the �binary mixture� of the local and nonlocal variables has a weight greater than 1, compensated by a
negative weight for the other component). For the sake of brevity, this formulation is here called over-
nonlocal.
Another well-known regularizing technique is based on an explicit second-order gradient model, which is

weakly nonlocal (Aifantis, 1984; Zbib and Aifantis, 1988; Lasry and Belytschko, 1988; Mühlhaus and
Aifantis, 1991; Vardoulakis and Aifantis, 1991; de Borst and Mühlhaus, 1992; Pamin, 1994). More recently,
Peerlings et al., 1996a,b developed an effective (strongly nonlocal) modification of the gradient approach in
which the nonlocal strain is solved from a Helmholtz differential equation.
The present study will first focus on the localization problem for a constitutive model in which the sof-

tening law is a function of the total strain. Behavior of this model in one-dimensional wave propagation will
be studied analytically considering this kind of strain-softening material. It will be shown that, if an over-
nonlocal model of integral type is used, a complete regularization of the softening problem is achieved only
if an ‘‘over-nonlocal’’ formulation is adopted. This result will also be demonstrated by numerical analysis of
the localization problem in a one-dimensional bar. After that, the over-nonlocal model of integral type will
be applied to nonlocal plasticity and to nonlocal damage. In closing, the explicit and implicit gradient
enhancement techniques will be applied to these constitutive laws to clarify the relation between the non-
local models and the gradient models. Dispersion analysis will be used to show that the nonlocal integral-
type generalization of classical softening plasticity model with an additive format of the softening law
exhibits realistic localization properties only if an over-nonlocal formulation is considered. By contrast,
the nonlocal integral-type generalization of softening plasticity with a softening–hardening law written in
the multiplicative format (ductile damage model of Geers et al., 2001; Engelen et al., 2003) provides realistic
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localization behavior, just like the nonlocal integral-type damage model, and thus does not necessitate an
over-nonlocal formulation.
The approach followed in this study has been pursued in several previous studies. For a gradient plas-

ticity model, wave propagation and dispersion were investigated by Sluys (1992) and de Borst et al. (1995).
For the damage model regularized by a nonlocal formulation or by gradient-type enhancement, a disper-
sion analysis was conducted by Peerlings et al., 1996a,b, Askes et al. (2000), Comi and Rizzi (2000), Peer-
lings et al. (2001), Askes and Sluys (2002), and Peerlings et al. (2002). Other noteworthy studies on the
nonlocal plasticity model have been presented by Bažant and Jirásek (2002), Jirásek and Rolsoven
(2003), and Rolshoven (2003).
Even though this study of softening constitutive models taken from the literature is focused on the loca-

lization problem in one-dimension, it does capture the essential aspects of localization in the direction
across a damage band, as shown in many previous studies limited also to one-dimensional analysis. The
simplicity of the one-dimensional approach makes it possible to compare the softening behavior of plastic-
ity and damage models regularized by nonlocal averaging or by gradient enhancement. The transparency of
such an approach is very useful for understanding what kind of softening model describes in an objective
and realistic way the initial bifurcation and the subsequent response up to complete failure.
2. Basic concept of nonlocal formulation

The nonlocal model, in general, consists in replacing a certain local variable f(x), characterizing the soft-
ening damage of material, by its nonlocal counterpart �f ðxÞ. The nonlocal variable is defined as
�f ðxÞ ¼
Z
V

a�ðx; nÞf ðnÞdV ðnÞ ð1Þ
where V is the volume of the structure, x, n are the coordinates vectors, and a*(x, n) is the normalized non-
local weight function defined as
a�ðx; nÞ ¼ aðn � xÞR
V aðn � xÞdV ðnÞ ð2Þ
in which a(x � n) is the basic nonlocal weight function for an unbounded medium;
R
V aðx� nÞdV ðnÞ is a

constant if the unrestricted averaging domain does not tend to protrude outside the boundaries. The weight
function a (x � n) is often taken as a bell-shaped function, the simplest expression of which is
aðx; nÞ ¼ ð1� jn � xj2=R2Þ2 if 0 6 jn � xj 6 R

0 if R 6 jn � xj

(
ð3Þ
where R, called the interaction radius, is proportional to the material characteristic length ‘, R = q0‘,
jx � nj2 = (xi � ni)

2 and a(x, x) = 1. The coefficient q0 is determined so that the volume under function a
is equal to the volume of the uniform distribution over radius R. Another convenient bell-shaped weight
function is the Gauss� error function
aðx; nÞ ¼ exp �p
jn � xj2

‘2

 !
ð4Þ
which has unbounded support (its interaction radius is R =1). The bell-shaped function (3) is often used
in the numerical applications since it has a limited support (its interaction radius is R = q0‘). On the other
hand, Gauss� error function is often convenient for analytical solutions.
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Originally Vermeer and Brinkgreve (1994), and later Planas et al. (1996), and Strömberg and Ristinmaa
(1996) (see also Bažant and Planas, 1998), introduced a refinement of the standard nonlocal formulation in
the form of an over-nonlocal formulation in which the local and the nonlocal variables are linearly com-
bined as follows:
f̂ ðxÞ ¼ m�f ðxÞ þ ð1� mÞf ðxÞ ð5Þ

here f̂ ðxÞ is the over-nonlocal average of the variable f(x), �f ðxÞ is the nonlocal variable obtained from Eq.
(1), and m is an empirical coefficient (over-nonlocal parameter). Strömberg and Ristinmaa (1996) called it
the �mixed local and nonlocal model�. Planas et al. (1996) called this formulation a �nonlocal model of the
second kind�. The previous studies of this formulation, concerned with different constitutive laws, con-
firmed that spurious localization is avoided if m > 1. For a uniaxial stress field, Planas et al. (1996) rigor-
ously proved that the localization zone is finite if and only if m > 1. It was also proven (Bažant and Planas,
1998) that, for uniaxial stress, the formulation with m > 1 is equivalent, in terms of strain rate, to the non-
local damage model of Pijaudier-Cabot and Bažant (1987). The refinement of Eq. (5) can also be obtained
by rewriting the normalized nonlocal weight function, Eq. (2), in the following way:
a�
mðx; nÞ ¼ ð1� mÞdðn � xÞ þ m

aðn � xÞR
V aðn � xÞdV ðnÞ ð6Þ
where d denotes the Dirac delta function; m is here called the over-nonlocal parameter, because m > 1 as-
signs to the nonlocal averaging integral in the foregoing equation excess weight compared to the standard
nonlocal formulation, in which m = 1. Thus, the over-nonlocal operator can be defined as
f̂ ðxÞ ¼
Z
V

a�
mðx; nÞf ðnÞdV ðnÞ ð7Þ
in which the subscript of a indicates that averaging operator depends on m.
3. Localization analysis of nonlocal integral-type model with strain-dependent yield limit

The localization analysis of a strain-softening nonlocal plasticity model, in which the yield limit depends
on the total strains, will now be considered in the dynamic context. The capability of a model of this kind to
maintain the well-posedness of the problem may be investigated by examining the propagation speed of
stress acceleration waves. We must ensure that the propagation speed would not become imaginary. The
wave propagation in local and nonlocal strain-softening materials was solved by Bažant and Chang
(1984) and Bažant and Belytschko (1985) (see also Bažant and Cedolin, 1991, Sec. 13.1). Here we will fol-
low the approach of, among others, Lasry and Belytschko (1988), Pijaudier-Cabot and Benallal (1993),
Comi and Rizzi (2000), and Borino et al. (2003). Consider a one-dimensional continuum model for the
localization zone defined as
rð�̂Þ ¼ E0�̂e
��̂=�1 ð8Þ
where E0 is (undamaged) Young�s modulus, �̂ is the over-nonlocal strain and �1 is a material parameter rep-
resenting the strain at the stress peak. Outside the localization zone the material is unloading elastically, i.e.,
_rð�Þ ¼ E0 _�, where � is the local strain and the superior dot denotes the time rate. In the following, only the
post-peak behavior is considered, i.e., the strain �(x) is assumed to be larger than the strain at the peak
stress �1. The integral-type over-nonlocal model, in which the over-nonlocal strain is given by Eq. (7),
may be written for a one-dimensional bar as
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�̂ðxÞ ¼
Z
L

a�
mðn � xÞ�ðnÞdn ð9Þ
where, for an unbounded solid and for the Gaussian weight function, we have
Rþ1
�1 aðzÞdz ¼ ‘. Let us con-

sider the one-dimensional equation of motion linearized around an initial strained homogeneous state
�̂ðxÞ ¼ �ðxÞ ¼ �0 ¼ const.;
_r;x ¼ q _u;tt ð10Þ
where _u is the time rate of the incremental displacement u perturbing the initial state, and q is the mass
density of the bar. The relation between the rate of deformation and the time derivative of the incremental
displacement rate is
_� ¼ _u;x ð11Þ

We assume that all the material is in a softening state (this is a classical assumption in the analysis of

localization). An elastic solid with the corresponding incremental (tangential) stiffness tensor is called the
‘‘linear comparison solid’’ (Hill, 1958). Its non-trivial equilibrium solution (different from the initial homo-
geneous state) yields bifurcation points in statics. Starting from a homogeneous state, and assuming the
solid to be so large that the boundary effect is negligible, we consider a harmonic wave of frequency x
and wave number k propagating through a very long bar with a velocity that is the real part of
_uðx; tÞ ¼ _u0eiðkx�xtÞ ð12Þ
where i = imaginary unit. The time derivatives of Eqs. (9) and (8) are
_̂�ðxÞ ¼
Z
L

a�
mðn � xÞ _u;xðnÞdn ð13Þ

_rð�̂Þ ¼ E0 e
��0=�1 1� �0

�1

� �
_̂� ð14Þ
where am(n � x) = (1 � m)d(n � x) + ma (n � x)/l and d(n � x) is the Dirac delta function. The derivative
of Eq. (14) with respect to the spatial coordinate x is
_rð�̂Þ;x ¼ E0 e
��0=�1 1� �0

�1

� �
_̂�;x ð15Þ
Substitution of the derivative of Eq. (13) with respect to x into Eq. (15), together with the linearized equa-
tion of motion (Eq. (10)), yields
E0e
��0=�1 1� �0

�1

� �
o

ox
ð1� mÞ _u;x þ

m
‘

Z
L

aðn � xÞ _u;xðnÞdn
� 	

¼ q _u;tt ð16Þ
Substitution of Eq. (12) and its partial derivatives with respect to x and t into Eq. (16) provides
E0e
��0=�1 1� �0

�1

� �
k2 1� mþ m

‘
AðkÞ

h i
� qx2

� 	
_u0 eiðkx�xtÞ ¼ 0 ð17Þ
where
AðkÞ ¼
Z
L

aðzÞeikzdz ð18Þ
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For an infinite bar (L ! 1), A(k) is the Fourier transform of the weight function a(z) (this property was
exploited in Bažant and Chang (1984) for comparing various weight functions; see also Bažant and Cedo-
lin, 1991, Eqs. 13.10.10–13.10.14). Eq. (17) must be verified at every point x and for every instant t. This
condition yields the dependence of the phase velocity, cp, on the wave number k. The angular frequency
for this kind of nonlocal integral model is
x ¼ cek e��0=�1 1� �0
�1

� �
1þ m

‘
AðkÞ � m

� � �1=2
ð19Þ
where ce ¼
ffiffiffiffiffiffiffiffiffiffi
E0=q

p
is the elastic propagation velocity in the bar. Therefore, the phase velocity, cp = x/k,

and the group velocity, c = x,k, are given by
cp ¼ ce e��0=�1 1� �0
�1

� �
1þ m

‘
AðkÞ � m

� � �1=2
ð20Þ

c ¼ x
k
þ ce k

m
‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e��0=�1 1� �0

�1

� �s
AðkÞ;k 1þ m

‘
AðkÞ � m

� �1=2
ð21Þ
Because the phase velocity is function of the wave number k (Eq. (20)), the waves are dispersive. Let
us consider the Gauss weight function (Eq. (4)) a(z) = exp(�p z2/‘2), for which a(0) = 1 andRþ1
�1 aðzÞdz ¼ ‘. Because

Rþ1
�1 expð�z2Þdz ¼

ffiffiffi
p

p
, the Fourier transform (Eq. (18)) is AðkÞ ¼ ‘e�k2‘2=4p. Substi-

tuting this value of A(k) into Eqs. (19) and (21), we get the following expressions for the angular frequency
and group velocity:
x ¼ cek e��0=�1 1� �0
�1

� �
1þ m e�

k2‘2
4p � 1

� h i� 	1=2

ð22Þ

c ¼ x
k
þ cekm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e��0=�1 1� �0

�1

� �s
� k‘
2p

� �
e�

k2‘2
4p 1þ m e�

k2‘2
4p � 1

� h i�1=2
ð23Þ
Note that, for m = 0 or for ‘ ! 0 (local strain-softening model), the angular frequency, phase velocity
and group velocity are not functions of the wave number k. This means that the waves are non-dissipative:
the model is not able to change the shape of an arbitrary loading wave into a stationary wave reproducing
the localization band.
The phase velocity, cp = x/k, and the angular frequency are real if the wave number is such that the term

under the square root in the following equation is non-negative
cp ¼ ce e��0=�1 1� �0
�1

� �
1þ m e�

k2‘2
4p � 1

� h i� 	1=2

ð24Þ
For m 6 1, the term under the square root in Eq. (24) is negative. This means that the phase velocity re-
mains real and positive only if m > 1 (precisely, for finite k, m > C, where C is a constant larger than 1).
For m 6 1, we have a situation in which the stability in the sense of Lyapunov is lost: a small disturbance
_u results in an unbounded response (more precisely, given any positive bound, no small enough positive
disturbance exists such that the response would remain within the bound). Thus, in the case of the standard
nonlocality, m = 1, regularization is not achieved.
Let us find the critical wave number, kcr, that causes the phase velocity and the angular frequency to

vanish (cp = x = 0) (in other words, causes a static bifurcation);
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kcr ¼
2
ffiffiffi
p

p

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

m
m� 1

� r
ð25Þ
The corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ ‘
ffiffiffi
p

p
ln

m
m� 1

� h i�1=2
ð26Þ
As we can see from Eq. (25), the critical wave number has a real value only if m > 1. Eqs. (25) and (26)
are plotted in Fig. 3 for ‘ = 25 mm. Only the waves with wavelength k 6 kcr do propagate. If k < kcr or
k > kcr we obtain a situation where a small disturbance _u leads to unbounded response and therefore is
not a stable state in the sense of Lyapunov. The waves of wavelengths larger than kcr cannot propagate
because they fit within the strain-softening region. Due to the material dissipative behavior, the high fre-
quencies are damped, and this leads to a stationary harmonic localization wave of wavelength kcr. Thus
the critical wavelength is related to the internal localization length. This internal length, which is an increas-
ing function of the parameter m, is defined only for m > 1. For 0 6 m 6 1, the internal length, kcr given by
Eq. (26) has an imaginary value. Therefore, the integral nonlocal model, in which the stress in the softening
region depends on the nonlocal strain, can yield a complete regularization only if m > 1.
As a numerical example, we assume, for the nonlocal constitutive law in Eq. (8), the following material

data: E = 30,000 N/mm2, q = 2.5 · 10�8 Ns2/mm4, �̂ ¼ 0.001, �1 = 0.0001, ‘ = 25 mm and m = 2, which
yield the linear elastic wave speed ce = 1095 m/s. For these values of the parameters, Fig. 1 shows the plots
of the angular frequency as a function of the wave number k, and Fig. 2 the group velocity c (c = x,k) and
the phase velocity cp as a function of the wave number.
The over-nonlocal constitutive law was then implemented in a finite element code. A one-dimensional

bar of length 250 mm and cross-section area of 625 mm2 was discretized by 100 bar elements with two
nodes each. A weak element is inserted in the middle of the bar. Fig. 4 shows the strain distributions along
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6078 G. Di Luzio, Z.P. Bažant / International Journal of Solids and Structures 42 (2005) 6071–6100
the bar for different values of the over-nonlocal parameter m. The numerical results confirm what was
observed from our analysis of the propagation of a harmonic wave: the strain in the localization band (Figs.
4d–f) has a realistic shape only for the over-nonlocal formulation with m > 1. The effect of the over-non-
local parameter m on the localization band is further illustrated in Fig. 4: an increase of m lengthens the
localization band.
The same behavior has been obtained analytically in Eq. (26) for the critical wavelength, which is plotted

in Fig. 3b. Note that Eq. (26) gives an approximate value of the localization band: kcr(m = 1.5) = 42.3 mm,
kcr(m = 2) = 53.22 mm, and kcr(m = 2.5) = 62 mm. We can compare these values with the width of locali-
zation band obtained from the numerical simulations in Fig. 4. For m = 1.5, 2 and 2.5, respectively, the
strain localizes in a band of about 48 mm, 61.5 mm, and 75 mm.
The paper of Bažant and Di Luzio (2004) (and also the thesis of Di Luzio, 2002; based on preceding

collaboration with Bažant on that paper) applied the over-nonlocal formulation for the regularization of
the microplane model M4, which can be considered a complex 3D constitutive law where the yield limits
soften as a function of the total strain. Their previous conclusions agree with the results obtained for
the simple nonlocal one-dimensional constitutive law given by Eq. (8).
4. Localization analysis of nonlocal plasticity

Consider now a simple plasticity model in the one-dimensional case. Local plasticity with linear harden-
ing is described by the equations
r ¼ Eð�� �pÞ ð27Þ

f ðr; rYÞ ¼ jrj � rY and rY ¼ r0 þ Hj ð28Þ
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The evolution law of the plastic strain is written as
_�p ¼ _j
of
or

¼ _j sgnðrÞ ð29Þ

_j P 0 f ðr; rYÞ 6 0 _jf ðr; rYÞ ¼ 0 ð30Þ
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where r is the stress (considered to be positive, i.e. tensile), � is the strain, E0 is Young�s modulus, �p is
the plastic strain, rY is the current yield stress, H is the plastic modulus (for strain-softening considered



G. Di Luzio, Z.P. Bažant / International Journal of Solids and Structures 42 (2005) 6071–6100 6081
as negative), r0 is the initial yield limit, and j is the plastic softening parameter, taken to coincide with the
cumulative plastic strain, i.e., _j ¼ j_�pj.
Consider the one-dimensional equation of motion, linearized about an initial state of homogeneous

strain, Eq. (10); �(x) = �0 = constant, and ĵðxÞ ¼ jðxÞ ¼ j0 ¼ constant. The initial equilibrium state is as-
sumed to be a homogeneous strain-softening state. The harmonic wave solutions of frequency x and wave
number k are the following form
_uðx; tÞ ¼ _u0eiðkx�xtÞ; _jðx; tÞ ¼ _j0e
iðkx�xtÞ ð31Þ
The over-nonlocal average of the plastic variable and its time derivative are
ĵðxÞ ¼
Z
L

a�
mðn � xÞjðnÞdn ð32Þ

_̂jðxÞ ¼
Z
L

a�
mðn � xÞ _jðnÞdn ð33Þ
where a�
mðn � xÞ ¼ ð1� mÞdðn � xÞ þ ma�ðn � xÞ and d(n � x) is the Dirac delta function.

(a) Let us consider the first nonlocal formulation of softening plasticity proposed by Bažant and Lin
(1988), who replaced the plastic strain in the stress–strain law (27) by its nonlocal average
r ¼ Eð�� �̂pÞ and f ðr; rYÞ ¼ Eð�� �̂pÞ � ðr0 þ HjÞ ð34Þ

Remembering that _� ¼ _u;x, differentiating Eq. (34) with respect to time and spatial coordinate x, and using
the linearized equation of motion (Eq. (10)), we obtain
Eð _u;xx � _̂j;xÞ ¼ q _u;tt ð35Þ

Starting from an initial uniform plastic strain state, the loading–unloading condition (Eq. (28)) requires
that
_f ¼ E _u;x � E _̂j � H _j ¼ 0 ð36Þ

Substituting the harmonic wave solutions in Eq. (31) and their partial derivatives with respect to x and t

into Eqs. (35) and (36), we obtain the following system of two equations
ðEk2 � qx2Þ _u0 þ Eik 1� mþ m
‘
AðkÞ

h i
_j0

n o
eiðkx�xtÞ ¼ 0 ð37Þ

Eik _u0 � E 1� mþ m
‘
AðkÞ

� 
þ H

h i
_j0

n o
eiðkx�xtÞ ¼ 0 ð38Þ
For L ! 1, A(k) is the Fourier transform of the weighting function a(z), Eq. (18) (Bažant and Chang,
1984). Eqs. (37) and (38) must be verified at every point x and for every instant t. Since this is a homoge-
neous linear system of two equations for _u0 and _j0, the solution differs from the trivial one only if the deter-
minant of the coefficient matrix is equal to zero, i.e.,
�EHk2 þ qx2 H þ E 1� mþ m
‘
AðkÞ

� h i
¼ 0 ð39Þ
This equation implies that no wave number k makes the phase velocity to vanish, i.e., cp = x/k = 0. Con-
sequently the harmonic waves are non-dissipative and the constitutive model is unable to reproduce the
localization band due to the softening. Therefore, for each value of the parameter m the plasticity model
with the average of the plastic strain is not able to restore the well-posedness of the problem when the
softening occurs. This plasticity model was already analyzed by Bažant and Jirásek (2002), who concluded
that this nonlocal formulation exhibit locking at a later stage of softening process.
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(b) Consider now a simple over-nonlocal integral-type plasticity model, in which the plastic variable is
replaced by its over-nonlocal counterpart in the current yield stress. The constitutive relations are given by
r ¼ Eð�� �pÞ and rY ¼ r0 þ H ĵ ð40Þ
Jirásek and Rolsoven (2003) called Eq. (40) the basic nonlocal plasticity model. Differentiating Eq. (27) with
respect to time and spatial coordinate x and using the linearized equation of motion (Eq. (10)), we obtain
Eð _u;xx � _j;xÞ ¼ q _u;tt ð41Þ
Starting from an initial uniform plastic strain state, the loading–unloading condition (Eq. (28)) requires
that
_f ¼ E _u;x � E _j � H _̂j ¼ 0 ð42Þ
Substituting the harmonic wave solutions of Eq. (31) and their partial derivatives with respect to x and t

into Eqs. (41) and (42), we obtain the following system of two equations
ðEk2 � qx2Þ _u0 þ Eik _j0
� �

eiðkx�xtÞ ¼ 0 ð43Þ

Eik _u0 � E þ H 1� mþ m
‘
AðkÞ

� h i
_j0

n o
eiðkx�xtÞ ¼ 0 ð44Þ
The previous expressions, Eqs. (43) and (44), defines a homogeneous linear system of two equations for _u0
and _j0, and its solution differs from the trivial one only if the determinant of the coefficient matrix is equal
to zero, i.e.,
� E þ H 1� mþ m
‘
AðkÞ

� h i
Ek2 � qx2
� �

þ E2k2 ¼ 0 ð45Þ
For statics (x ! 0), Eq. (45) becomes
1� mþ m
‘
AðkÞ

h i
EHk2 ¼ 0 ð46Þ
The harmonic wave perturbations about the initial state, Eq. (31), do not remain homogeneous if Eq. (46) is
satisfied. Thus we look for bifurcation points. Let us consider the Gauss weight function, Eq. (4),

a(z) = exp(�pz2/‘2), such that a(0) = 1 and
Rþ1
�1 aðzÞdz ¼ ‘. Noting that

Rþ1
�1 expð�z2Þdz ¼

ffiffiffi
p

p
, Eq. (18)

gives the Fourier transform AðkÞ ¼ ‘e�k2‘2=4p. Substituting this value of A(k) into Eq. (46), we search for
the value of k = kcr for which Eq. (46) can be satisfied for k50;
kcr ¼
2
ffiffiffi
p

p

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

m
m� 1

� r
ð47Þ
The corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ ‘
ffiffiffi
p

p
ln

m
m� 1

� h i�1=2
ð48Þ
Note that for m ! 0, or for ‘! 0 (the local strain-softening model), the critical wavelength kcr tends to
zero, i.e., the strain localizes into a point. In the case of standard nonlocality, m = 1, the first term in
Eqs. (45) and (46) is always non-zero for each value of k. This implies that the waves are non-dissipative:
the shape of an arbitrary loading wave cannot change to a stationary wave representing the localization
band. For m 6 1, the critical wavelength (48), which measures the localization band, is not defined and,
consequently, the strain localizes into a point, like in a local formulation. On the other hand, for m > 1
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there exist some values of k, given by Eq. (47), which satisfy Eqs. (45) and (46) implying a finite dimension
for the localization zone given by Eq. (48). As we can see from Eqs. (47) and (48), we obtain the same re-
sults of Section 3: Eqs. (25) and (26) plotted in Fig. 3 with ‘ = 25 mm for a softening model with strain-
dependent yield limit. The previous localization analysis reveals that the basic nonlocal plasticity model,
in which the plastic softening parameter is replaced by its nonlocal counterpart, provides a finite localiza-
tion band if and only if an over-nonlocal averaging is used.
In a dispersion analysis of the plasticity model, we substitute the over-nonlocal average in the stress–

strain relation and in the current yield stress (r ¼ Eð�� �̂pÞ and rY ¼ r0 þ H ĵ). This leads to the same re-
sults as obtained in Eqs. (47) and (48).
(c) The reduction of the resulting yield stress in ductile materials is mainly due to the growth and coa-

lescence of voids. The void growth leads to a reduction of the effective area which results into an overall
softening (decrease of the nominal yield stress). Because the growth of defects is a damage process, this phe-
nomenon is referred to as ductile damage. In this section, a plasticity model motivated by the concept of
ductile damage, proposed by Geers, Engelen and coworkers (Geers et al., 2001; Engelen et al., 2003), will
be considered in an over-nonlocal integral-type version. Recently, an extension to large deformations of the
ductile damage model has been presented (Geers et al., 2003; Geers, 2004). This feature is of practical rel-
evance for the application of such model to, e.g., metallic materials. This model is characterized by the
softening–hardening law written in the multiplicative format, in which the yield function in the one-dimen-
sional case is given by
f ðr; j; ĵÞ ¼ jrj � ½1� xpðĵÞ�ðr0 þ hjÞ ð49Þ

where the plastic modulus h is a positive constant. In the yield function (49), the current yield stress is defined
by two terms: the term r0 + hj which represent the linear plastic hardening of the bulk material and the term
1 � xp which reduces the yield stress for the growth of damage in the material. An important feature is that
while the hardening is governed by the local cumulative plastic strain, the softening is driven by the nonlocal
cumulative plastic strain. The essential component of the ductile damage model is the hardening–softening
law written in the multiplicative format (Eq. (49)), which differs from the hardening–softening law of
Eq. (28) written in an additive format. A linear dependence of xp on ĵ is given by a piecewise linear law
xpðĵÞ ¼
0 if ĵ 6 ji
ĵ � ji

jf � ji
if ji 6 ĵ 6 jf

1 if ĵ P jf

8><>: ð50Þ
where ji is a material parameter which characterizes the damage threshold and jf is a material parameter
which specifies the plastic deformation at failure (i.e., at zero yield stress). For this kind of over-nonlocal
ductile damage model, Eqs. (41) and (42) are written as
Eð _u;xx � _j;xÞ ¼ q _u;tt ð51Þ

_f ¼ E _u;x � E _j � ð1� xpÞh _j þ ðr0 þ hj0Þ _xp ¼ 0 ð52Þ
Localization takes place only in the softening range, in which, for ji 6 ĵ 6 jf , we have
xp ¼
j0 � ji

jf � ji
and _xp ¼

_̂j
jf � ji

ð53Þ
Using Eqs. (51)–(53) and starting from a uniform initial state (�(x) = �0 = const and ĵðxÞ ¼ jðxÞ ¼
j0 ¼ const.), the system of two equations that characterizes the localization problem is now given by
ðEk2 � qx2Þ _u0 þ Eik _j0
� �

eiðkx�xtÞ ¼ 0 ð54Þ
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Eik _u0 þ �E � jf � j0
jf � ji

hþ r0 � hj0
jf � ji

1� mþ m
‘
AðkÞ

� � �
_j0

� 	
eiðkx�xtÞ ¼ 0 ð55Þ
Setting the determinant of the coefficient matrix equal to zero, we get
� jf � j0
jf � ji

hþ r0 � hj0
jf � ji

1� mþ m
‘
AðkÞ

� � �
Ek2 � qx2
� �

þ Eqx2 ¼ 0 ð56Þ
In statics (x ! 0), Eq. (56) becomes
� jf � j0
jf � ji

hþ r0 þ hj0
jf � ji

1� mþ m
‘
AðkÞ

� � �
Ek2 ¼ 0 ð57Þ
As done in the foregoing for other plasticity models, first we substitute the value of AðkÞ ¼ ‘e�k2‘2=4p into
Eq. (57), and then we search for the value of the critical wave number (k5 0) for which Eq. (57) can be
satisfied
kcr ¼
2
ffiffiffi
p

p

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

m
hðjf � j0Þ=ðr0 þ hj0Þ þ m� 1

� �s
ð58Þ
The corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ ‘
ffiffiffi
p

p
ln

m
hðjf � j0Þ=ðr0 þ hj0Þ þ m� 1

� �� ��1=2
ð59Þ
Note that for m ! 0, or for ‘ ! 0 (local strain-softening model), the critical wavelength kcr tends to zero,
i.e., the strain localizes in a point. For each value of the parameter m, in particular for m = 1 (standard
nonlocality), the critical wavelength, which measures the localization band, is well defined and, conse-
quently, the strain localizes into a band with a finite dimension which is plotted in Fig. 5 for different values
of the initial softening parameter j0 (assuming ji = 0.0001, jf = 0.01, h = 102 MPa, r0 = 2 MPa and
‘ = 25 mm). Another important feature of this nonlocal plasticity model is that the critical wavelength
in Eq. (59) is a decreasing function of the softening parameter j0. Thus, the width of the localization band
tends to reduce to zero as the softening parameter increases (kcr ! 0 for j0 ! jf and m = 1), i.e., there is
convergence to a discrete crack. Note that this important feature happens only for the standard nonlocality
(m = 1). We may conclude that the ductile damage model proposed by Geers, Engelen and coworkers in the
integral-type nonlocal version provides a full regularization of the softening problem even for the standard
nonlocal formulation with m = 1. Thus, only the basic nonlocal plasticity model with m > 1 and the non-
local (with m = 1) ductile damage model of Geers, Engelen and coworkers seem to be able to describe cor-
rectly the localization problem due to the softening. Our conclusions confirm in a simple way the earlier
results of Jirásek and Rolsoven (2003) and Rolshoven (2003) obtained by using a different approach for
the one-dimensional analysis.
Consider now the class of thermodynamically based nonlocal plasticity models with internal variables

(Nilson, 1997; Svedberg and Runesson, 1998; Borino et al., 1999). Upon specifying a suitable expression
for the free energy density and for the energy dissipation density, one can construct a mechanical consti-
tutive theory. The nonlocal generalization of plasticity models of this class follows from the assumption
that the free energy density depends not only on the local value of the state variables but also on their non-
local average. Models of this class are characterized by the so-called dual averaging, in which the dual
averaging operator differs from the original one only in the order of arguments of the weight function a
(cf. Bažant and Jirásek, 2002; Jirásek and Rolsoven, 2003). Therefore the models of this class (Nilson,
1997; Svedberg and Runesson, 1998; Borino et al., 1999) can be easily brought again within the realm of
plasticity models considered in the foregoing (see for details Rolshoven, 2003).
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5. Localization analysis of nonlocal damage model

Following the approach of Pijaudier-Cabot and Benallal (1993), let us now analyze the localization of an
over-nonlocal version of the scalar continuous damage model proposed by Pijaudier-Cabot and Bažant
(1987) and studied by Bažant and Pijaudier-Cabot (1988). The constitutive relation in one-dimension
and the loading function are
r ¼ ð1� dÞE� f ðbY ; dÞ ¼ Z bY
0

F ðzÞdz� d ð60Þ
where d is the damage variable, function F defines the damage evolution, and bY is the over-nonlocal aver-
age of the energy release rate;
bY ðxÞ ¼ Z
V

a�
mðn � xÞY ðnÞdn Y ðxÞ ¼ 1

2
E�ðxÞ2 ð61Þ
In the case of associated damage, the evolution of the damage variable is controlled by the conditions:
_d P 0 f 6 0 _df ¼ 0 ð62Þ

Using the same approach as in Section 3, (Eqs. (10)–(17)), the loading consistency condition for damage
(Eq. (60)) requires
_f ðbY ; dÞ ¼ F ðbY Þ _bY � _d ¼ 0 ð63Þ

Assuming an initial state of uniform damage and uniform strain field, i.e., �̂ðxÞ ¼ �ðxÞ ¼ �0 ¼ const. and
d(x) = d0 = const., we differentiate Eq. (60) with respect to time and obtain the rate constitutive relation:
_r ¼ ð1� d0ÞE _�� _dE�0 ð64Þ
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Obtaining the rate of the damage variable from Eq. (63) and substituting it into Eq. (64), we have
_r ¼ ð1� d0ÞE_�� E�0F ðbY Þ _bY ¼ ð1� d0ÞE_�� E2�20F ðbY Þ Z
L

a�
mðn � xÞ_�ðnÞdn ð65Þ
This equation applies to all the volume. Differentiating it with respect to x and using Eq. (10), we obtain the
following equation of motion
ð1� d0ÞE _u;xx � E2�20F ðbY Þ o

ox

Z
L

a�
mðn � xÞ_�ðnÞdn ¼ q _u;tt ð66Þ
Consider now a harmonic wave perturbation of frequency x and wave number k propagating through an
infinite bar (Eq. (12)). Substituting Eq. (12) into Eq. (66), we obtain:
ð1� d0ÞEk2 � E2�20F ðbY Þk2 1� mþ m
‘
AðkÞ

� 
� qx2

n o
_u0eiðkx�xtÞ ¼ 0 ð67Þ
A non-zero (non-trivial) solution exists only if the braced term vanishes, which yields
x2 ¼ k2
E
q

1� d0 � E�20F ðbY Þ 1� mþ m
‘
AðkÞ

� h i
ð68Þ
Consider the same constitutive law and the same parameters as Pijaudier-Cabot and Benallal (1993);
F ðbY Þ ¼ b1 þ 2b2ðbY � Y 0Þ

1þ b1ðbY � Y 0Þ þ b2ðbY � Y 0Þ2
h i2 ð69Þ
where b1 = 605 MPa�1, b2 = 54,200 MPa�2, Y0 = 60 · 10�6 MPa, E = 32,000 MPa and m = 0.2. Because

we assumed an infinite body and a uniform initial state, we have bY ¼ Y ¼ 1
2
E�20 and d0 ¼

RbY
0
F ðzÞdz. Using

AðkÞ ¼ ‘e�k2‘2=4p, the critical wave number kcr that makes the phase velocity and the angular frequency van-
ish (cp = x = 0) is
kcr ¼
2
ffiffiffi
p

p

‘
ln

mE�20F ðbY Þ
1� d0 þ ðm� 1ÞE�20F ðbY Þ

 !" #1=2
ð70Þ
and the corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ ‘
ffiffiffi
p

p
ln

mE�20F ðbY Þ
1� d0 þ ðm� 1ÞE�20F ðbY Þ

 !" #�1=2
ð71Þ
Fig. 6 shows the plot of the critical wave number kcr and the critical wavelength kcr for two different values
of the initial uniform strain �0. Because, in the case of standard nonlocality (m = 1), the critical wavelength
is well defined, the nonlocal damage model does not necessitate an over-nonlocal formulation. The stan-
dard nonlocality suffices to correct the problems of local softening for a damage model with the average
of the damage energy release rate. Moreover, the critical wavelength of Eq. (71) goes to zero upon complete
failure which means that the localization band converges to a discrete crack, as also shown by Peerlings
et al., 1996a,b.
The same dispersion analysis, obtaining the same result, can be carried out when the loading function

(Eq. (60)) is made to depend on the over-nonlocal average of strain:
f ðY ð�̂Þ; dÞ ¼
Z Y ð�̂Þ

0

F ðzÞdz� d ð72Þ
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6. Gradient-type model derived from over-nonlocal integral-type model

Instead of introducing strong nonlocality through spatial interaction, one can impose weak nonlocality
by introducing first or higher-order gradients into the constitutive relations. The gradient-type models can
be considered as differential approximation of the integral-type nonlocal models. This correspondence helps
to explain the role of the over-nonlocal parameter. Let the local variable f be expanded around x into the
Taylor series:
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f ðzÞ ¼ f ðxÞ þ f;xðz� xÞ þ 1

2
f;xxðz� xÞ2 þ o½ðz� xÞ2� ð73Þ
Averaging the variable f(z) through Eq. (7) and neglecting the terms of third and higher order in terms of
the distance jz � xj, we obtain:
f̂ ðxÞ ’ f ðxÞ
Z
L

a�
mðy � xÞdy þ f;x

Z
L
ðy � xÞa�

mðy � xÞdy þ 1

2
f;xx

Z
L
ðy � xÞ2a�

mðy � xÞdy ð74Þ
The weight function a(x � y) is normalized such that a(0) = 1 and
R
LaðzÞdz ¼ ‘. Moreover, in an infinite

specimen (or at points sufficiently far from the boundary of a finite specimen), the function a(x � y) de-
pends only on the distance jz � xj. In Eq. (74), due to symmetry the term

R
Lðy � xÞaðx� yÞdy vanishes

and the term
R
Lðy � xÞ2aðx� yÞdy is equal to ‘2. Consequently, the expression in Eq. (74) may be written

as
f̂ ðxÞ ¼ f ðxÞ þ m
‘2

2
f ðxÞ;xx ¼ f ðxÞ þ ‘20

2
f ðxÞ;xx ð75Þ
Therefore, the gradient-type models display a similar behavior as the nonlocal models, even though exam-
ples in literature show considerable differences in the solutions.
In the following, localization analysis will be carried out for the constitutive laws which are the same as

considered in the foregoing, except for being regularized by explicit and implicit gradient enhancement. The
explicit gradient models are those directly obtained by simply introducing in the constitutive law certain
gradient terms. They are weakly nonlocal, because only the infinitely close neighborhood of a point directly
affects the response. The implicit gradient models are those in which the constitutive law is made to depend
on a nonlocal field that is obtained as the solution of a separate differential equation (Helmholtz equation).
The implicit models are strongly nonlocal, just like the integral-type models, because a non-vanishing
neighborhood of a point directly affects the solution. Many studies have addressed the gradient enhance-
ment of plasticity model (e.g., de Borst et al., 1995) or the damage model (e.g., Peerlings et al., 1996a,b;
Askes et al., 2000; Peerlings et al., 2001; Askes and Sluys, 2002; Peerlings et al., 2002).
7. Localization analysis of an explicit gradient-type model with strain-dependent yield limit

Consider now a constitutive law in which the yield limit is a function of the total strain (Eq. (8)). The
softening now depends on the strain and its second spatial derivative. Thus, Eq. (13) is replaced by
_̂� ¼ _�þ ‘2

2
_�;xx ð76Þ
Introducing the derivative of the previous equation with respect to x, together with the linearized equation
of motion (Eq. (10)), into Eq. (15), one gets
E0e
��0=�1 1� �0

�1

� �
_u;xx þ

‘

2
_u;xxxx

� �
¼ q _u;tt ð77Þ
Substituting Eq. (12) and its partial derivatives with respect to x and t into Eq. (77), one obtains
E0e
��0=�1 1� �0

�1

� �
k2 �1þ ‘

2
k2

� �
� qx2

� 	
_u0 eiðkx�xtÞ ¼ 0 ð78Þ
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Because the expression in the braces must vanish, the angular frequency for this kind of gradient model is
x ¼ cek e��0=�1 1� �0
�1

� �
‘

2
k2 � 1

� �� �1=2
ð79Þ
where ce is the elastic propagation velocity in the bar. Therefore, the phase velocity, cp = x/k, and the
group velocity, c = x,k, are given by
cp ¼ ce e��0=�1 1� �0
�1

� �
‘

2
k2 � 1

� �� �1=2
ð80Þ

c ¼ x
k
þ cek

2 ‘

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e��0=�1ð1� �0

�1
Þ

‘
2
k2 � 1

s
ð81Þ
Because the phase velocity is a function of the wave number k (Eq. (80)), the waves are dispersive. The
phase velocity, cp = x/k, and the angular frequency are real if the wave number is such that the term under
the square root in Eq. (80) is non-negative. From this, one finds the critical wave number, kcr, which makes
the phase velocity and the angular frequency vanish (cp = x = 0):
kcr ¼
ffiffiffi
2

p

‘
ð82Þ
The corresponding critical wavelength is
kcr ¼ 2p=kcr ¼
ffiffiffi
2

p
p‘ ð83Þ
Only the harmonic waves with wavelength k 6 kcr can propagate. If k < kcr or k > kcr, we have a situation in
which an arbitrarily small disturbance _u leads to a finite change in the response and, therefore, the initial
state is not stable (in the sense of Lyapunov). So, the explicit gradient model, in which the stress in the soft-
ening region depends on the strain and its second derivative, is capable of regularizing the softening prob-
lem with a localization into a band of finite width, given by Eq. (83).
8. Localization analysis of explicit gradient-type plasticity model

This section will examine the same plasticity models as in Section 4 except that the nonlocal variable will
now be replaced by its approximation in Eq. (75). Thus, Eq. (33) is replaced by
_̂j ¼ _j þ ‘2

2
_j;xx ð84Þ
(a) First we consider the plasticity model in which the plastic strain in the stress–strain law is replaced by
the sum of the variable and its second derivative.
Assuming that all the material is initially in a softening homogeneous state, one gets from Eqs. (35) and

(36), together with Eq. (84), the following equation system
E _u;xx � _j;x �
‘2

2
_j;xxx

� �
¼ q _u;tt ð85Þ

_f ¼ E _u;x � E _j þ ‘2

2
_j;xx

� �
� H _j ¼ 0 ð86Þ
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Consider harmonic waves of frequency x and wave number k, propagating along the bar with the velocity
and cumulative plastic strain field given by Eq. (31). Substituting Eq. (31) and its partial derivatives with
respect to x and t into Eqs. (85) and (92), we obtain
Ek2 � qx2
� �

_u0 þ Eik 1� ‘2

2
k2

� �
_j0

� �
eiðkx�xtÞ ¼ 0 ð87Þ

Eik _u0 � H þ E 1� ‘2

2
k2

� �� �
_j0

� 	
eiðkx�xtÞ ¼ 0 ð88Þ
Eqs. (87) and (88) must be verified at every point x and for every instant t. Because this is a homogeneous
system of two linear equations, a non-trivial solution exists if and only if the determinant of the coefficient
matrix vanishes;
Ek2 � qx2
� �

1� ‘2

2
k2

� �
E þ H

� �
� E2k2 1� ‘2

2
k2

� �
¼ 0 ð89Þ
In statics (x = 0), we have
HEk2 ¼ 0 ð90Þ

The explicit gradient enhancement of the plasticity model (Eq. (34)) gives harmonic waves that are non-dis-
sipative. Thus the constitutive model is unable to reproduce the localization band due to the softening.
(b) Consider now the so-called basic nonlocal plasticity model (Section 4), in which the yield stress, Eq.

(28) depends on the cumulative plastic strain and its second derivative, Eq. (84). Eqs. (41) and (42), together
with Eq. (84), give the following equation system (cf. Bažant and Jirásek, 2002) and by Jirásek and Rolso-
ven, 2003):
Eð _u;xx � _j;xÞ ¼ q _u;tt ð91Þ

_f ¼ E _u;x � E _j � H _j þ ‘2

2
_j;xx

� �
¼ 0 ð92Þ
Let us analyze harmonic waves of frequency x and wave number k, in which the velocity and cumulative
plastic strain field are given by Eq. (31). Substituting Eq. (31) and its partial derivatives with respect to x

and t into Eqs. (91) and (92), we obtain
Ek2 � qx2
� �

_u0 þ Eik _j0
� �

eiðkx�xtÞ ¼ 0 ð93Þ

Eik _u0 � E þ H 1� ‘2

2
k2

� �� �
_j0

� 	
eiðkx�xtÞ ¼ 0 ð94Þ
Eqs. (93) and (94) must be satisfied at every point x and every instant t. Because this is a homogeneous
system of two linear equations, a non-trivial solution exists if and only if the determinant of the coefficient
matrix is equal to zero
Ek2 � qx2
� �

1� ‘2

2
k2

� �
H þ E

� �
� E2k2 ¼ 0 ð95Þ
In statics (x = 0), we have
1� ‘2

2
k2

� �
HEk2 ¼ 0 ð96Þ
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The perturbation does not remain homogeneous about the initial state if Eq. (96) is satisfied. So we look for
bifurcation points. The non-zero value of k = kcr that satisfies Eq. (96) is
kcr ¼
ffiffiffi
2

p

‘
ð97Þ
The corresponding critical wavelength is
kcr ¼
ffiffiffi
2

p
p‘ ð98Þ
For ‘! 0 (i.e., for a local strain-softening model), the critical wavelength kcr tends to zero, which means
that the strain localizes into a point. For ‘ > 0, the critical wavelength has always a finite real value. There-
fore, we conclude that the explicit gradient-type model is able to regularize the problem of softening
plasticity.
(c) Consider now the ductile damage model (Geers et al., 2001; Engelen et al., 2003) in which the yield

stress, Eq. (49), now depends on the cumulative plastic strain and its second derivative as expressed by Eq.
(84). For the linear softening in Eq. (50), the equation system that governs the localization problem of the
ductile damage model with implicit gradient enhancement is given by
Eð _u;xx � _j;xÞ ¼ q _u;tt ð99Þ

_f ¼ E _u;x � E _j � jf � j0
jf � ji

h _j þ r0 þ hj0
jf � ji

_j þ ‘2

2
_j;xx

� �
¼ 0 ð100Þ
If the harmonic waves of frequency x and wave number k, propagating along the bar, Eq. (31), are substi-
tuted in Eqs. (99) and (100), one obtains:
Ek2 � qx2
� �

_u0 þ Eik _j0
� �

eiðkx�xtÞ ¼ 0 ð101Þ

Eik _u0 þ �E � jf � j0
jf � ji

hþ r0 þ hj0
jf � ji

1� ‘2

2
k2

� �� �
_j0

� 	
eiðkx�xtÞ ð102Þ
The homogeneous system of two linear equations (Eqs. (101) and (102)) has a non-trivial solution if and
only if the determinant of the coefficient matrix vanishes;
Ek2 � qx2
� �

�E � jf � j0
jf � ji

hþ r0 þ hj0
jf � ji

1� ‘2

2
k2

� �� �
þ E2k2 ¼ 0 ð103Þ
In statics (x = 0), we have
� jf � j0
jf � ji

hþ r0 þ hj0
jf � ji

1� ‘2

2
k2

� �� �
Ek2 ¼ 0 ð104Þ
The non-zero value of k that satisfies Eq. (104) is
kcr ¼
ffiffiffi
2

p

‘
1� jf � j0

r0 þ hj0
h

� �1=2

ð105Þ
The corresponding critical wavelength is
kcr ¼
ffiffiffi
2

p
p‘ 1� jf � j0

r0 þ hj0
h

� ��1=2

ð106Þ
Since, for ‘ > 0, the critical wavelength always has a finite real value, the explicit gradient enhancement of
the ductile damage model is able to regularize the problem of softening plasticity. In Fig. 7 the critical
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Fig. 7. Critical wavelength versus initial softening parameter for ductile damage model: solid line for the explicit gradient enhance-
ment, dashed line for the implicit gradient enhancement and dashed-dotted line for the nonlocal integral-type formulation.
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wavelength versus the initial softening parameter j0 is plotted as the solid line. Note that the explicit gra-
dient enhancement of the ductile damage model provides a critical wavelength which does not tend to zero
at complete failure (j0 ! jf).
9. Localization analysis of implicit gradient-type plasticity models

Another important class of gradient-type models consists of the implicit gradient-type models, in which
Eq. (84) is rearranged as follows
_̂j � ‘2

2
_̂j;xx ¼ _j ð107Þ
which is the Helmholtz equation.
(a) First we consider the plasticity model in which the plastic strain in the stress–strain law is now re-

placed by the nonlocal variable obtained by the solution of Eq. (107). Two differentiations of Eq. (36) with
respect to x, together with Eq. (107), give
_̂j ¼ _j þ ‘2

2E
ðE _u;xxx � H _j;xxÞ ð108Þ
Rearranging Eqs. (35), (36) and (108), we obtain the following system of equations
E _u;xx �
‘2

2
_u;xxxx

� �
� E _j;x þ H

‘2

2
_j;xxx ¼ q _u;tt ð109Þ

_f ¼ E _u;x �
‘2

2
_u;xxx

� �
� ðH þ EÞ _j þ H

‘2

2
_j;xx ¼ 0 ð110Þ
Substituting the harmonic waves of frequency x and wave number k from Eq. (31) and its partial deriva-
tives with respect to x and t into Eqs. (109) and (110), one gets
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Ek2 � qx2 þ E
‘2

2
k4

� �
_u0 þ ik E þ H

‘2

2
k2

� �
_j0

� �
eiðkx�xtÞ ¼ 0 ð111Þ

iEk 1þ ‘2

2
k2

� �
_u0 � ðE þ H þ H

‘2

2
k2Þ _j0

� �
eiðkx�xtÞ ¼ 0 ð112Þ
The last two equations must be verified at every point x and every instant t. Since this is a system of two
homogeneous linear equations, a non-trivial solution exists if and only if the determinant of the coefficient
matrix vanishes, i.e.,
Ek2 þ E
‘2

2
k4 � qx2

� �
E þ H þ H

‘2

2
k2

� �
� Ek2 E þ H

‘2

2
k2

� �
1þ ‘2

2
k2

� �
¼ 0 ð113Þ
For statics (x = 0), Eq. (113) becomes
Ek2H 1þ ‘2

2
k2

� �
¼ 0 ð114Þ
This equation implies that there exists no non-zero critical wave number. This means that the waves are
non-dissipative. So the plasticity model with implicit gradient-type enhancement of the plastic strain is
not able to capture the localization of the harmonic wave in a band. This is the same behavior as observed
for the nonlocal (Eq. (39)) and the explicit gradient-type (Eq. (90)) formulation of this plasticity model.
(b) Consider now the basic nonlocal plasticity model (Section 4) with an implicit gradient-type enhance-

ment. Two differentiations of Eq. (42) with respect to x, together with Eq. (107), give
_̂j ¼ _j þ E‘2

2H
ð _u;xxx � _j;xxÞ ð115Þ
Rearranging Eqs. (41), (42) and (115), we obtain the following system of equations
Eð _u;xx � _j;xÞ ¼ q _u;tt ð116Þ

_f ¼ E _u;x � E _j � Hð _jÞ þ E‘2

2H
ð _u;xxx � _j;xxÞ ¼ 0 ð117Þ
Consider now harmonic wave solutions of frequency x and wave number k, with velocity and cumulative
plastic strain field given by Eq. (31). Substituting Eq. (31) and its partial derivatives with respect to x and t

into Eqs. (116) and (117), we get
Ek2 � qx2
� �

_u0 þ iEk _j0
� �

eiðkx�xtÞ ¼ 0 ð118Þ

iEk 1þ ‘2

2
k2

� �
_u0 � E þ H þ E

‘2

2
k2

� �
_j0

� �
eiðkx�xtÞ ¼ 0 ð119Þ
The last two equations must be verified at every point x and every instant t. Since this is a system of two
homogeneous linear equations, a non-trivial solution exists if and only if the determinant of the coefficient
matrix vanishes, i.e.,
Ek2 � qx2
� �

E þ H þ E
‘2

2
k2

� �
� E2k2 1þ ‘2

2
k2

� �
¼ 0 ð120Þ
For x = 0 we have
EHk2 ¼ 0 ð121Þ
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This equation implies that the phase velocity cp = x/k is not a function of the wave number. So, the waves
are non-dissipative. Therefore, the model is unable to change the shape of an arbitrary loading wave into a
stationary wave reproducing the localization band. We must conclude that the basic nonlocal plasticity
model with implicit gradient-type enhancement is unable to restore the well-posedness of the problem when
softening occurs. This means that the implicit gradient formulation of the basic nonlocal plasticity model
exhibits the same behavior as the nonlocal basic plasticity model with m = 1 (Section 4). This agrees with
the conclusions of Peerlings et al. (2001) for the damage model.
(c) Consider now the ductile damage model (Geers et al., 2001; Engelen et al., 2003), in which the yield

stress, Eq. (49), now depends on the cumulative plastic strain defined by Eq. (107). Two differentiations of
Eq. (42) with respect to x, together with Eq. (107), furnish
_̂j ¼ _j þ ‘2

2
�E _u;xxx þ E _j;xx þ

jf � j0
jf � ji

h _j;xx

� �
jf � ji

r0 þ hj0
ð122Þ
Using the linear softening given by Eq. (50), the equation system that governs the localization problem now
has the form:
Eð _u;xx � _j;xÞ ¼ q _u;tt ð123Þ

_f ¼ E _u;x � E _j � jf � j0
jf � ji

h _j þ r0 þ hj0
jf � ji

_j þ ‘2

2
E _j;xx � E _u;xxx þ

jf � j0
jf � ji

h _j;xx

� �
¼ 0 ð124Þ
If harmonic waves of frequency x and wave number k, Eq. (31), are substituted in Eqs. (123) and (124), one
gets
Ek2 � qx2
� �

_u0 þ Eik _j0
� �

eiðkx�xtÞ ¼ 0 ð125Þ

Eik 1þ ‘2

2
k2

� �
_u0 þ �E 1þ ‘2

2
k2

� �
� jf � j0

jf � ji
h 1þ ‘2

2
k2

� �
þ r0 þ hj0

jf � ji

� �
_j0

� 	
eiðkx�xtÞ ð126Þ
The homogeneous system of two linear equations (Eqs. (125) and (126)) has a non-trivial solution if and
only if the determinant of the coefficient matrix vanishes;
Ek2 � qx2
� �

�E 1þ ‘2

2
k2

� �
� jf � j0

jf � ji
h 1þ ‘2

2
k2

� �
þ r0 þ hj0

jf � ji

� �
þ E2k2 1þ ‘2

2
k2

� �
¼ 0 ð127Þ
In statics (x = 0), we have
� jf � j0
jf � ji

h 1þ ‘2

2
k2

� �
þ r0 þ hj0

jf � ji

� �
Ek2 ¼ 0 ð128Þ
The non-zero value of k = kcr that satisfies Eq. (128) is
kcr ¼
ffiffiffi
2

p

‘

r0 þ hj0
ðjf � j0Þh

� 1

� �1=2

ð129Þ
The corresponding critical wavelength is
kcr ¼
ffiffiffi
2

p
p‘

r0 þ hj0
ðjf � j0Þh

� 1

� ��1=2

ð130Þ
Since ‘ > 0, the critical wavelength, given by Eq. (130), always has a finite real value. This implies that the
implicit gradient enhancement of the ductile damage model achieves regularization of the problem due to
softening, as previously shown in a different way by Rolshoven (2003). In Fig. 7, the critical wavelength is
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plotted as a function of the initial softening parameter j0. The plot shows how the nonlocal integral-type
generalization of the ductile damage model exhibits the same localization properties as the implicit gradient
enhancement (dashed-dotted line and dashed line in Fig. 7). Moreover, the two critical wavelength in Eqs.
(59) and (130), which differ from that obtained for the explicit gradient enhancement, Eq. (106), ensure con-
vergence to zero upon complete failure (j0 ! jf).
10. Localization analysis of an explicit gradient-type damage model

The constitutive model considered in Section 5 is now regularized by an explicit gradient-type formula-
tion. The rate of the nonlocal energy release rate is given by
_bY ðxÞ ¼ _Y ðxÞ þ ‘2

2
_Y ðxÞ;xx ð131Þ
Using the definition of the rate of the damage energy release rate and substituting it into Eq. (131), we have
_bY ðxÞ ¼ E� _�þ ‘2

2
_�;xx

� �
ð132Þ
Then, substituting the last expression for the nonlocal rate of the damage energy release rate into Eq. (65),
we obtain the following equation of motion:
ð1� d0ÞE _u;xx � E2�20F ðbY Þ _u;xx þ
‘2

2
_u;xxxx

� �
¼ q _u;tt ð133Þ
Consider again the harmonic wave perturbation, Eq. (12), propagating through the bar. Substituting Eq.
(12) and its partial derivatives into Eq. (133), we obtain
ð1� d0ÞEk2 � E2�20F ðbY Þk2 1� ‘2

2
k2

� �
� qx2

� 	
_u0 eiðkx�xtÞ ¼ 0 ð134Þ
This equation has a non-trivial solution if and only if the braced term in Eq. (134) vanishes. This yields
x2 ¼ k2
E
q

1� d0 � E�20F ðbY Þ 1� ‘2

2
k2

� �� �
ð135Þ
The critical wave number, kcr, which makes the phase velocity and the angular frequency vanish
(cp = x = 0), is
kcr ¼
ffiffiffi
2

p

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 � 1þ E�20F ðbY Þ

E�20F ðbY Þ
s

ð136Þ
and the corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ p
ffiffiffi
2

p
‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�20F ðbY Þ

d0 � 1þ E�20F ðbY Þ
s

ð137Þ
The critical wavelength is plotted in Fig. 8 (dotted line). The behavior of the explicit gradient-type damage
model differs from the nonlocal damage model in terms of the width of the localization band (see Fig. 8).
For the complete loss of material integrity, d = 1, the explicit gradient-type model provides a finite width of
the localization band equal to p

ffiffiffi
2

p
‘.
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Fig. 8. Critical wavelength as function of the initial strain � for an explicit gradient enhanced damage model (dotted line), for an
implicit gradient enhanced model (solid line) and for a nonlocal damage model (dashed line).
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11. Localization analysis of an implicit gradient-type damage model

As before, consider again an implicit gradient-type model, in which the rate of the nonlocal energy re-
lease rate is the solution of the following Helmholtz partial differential equation
_bY ðxÞ � ‘2

2
_bY ðxÞ;xx ¼ _Y ðxÞ ð138Þ
Differentiating the condition _f ¼ 0 (in Eq. (60)) twice with respect to x, we get
_d ;xx ¼ F ðbY Þ _bY ;xx ð139Þ

Substituting _f ¼ 0 and the last equation into Eq. (138), we have
_d � ‘2

2
_d ;xx ¼ F ðbY Þ _Y ð140Þ
Then, substituting this equation into Eq. (64), we get
_r ¼ ð1� d0ÞE_�� E�0 _d ¼ ð1� d0ÞE _�� E�0 F ðbY Þ _Y þ ‘2

2
_d ;xx

� �
ð141Þ
and substituting this expression into the equation of motion (Eq. (10)), we obtain
ð1� d0ÞE _u;xx � E2�20F ðbY Þ _u;xx � E�0
‘2

2
_d ;xxx ¼ q _u;tt ð142Þ
Consider now the harmonic wave perturbation of the form:
_uðx; tÞ ¼ _u0eiðkx�xtÞ; _dðx; tÞ ¼ _d0eiðkx�xtÞ ð143Þ
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In the system of Eqs. (142) and (139), we now substitute the previous equations for the velocity field and the
damage field, obtaining
ð1� d0ÞEk2 � E2�20F ðbY Þk2 � qx2
h i

_u0 � E�0
‘2

2
ik3 _d0

� 	
eiðkx�xtÞ ¼ 0 ð144Þ

E�0F ðbY Þik _u0 � 1þ ‘2

2
k2

� �
_d0

� 	
eiðkx�xtÞ ¼ 0 ð145Þ
A non-trivial solution exists if and only if the determinant of the foregoing system of equations vanishes.
This yields
x2 ¼ k2
E
q

1� d0 � E�20F ðbY Þ þ E�20F ðbY Þ‘2k2
2þ ‘2k2

 !
ð146Þ
The critical wave number, kcr, that makes the phase velocity and the angular frequency vanish (cp = x = 0)
is
kcr ¼
ffiffiffi
2

p

‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 � 1þ E�20F ðbY Þ

1� d0

s
ð147Þ
and the corresponding critical wavelength is
kcr ¼ 2p=kcr ¼ p
ffiffiffi
2

p
‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d0

d0 � 1þ E�20F ðbY Þ
s

ð148Þ
The critical wavelength is plotted in Fig. 8 (solid line). We observe that the behaviors of the implicit-type
gradient model and the nonlocal damage model (dashed line) are similar; see Fig. 6. Both models predict a
narrowing localization band, the width of which tends to zero for d ! 1. This is not surprising because the
implicit model exhibits strong nonlocality. The same conclusion was reached by Peerlings et al. (2001) using
a different damage model.
12. Conclusions

The purpose of the paper is to show a simple analytical derivation of the localization properties of var-
ious nonlocal softening models based on linearized wave propagation analysis.

1. For a softening constitutive law in which the yield limits are functions of the total strain, the internal
length assumes a real positive value only if one adopts the nonlocal concept of Vermeer and Brinkgreve
(1994), termed here �over-nonlocal�, in which a nonlocal variable obtained by spatial averaging with non-
negative weights is multiplied by a factor m > 1, and the local variable multiplied by negative factor
1 � m is then superposed. The propagation wave velocity has a real value if and only if m > 1.

2. The localization analyses performed reveal that the effectiveness of the regularization achieved by inte-
gral-type nonlocality depends on the particular type of nonlocal plasticity model adopted. For the non-
local plasticity model, in which the plastic strain is replaced by its nonlocal average in the stress–strain
law, the harmonic waves are non-dissipative and the constitutive model is unable to reproduce the loca-
lization band due to the softening. The basic nonlocal plasticity model, in which the yield stress depends
on the nonlocal cumulative plastic strain, provides correct regularization only if the over-nonlocal
formulation is adopted. In this case, the critical wavelength, which characterizes the width of the
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localization band, has a positive real value if and only if the over-nonlocal parameter m is greater than 1.
The nonlocal integral-type ductile damage model, proposed by Geers et al. (2003) in the implicit gradi-
ent-type version, is able to give a correct localization behavior even for the standard nonlocality with
m = 1 (i.e., the critical wavelength, has positive real value also for m = 1). Thus, among the plasticity
models investigated, only the basic nonlocal plasticity model with m > 1 and the nonlocal ductile damage
model of Geers et al. (2003) are able to describe the localization due to the softening, which confirms the
conclusions already made by Jirásek and Rolsoven (2003) and by Rolshoven (2003).

3. When a nonlocal damage model is considered, the over-nonlocal approach is not needed (i.e., m = 1).
4. The localization analysis of the nonlocal integral-type models also shows that a narrowing of the critical
wavelength is obtained only for the nonlocal generalizations of the ductile damage model and the dam-
age model. This means that the width of the localization band tends to zero at complete material failure
(i.e., formation of discrete crack).

5. The analysis also clarifies the role of the over-nonlocal parameter m when the nonlocal integral-type
model is approximated by a gradient-type model. There is no difference between the nonlocal and
over-nonlocal formulations in the gradient-type models. The localization analysis of the explicit gra-
dient-type model shows that it is able to keep the problem well-posed for constitutive laws in which
the yield limit is a function of the total strain. The dispersion analysis demonstrates that the basic non-
local plasticity model, the damage model and the ductile damage model enhanced with an explicit gra-
dient formulation provide a correct regularization of the softening problem.

6. The localization analysis of the implicit gradient-type model based on the Helmoltz equation reveals that
this formulation is able to regularize the softening behavior of the damage model and the ductile damage
model, but not the basic nonlocal plasticity model. This confirms in a simple way the early results of
Askes et al. (2000), Peerlings et al. (2001, 2002), by showing that the implicit gradient-type model and
the integral-type nonlocal model behave in the same way with respect to regularization of the softening
problem.

7. The localization analysis of the gradient-type models shows that a narrowing of the localization band
(i.e., critical wavelength converging to zero upon complete failure) is obtained only for the implicit gra-
dient enhancement of the ductile damage model and the damage model. By contrast, the explicit gradient
enhancement of all the considered softening models gives a critical wavelength that does not tend to zero
at complete failure. These results confirm the earlier conclusion of Peerlings et al. (1996a,b) on the dam-
age model.
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G. Di Luzio, Z.P. Bažant / International Journal of Solids and Structures 42 (2005) 6071–6100 6099
Bažant, Z.P., 1976. Instability, ductility, and size effect in strain-softening concrete. Journal of Engineering Mechanics Division,
American Society of Civil Engineers 102 (EM2), 331–344.
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6100 G. Di Luzio, Z.P. Bažant / International Journal of Solids and Structures 42 (2005) 6071–6100
Peerlings, R.H.J., de Borst, R., Brekelmans, W.A.M., Vree, J.H.P., 1996a. Gradient-enhanced damage for quasi-brittle materials.
International Journal for Numerical Methods in Engineering 39, 3391–3403.

Peerlings, R.H.J., de Borst, R., Brekelmans, W.A.M., de Vree, J.H.P., Spee, I., 1996b. Some observations on localisation in non-local
and gradient damage models. European Journal of Mechanics A/Solids 15 (6), 937–953.

Peerlings, R.H.J., Geers, M.G.D., de Borst, R., Brekelmans, W.A.M., 2001. A critical comparison of nonlocal and gradient-enhanced
softening continua. International Journal of Solids and Structure 38, 7723–7746.

Peerlings, R.H.J., de Borst, R., Brekelmans, W.A.M., Geers, M.G.D., 2002. Localization issue in local and nonlocal continuum
approaches to fracture. European Journal of Mechanics A/Solids 21, 175–189.

Pijaudier-Cabot, G., Bažant, Z.P., 1987. Nonlocal damage theory. Journal of Engineering Mechanics, ASCE 113, 1512–1533.
Pijaudier-Cabot, G., Benallal, A., 1993. Strain localization and bifurcation in a nonlocal continuum. International Journal of Solids

and Structure 30, 1761–1775.
Planas, J., Elices, M., Guinea, G.V., 1996. Basic issue of nonlocal models: uniaxial modeling. Technical Report 96-jp03, Departamento

de Ciencia de Materiales, ETS de Ingenieros de Caminos, Universidad Politecnica de Madrid, Ciudad Universitaria sn., 28040
Madrid, Spain.

Rolshoven, S., 2003. Nonlocal plasticity models for localized failure. PhD Dissertation, Ecole Polytechinique Fédérale de Lausanne,
Switzerland.

Saouridis, C., Mazars, J., 1992. Prediction of the failure and size effect in concrete via a bi-scale damage approach. Engineering
Computations 9, 329–344.

Sluys, L.J., 1992. Wave propagation, localization and dispersion in softening solids. PhD Dissertation, TU Delft, The Netherlands.
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