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Finite Strain Tube-Squash Test of Concrete at High 
Pressures and Shear Angles up to 70 Degrees 
by Zdenek P. Bazant, Jang Jay H. Kim, and Michele Brocca 

Although the e.risting tria.rial tests and colif/lled ullia.rial-straill 
compression tests achieve lugh pressures, ther ("IIlll/ot achieve Idrge 
shear strains or deviatoric normal strains that are observed In some 
types qf (oUapse r:f structures cauSPii hy missile impact, e.rplosiolls, 
and earthquakes, or in e.[plos/ve tnjprtion (fane/lOTS. A new ~'1)(' of 
,oncrete test, called the tubp-squash test, that a,liieves, withoutfrac
turing under high pressures, enormous shear, and deviatoric strains, 
is developed. 

Tubes 76.2 and 68.5 mm ('J.() and 2.5 in.) ill diameter, with wall 
thicknesses r:f 11.22 amd 12.7 mm (0.56 and 0.50 in.), made of 
highly ductile step I alloy, are filled with ("()Ilcrpte. ,111fr mring, ther 
are squashed in a Illgh-capa,itv compressioll testing maclzine to 1/2 

their orz:i!;1nal length, jor(ing the tubes to bulge. Xormal and hlgh
strength concretes at hydrostatic pressures r:f appro.rilllateir 125 JIPa 
(i 5,680 psi) arefound to be remarkahll' dudile, rapable o.fsustainillg 
shear angles over 70 degrpes without visual/v detectahle cracks or 
VOIds, though signifi"cant distrihuted medzanlcal damage does take 
place. Tests r:f cores drilled outf/wn squas/zn/ tubes show that, '!/Ter 
such enormous df/iJr7nation, the concrPle still retains appronmatelv 
25 to 35% (!f its initial unia.rial compressioll strength and initial 
stiffness, and apprr)J"imate~v 10 to 20% (!f its lIIitial split-nl/nder 
tensile strength. 

lVhat makes the tube-squash test nUli/lIngfit! IS the developmfllt ofa 
relatively simple method (!itest results ana(vsIs that aWlds solving the 
inverse nonlinear ji'llite strain problem with jirzite elemetzts de.,pite 
high nonufl(fimnit1' (!I' the stralnji"eld. Appro.rill/ate stress-strain dia
grams ofmncrete at sitch large shear angles and stmins are obtained 
hyfi"nlte strain analysis of the middle cross sed ion utilizing the mea
sured lateral e.[pansioll, anal shortening, and bulge proji"le. Thejznde 
strain tr/anal plastiC constitutive law ~f the steel allo1' needs to be 
determinedfi"rst, and a method to do that is alsofiJrmulated. ApproJ"
imate stress-strain diagrams and Internalfrieliml angles ({concrete 
are deduced from the tE'st without making an)' h.>pothpses about its 
constitutive equation. Tests !if tubes jilled In hardened portland 
cement paste and cement mortar, as weI/lis tubes 'wlth a snug~y~fitted 
limestone insert, show similar ductilE' shear strains and residual 
strengths. A separate paper do,ulllents good agreement (!I' the present 
simplzji"ed method wlth.Jinite eleml'llt ilnalvsis. 

Keywords: concretes; ductility; strain~. 

INTRODUCTION 
In a small zone in Iront of the nose of an impacting hard mis

s'ile, concrete 'IS subjected to triaxial stress statt'S with extremely 
high hydrostatic pressurcs and undergocs extreme de\iatoric 
and shear strains far beyond thc range of strains in the material 
tests that are available in the literature for calibrating the COI1-

stitutiye relation. Finite element modeling of such impact 
events requires knowledgt, of the tinite-strain constituti\'e re
lations for such large strains. The saJlle is tnt(' of explosin' 
dri\'ing of anchors into concrete walls and, to a smaller cxtent, 
of blast effects on concrete structures. 

As has been known f,x a long time (\\'oolson 190:;), confine
ment in a steel tube makes concrete capable of plastic flow. The 
effect of confining pressure on the stress-strain curyes was 
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demonstrated by Richart et a1. (192~)). Later, many experi
ments were conducted to explore the ductile beha\"ior of COll
crete under high confJl1ing pressures; fe)r example, the classical 
standard triaxial tests by Balmer (19·HI) or Green and S\\anson 
(197.'1), or the recent tests at V/ES (1990), as \\ell as numerous 
compression tests of COllcrete columns reinfc)rced by spiral or 
ring stirrups (Burdette and I lillsdorf 1971). The importance of 
inducing high ductility of COlle rete by high confining pressures 
was cmphasized by many authors (MacGregor 191-11>; l\'ilson 
and \Yinter 1979; Park and Paula), 1~)7:;). Recently, confine
ment by glass or carbon fibers or polymer fiber composites has 
recein,d much attention (Kurt 1971>; Fardis ct al. 191-1 I; Saadat
mallesh l't OIL 19~H; Picher l't al. I 991i; Kanatharana ct al. 19~)1-I; 

and BurguC'110 et al. 19DI-I). The hydrostatic stress-strain rela
tions of COileI' de and hardened cement paste, up to record pres
sures of :2()()9 MI'a (,'lOO,OOO psi), \yere dctermined 
experimentally in confim,d uniaxial-strain compression tests 
by Bazant et al. (19I-1n). 

Various recent and ongoing finite element simulations indi
cate that strains of approximately 100% llIay occur in the case 
of impact or explosin, injcction of anchors, and soO;, in the case 
of blast. Colulllns collapsed in e~rthquakes sho\\ strains up to 
roughly 15(~o. Such strain magnitudes are tar larger than thosc 
achien,d in the experimental studies of constituti\'e equations 
that gencrally do not cxceed se\"lTal percent. TIll' current com
putational practice relies on constitutin' rdations that \\ ere 
experimentally calibrated fill- such slllall strains only. The de
gree of fictitious intuiti\'e extrapolation of these constituti\'e 
relations beyond the rangc of existing experimcntall'\'idenc(' is 
enormous. In the hydrocodes (\\'a\"e codes) used to analyze mis
sile impact, the plastic-fi-acturing constitutiw models calibrated 
by material tests with shear angles of only a fe\\ degrces arc 
used fill' de\"iatoric strains of approximately 100%. 

Aware of the problem, the analysts adjust the large-strain ex
trapolation of the constitutiy(, relation ~ccording to the llleasure
Illents on hardened structures subjected to impact or blast. 
Ho\\c\cr, because many phcnomcna and fildors intern'ne in dy
namic collapse of l'lltirl' structures, such adJustments are specu
latin, and in('\'itably quite uncertain. A simple static tl'st is 
needed that would yield comprehcnsive constitutive infiJrlllatioll 
more directly, \\'ithout too lllany extraneous influenccs present. 

The ol~jecti\es of this study are to achieH': 

I. A no\el type of experiment in which yery large pressures 
malle it possible to produce without /i-acturing de\'iatoric 
strains with shear angles up to ';0 degrees; and 

:2. A simplificd procedure by \\ hich approximatc strcss
strain relations can be deduced from the test results \\ ithout 
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having to tackle the difficult inverse prohlem of finite element 
analysis in finite strain. 
The latter objective is crucial. Without it, the former would 
make no sense. 

Achieving these two objectives would have considerable en
gineering significance. They would be useful for simulating: 1) 
impact and penetration of missiles into concrete walls; 2) blast 
and other explosion effects on concrete structures; .'3) explosive 
driving of anchors into concrete walls; and 4) complete failure 
process of highly confined concrete columns in an earthquake. 
A similar test should be useful for some problems with rock 
(e.g., the tectonic processes deep in earth mantle), and other ma
terials as well. 

It must be emphasized that the following test data e\'alua
tion is only crude and approximate. An idea of the magnitude 
of error will be obtained once the inverse problem of fitting the 
data with a finite strain finite element program is tackled. This 
is not an easy task. 

EXPERIMENTAL METHOD 
A thick-walled tube made of highly ductile steel alloy that 

can sustain strains of approximately 100% without cracking 
was filled with concrete (or cement paste or other material to 
be tested). The filled tube was then placed in a high-capacity 
testing machine and was compressed between two rigid plat
ens to approximately 50% of its original length (Fig. l(a)). In 
the process, the steel tube expanded laterally and bulged in the 
middle (Fig. I and 2). As a companion test, an empty steel tube 
was also squashed in the same manner to determine the prop
erties of the steel (Fig. 3(a)). The axial force-displacement dia
gram and the expansion of the diameter at the midlength of the 
tube during loading and unloading were measured. 

Specimens that were cut, as seen in Fig. 3(b), show the dif
ference of the internal shapes of the filled and empty tubes. The 
difference is obviously caused by the pressures that the con
crete filling applies on the tube. 

After removing the squashed tube specimens from the test
ing machine, two types of examination were conducted. Some 
specimens were cut and the surface of concrete was examined 
visually (Fig. 4). Although the possibility of attaining good 
ductility in concrete by high confining pressure has been well
known, the strain magnitude that can be attained without any 
visually observable damage is, at first, startling. Even after un
dergoing a shear angle over 70 degrees, the surface of a cut in 
concrete showed no voids or fractures (Fig. 4). 

A coring machine was used to drill out cores from the re
maining specimens in the axial direction (Fig. 5). These cylin
drical cores were then subjected either to the uniaxial 
compression test or to the Brazilian split cylinder test. The 
tests yielded the stress-strain curves, compression strength, 
and splitting tensile strength of the highly deformed concrete. 
It is remarkable that the compression strength after squashing 
was still approximately 30% of its original \·alue. 

The concept of these tube-squash tests is to use a highly duc
tile steel alloy tube of a large wall thickness, capable of providing 
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Table 1-Number of steel tubes filled with different 
material for larger-(I) and smaller-(II) diameter tubes 

Set I Set II 

Normal strength concrete 10 10 

High-strength concrete 10 10 

Cement paste - 10 

Mortar - 10 

Dry aggregate and sand - 2 

Limestone - j 

Steel tube only 5 5 

Total number of tubes 25 50 

Table 2-Mixture content of each material per dm3 * 
Cement Cement 

Content HSC NSC paste mortar 

Cement, Type I, N 4.2R 3.32 14.6 11.0 

Pea, maximum I! 4 in., N 9.53 9.31 - -

Sand, No.2, N 0.10 H.iO - 13,97 

S. Y slurry, N 1.19 - - -

Water, N 1.09 1.9i 166.3 4.71 

Superplasticizer, ems 160.0 - - -

*1 dm'l = 0.001 m~. 

extreme confining pressures, to allow the specimen to bulge as 
it is compressed, and to conduct companion tests of empty steel 
tubes to identify the finite-strain constitutive properties of the 
steeL This concept, however, would be useless if no clear and 
simple method of evaluation existed. Thus the main idea, which 
makes the tube-squash test meaningful, is how to easily extract 
useful approximate information from the observed nonuniform 
deformation of the specimen. A simplified method to do that is 
presented herein. 

Verification of the current simplified method of evaluations 
requires solving the inverse material identification problem 
with a finite-strain finite element code. This will be reported 
separately (Brocca and Bazant 1999). 

BASIC CHARACTERISTICS OF EXPERIMENTS 
Two series of tests were carried out using steel alloy tubes of 

two different diameters whose dimensions are shown in Fig. I(a). 
The tubes were made of steel alloy ASTM No. 1020. The normal 
strength concrete had a maximum aggregate size of 9.52 mm 
(0.375 in.) and an average uniaxial compression strength!; = 
41.37 MPa (6000 psi). The mixture proportions of concrete at 
casting are shown in Table 1. The high-strength concrete had a 
maximum aggregate size of9.52 mm (0.375 in.), and an average 
uniaxial compression strength!; = 86.19 MPa (12,500 psi). The 
specimens were cast and cured at room temperature in a water 
bath for 28 days, after which they were tested. 

The tests were carried out at constant rate of axial displace
ment, which was 2.54 X 10-2 mmls (0.001 in.!s). A rate higher 
than 2.54 X 10-2 mml s (0.001 in.! s) was found to be impossible 
because it caused the steel tube to crack. Twenty five specimens 
of 73.2 mm (3.0 in.) diameter and 50 specimens of 63.5 mm 
(2.5 in.) diameter were tested. The mixtures of the different 
types of material cast in the tube are listed in Table 2. The di
ameters of the cores drilled out of the specimens of the larger 
and smaller diameters were 30.5 mm (1.245 in.) and 25,4, mm 
(0.995 in.), respectively. In Series 2 (smaller diameter), two of 
the tubes tested were filled with aggregate and sand, and three 
with a snugly fitting core ofIndiana limestone. Mineralogically, 
the larger aggregates were clean P-gravels composed mostly of 
dolomite, granite, and basalt, with traces of quartz and meta
morphic rock (schist). The sand used was the normal NO.2 sand. 

581 



(.j 

R.,. 2J.~ nlm 
R.. - J8.1 mm 
h, - 14.2 mm 
", - 88.9 mm 

R.. - 19.0 mm 
R.. - 31.7S mm 
h,- 12.7 mm 
t.. - 88.9mm 

(bJ 
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FIg. i-{a) Ttst utup klare and aj/u squash-tuN Itsto/filled sptc
lmms; (b) CIIt large cllomliu 1p«lmln 111 u:huh formo.tlOn of duzgo-
1101 war band C/ln be discerned; (e) pari of squashed concrtie fill 
aft" difof'TIU:d sU11 tUM ad t:1f. und (d) squawd SPUl1llOl ufUr cor
ing out CJlmder lOmpll offill. 

Figure 2(1) shows a photograph of the compression test of 
the filled tube specimen before and after deformation. Figure 4 

sho ..... s the axial cut through a spt.ocimen of high strength con
crete squashed to 50% of its original length, Note the rear
rangement and fl attening of the aggregate pieces cau~ed by 
shortening the lube to 1/2 the length. No visual cracks or 
voids are apparent even though initially orthogonal diagonals 
have changed their angle by 70 degrees. Formation of diagonal 
shear bands can be detected in Fig. 2(b). Figure 2(C) demon
strates the integri ty of a bell-shaped end piece of a specimen of 
normal concrete deformed by sS'-lb after it has been removed 
from the deformed tube. cut normally to the axis. 

Figure 6(a) and 7 show. on the right, the diagrams of ax ial 
load \'ersus the axial displacement ~t .... een the specimen ends 
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Fig. 3-{a) Empty slu/luM btJore and ajler squash; and (b) rom
puman ofsquashedfilled and empty tuMs. 

FIg. '~Ml{TOstructurt utn all (wal cut of filltd hlgh-strtngth 
sp«imtn squashed to 50% oflnillal/tngth. 

and. on the left, the lateral displacement (i.e" the increase of di
ameter during the tubt.--squash lest) during the squash test of 
larger- and smaller-diameter tubes, respectively. For each tube
squash test, the maximum lateral displacement is continuously 
measured by a linear variable diftcrential t ransformer (L VDT), 
as shown in Fig. I(b). Both graphs also mc1ude similar test data 
for the unfilled steel tubes. The corresponding diagrams of the 
axial stress versus the axial strain and the lateral strain for the 
larger- and smaller-diameter tubes are shown in Fig, 6(b) and 
7{b), respecrively. T o a\oid the clutier of too many curves, only 
a single data set is selected from each type of smaller fllled tube 
specimens and is ploued in Fig.7(b). 

Figure 2(d) shows a squashed fllled tube of the smaller diam
eter from which 11 core has been drilled out; a hole in the remain
ing concrete is visible. For comparison tests, identical cores 
were drilled out of virgin concrete spl'cimens cast from the same 
batch of concrete. Figure 5(a) through (d) shows pairs of the 
cores extracted from normal conCrete, high-strength concrete, 
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Table 3-Compression and tension test results of 
core specimens from larger-diameter filled tube 
specimens 

Normal 
strength 
concrete 

High-
strength 
concrete 

Normal 
strength 
concrete 

High-
strength 
concrete 

L,cm 

2.4H 

2.50 

2.55 

2.58 

3.6S 

3.69 

3,70 

3.75 

3.79 

L,cm 

2.08 

2.17 

1.74 

2.67 

2.86 

2.93 

Compression 

Deformed 

Pjad , N f,', MPa 

7477 9.51 

6427 H.17 

9798 12.47 

11,449 14.56 

18,299 23.28 

18,272 23.25 

17,493 22.26 

18,863 24.00 

18,557 23.61 

Tension 

Deformed 

P.luzl. N f;, MPa 

689 O.fi(i 

240 0.22 

1619 1.87 

03278 2.46 

:3602 2.53 

2299 1.57 

Virgin 

L,cm P}nl' ~ f,',MPa 

:3.,47 29,(-),04 .'3773 

:3.92 26,305 33.+7 

3.97 25,340 .'32.24 

24,428 ,~ 1.0il 

5.:32 27,977 35.nO 

5.7G '27,595 :35,11 

5.7B ~H·,677 :ll.+O 

3.54 fi9,0.~2 87.85 

,'3.76 'j·j.,B 15 95.20 

:l.91 73,70S ~3.79 

',.03 67,075 )-)5.35 

5.52 fi9, 1 H·, HR.()+ 

5.5S 57,10i '72.67 

,1,69 60.430 76.90 

Virgin 

L,cm Pinl' N f;,MPa 

I.f)' 606'2 7.29 

l.H7 550() 5.92 

2.25 8580 7.ti5 

2.27 9910 8.76 

1.75 13,95:1 15.99 

1.80 1.r;,2H7 17.(),) 

2.80 21,0:34 15.10 

2.80 22,791 15.~)D 

cement mortar, and hardened cement paste. The deformed con
crete is on the left of each pair, and the virgin concrete is on the 
right. Figure 4 shows the axial cuts through a deformed speci
men of high-strength concrete (of Series 2) and through an un
filled steel tube. Note the damaged midsections of the deformed 
normal and high-strength concrete where the aggregates are 
flattened and layered. 

Figure 8(a) and (c) show the recorded diagrams of axial load 
versus relative displacement between the ends of specimen for 
cores of virgin and deformed material, for normal strength and 
high-strength concrete from the larger-diameter filled tube 
specimens. The corresponding axial stress normalized by the av
erage compressive strength of virgin material versus axial strain 
diagrams are shown in Fig. 8(c) and (d). Figure 9(a) exhibits the 
diagrams of load versus displacement of specimen fl)r cores of 
virgin and deformed material, for normal strength concrete, 
high-strength concrete, cement mortar, and cement paste from 
the smaller-diameter tubes. The corresponding normalized 
stress-strain diagrams are shown in Fig. 9 (b). 

For the normal and high-strength concrete cores from both 
the larger- and smaller-diameter tubes, the maximum compres
sion strength of the deformed cores is reduced to approximately 
I/S compared to the virgin cores. For the cement paste and the 
cement mortar cores from the smaller-diameter filled tubes, the 
maximum compression strengths are approximately 65 and 
25%, respectively, of the corresponding virgin core strengths. 
The initial axial stiflness is reduced in approximately the same 
ratio for all the core specimens. The results of all the compres
sion tests of cores from the larger-diameter tubes are tabulated 
in Table :3, and from the smaller-diameter tubes, in Table 40 
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l\ormal Strength COIllTl'tl' High Strength Concrete 

(a) (bl 

(c) (d) 

Cement Mortar Cement Paste 

Fig 5-Cores 0/ squashed and "'irgill lIIataial (f (a) normal 
strength roncrete; (b) hlglz-slrnzgtlz (()l1l'Tde; (i) cmmzt mortar; and 
(ei) cement paste. 

(a) 

(b) 

3500 

3000 

2500 

~ 2000 

Steel 
Tube 

~ 

" .. 1500 
;; 

~ 1::: I 
o ~._d_ia~I_~_~~A_Xi~a1_~_ 

-30 -20 -10 0 10 20 30 40 50 
Displacement (mm) .. 

~ ... .. 
= 
" :;; 4e+5 :§ 
;; 
~ 3e+5 

t5 
~ 2e+5 
-( 

" I: 1e+5 ..... .. < Oe+O ~-._R_a_d_ia,l_~ __ ,-AD_oa_I~ __ 

-0.4 -0.2 0.0 0.2 0.4 0.6 
Average Strain (mm/mm) 

Fig 6-(a) Analforce l'ersus anal and radial displacrmelltsjiJr 
larger-diameter filled tubes; (b) {lVaage true anal stress at 
midlength versus al'erage a.rial and radial strainsfor larger-diame
terfilled tuhes. 

The results of the split-cylinder Brazilian tests giving ap
proximate tensile strengths of both the yirgin and deformed 
cores taken from the larger- and smaller-diameter tilled tubes 
are gi\Oen in Table :3 and 4. respectiH,ly. Generally, the yalues 
of the splitting tensile strcngth \\'('re extremely scattered, and, 
on the an'rage, represent approximately 20 to .'30% of the ten
sile strength of the \Oirgin specimens. 

Conducting the tube-.squash tests for many diHerent thick
nesses of till' steel tube is beyond the scope of this study. Espe
cially interesting \\ ould be the large det<mnation of tubes with 
much smaller \\all thicknesses, in which the contining pressures 
are not high enough to preH,nt fj'acturing, \\'hich tal{es place al
ready at small shear angles (s('wral degrees only). Although thin 
tubes would not be expected to yield essential ne\\ ini(JfInation 
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Fig. 7-(a) Analjorce versus a:nal and radial di,placementsjor smaller-diameter filled tubes; and (b) 
average true a,L"ial stress at midlength versus axial and radial straimjor smaller-diameter ji1led tubes. 
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(c) 
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" U 
(d) 

Virgin 

0.2 

0.0 -~--------____ = 
0000(1).0075).015(1)0225).0300 

Axial Strain (mm/mm) 

Fig. 8-Axialforces zn: (a) normal; and (b) high-strength concrete 
cores versus axial displacement for cores taken from larger-diameter 
tubes, both difOrmend and virgin. Axial stresses in: (c) normal; and 
(d) high-strength concrete cores versus axial strains for cores taken 
from larger-diameter tubes, both diformed and virgin. 

on the plastic response of concrete, which is the focus of this 
study, they would yield the constitutive properties of concrete 
reduced to rubble. The rubbelized concrete would behave essen
tially as gravel and its behavior would have to be described by 
large-strain constitutive models of soil mechanics type. 

Fortunately, for the large-strain behavior of ductile steel al
loys, well-proven models exist. It is generally accepted that the 
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von Mises yield surface is adequate even at very large strains 
(e.g., the model ofJohnson and Cook [1983~). Due to this fact, 
it will suHice to calibrate the scalar hardening function of steel 
at large strains, which will be done herein by the test of the 
empty tube. 

APPROXIMATE STRESS CALCULATION WITH 
FINITE STRAIN ANALYSIS 

In finite strain experiments involving large shear deforma
tions, it seems inevitable to accept specimens that deform non
uniformly, as is the case for the present tube-squash test. 
Because of non uniformity of strain, an accurate evaluation of 
stresses and strains in the specimen is a very difficult inverse 
problem of nonlint'ar finite element analysis. The diHiculty is 
aggravated by the finiteness of strains, which means the prob
lem involves both tht' physical and geometric nonlinearities. 
By exploiting measured finite deformations, however, it is pos
sible to carry out an approximate analysis under some simpli
fying, but probably reasonable, assumptions. 

A thin circular ring element at midlt'ngth of the deformed 
tube is considered having, after deformation, a small thickness 
h. The stress and strain fields are axisymmetric in both steel 
and concrete. The authors assume the axial and circumferential 
stresses 01 and 0e! to be uniformly distributed along the radius 
within the steel part, as well as the concrete part of the element, 
and the radial stress 0.'1 to be uniform in concrete but vary lin
early with the radial coordinate r in steel (Fig. 1O(b )). The 
shear stresses in this element all vanish for h -7 0 because of 
symmetry. This means that the stresses acting on the faces of 
the ring are the principal stresses, and the strains are the prin
cipal strains. 

In finite strain theory (Malvern 1969; Ogden 1984; and Ba
zant and Cedolin 1991), the deformation gradient tensor F is de
composed as F = RU, in which If = rotation tensor; and U = 
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Table 4-Compression and tension test results of 
core specimens from smaller-diameter filled tube 
specimens 

Compression 

d 
Dd()rmed Virp;in 

I elll P"ul,:'.J f,', MPa L, elll PI;"I, N f,', MPa 
. ..:.:~' ":'44----l--,'::.)f":'; I-,-t:-:""

I 
-J.-5-.'1---t-(":';.-O-.'l -1-~:""I:"", ,0-;'-9-+~4-4-. 2-H-

Normal ".·ue) U ,-- lU 1f' 
J o~ 9·1-:52 19.41 6.05 10,6 I I ; 0.: ) 

strength I--=----=------+----l----+----+--'---+---
concrete 1-_.'3_.,_,5_+-_°_'.'1_9_1--1 __ 1 :1_._1 2_+-_(_,.(_1.'_3 -+_1_9,_I_'_C)+_S'_J._S_7_ 

J.51 17./,8 

4.00 22,H09 ·j.(j.H-1 5.D6 52, I 70 107.15 

Hip;h- 3.9H 22,H.'ll 4G.H9 5.90 51,085 104,.92 
strength I--=-------+--=-. .:.:.-..:.-..-l-~~:....-+----+--~-+---

concrete 1--_2_.9_4_+-_1 ,..:.),,_! H_0-l_4_1_.f_1.'1_t-_5_.9_C_! -+_49_,_9_.'3 "_' +_1_0_2_.5_0_ 

CeTnent 
mortar 

4.2.i 

4.24 

4.64 

4.64 

()fU), 

20.9l5 43.02 

21,426 44.0() 

19,000 

40.50 

5.96 5G,HJ9 115.R5 

29,17-1 59.92 

5.90 29,H77 

5.96 .'1O,:513 62.G'i 

,'!.9() SO,I:H) 6U!O 

4.49 S702 11.71 G.O.'3 .'3.'3,8(-)7 09.:),0 
Cement I--=--------+-=----=---~+--..:....-=---~+--=---~---+-~-+---

4.50 1.'3,91 S 2R.57 5.96 ,'U-;,22k /.1-.1{) 
paste 

11,079 22.75 G.OS .'31 ,616 64.93 

Tension 

DetrJrmed Virp;in 

L, Clll Pjlul, N I/, MPa L, nn 

2 . .'3R .'32(, 1 .'1.4H 2.0.'3 gOO, 11.:32 

Normal 2.4.'3 .'345 I .'1.6 I 2.0:, HI 26 1O.(W 
strenp;th I---=-------+-----=----l----+----I---+---

concrete 1-.~2.:.:. 2..:.H_+----=~-=,..:.1..:.9 -+ __ ..:.2 . ..:.7..:.1_1-_2_.6..:.'4_+--_1 ~:....) ,_O_H(_l +-1 1_.f_,8_ 

'2.66 1(),9'77 10.52 

2.0H 7201 H.H4 20,H7H 2+.,1 
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'2.G:; 9065 H.73 2.18 

strength 1.92 6870 9.29 2.7t3 25,'17:1 
concrete 1--1-.G-6-+---1-"1'-9-()-I--

6
-.
9
-
1
-+--

2
-. S-4-+--2c-:-j ,-2(-)2-1--

2
-

3
-.-

10
-, -

23.H·1 

2.64 H962 H.o'i 

2.13 1:3 . .'17 2.44 13,583 15Rl 

Cement 1--=2..:. .. _"_+--_I.:....r,,_o_0-_' +_1."_' ._49_+--_~_'._22_+-I-.'3'--,2-0-6-+-1-5.-I-R-
mortar 2.1<1 1.0, I H5 16.09 2.62 15.HHS 15.44 

2.,1 16,070 17.02 2.61 16,,60 16.29 

1.56 79.'57 1:3.02 2.19 15.12 

Cement 1 __ l~.2=-.4~-l-_-~,H-=5-=9_1-..:.16=-·.-=14..:.-..+--_2_._IH_-l-_I_4'--,S_6_,-+_1_7._0_,_ 
paste 71:H ].1..96 2.4H 14,.'lH9 14.77 

2.G2 10,719 10.42 2.,~Q If;,HOH 17.00 

tensor characterizing the deformation and called the right
stretch tensor. It is further convenient to decompose the defor
mation into its volumetric and deviatoric components. This is 
done in finite strain theory by a multiplicative decomposition U 
= Un Ur , in which Un, Ur are the right-stretch tensors for the 
separate deviatoric and volumetric det()rmations (an additive 
decomposition can be introduced as a good approximation [Ba
zant 1996J; however, it is not needed it for the present purpose.) 

In the symmetrically deforming ring that has been introduced 
(Fig. lO(a)), there is no rotation, i.e., R = I ami F = U. Therefore, 
and because the axes II' '['Q, and Xg shown in Fig. lO(a) are the 
principal axes (representing the axial direction of the cylinder 
and the tangential and radial directions of the circular wall) 

F u 
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Fig. 9-Axial forces in (aJ norma~ and (6) high-strength concrete 
cores versus axial displacementJor cores takenJrom smaller-dzameter 
tubes, both dtiformed and virgin. Axial stresses in (c) normal, and (d) 
high-strength concrete cores versus axial strains Jar cores taken Jrom 
smaller-diameter tubes, both difOrmed and virgin. 

in which AI' Ae, and A, = principal stretches in the directions of 
XI' I Q, and X9 (i.e., the ratios of the deformed length to the initial 
length ofa material segment), and A = .1 1

/
3,.1= AI A2 A:l where 

.1 = detF = Jacobian of the deformation. 

The work of stresses on the deformations of a material ele
ment of an initially unit volume may be written as 
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(a) 

"'0 hll 

R, 

(b) 

b;,-j 
~ 

a, 

Fig. lo--(a) ,Volations and mordlnates used in analysis; and (b) 
stress distributions considered in analvsis. . 

Herein, a,(i = 1,2,:3) are the components of the Cauchy (true) 
stress tensor with respect to the \'ertical, circumferential, and 
radial coordinate axes .fr They represent the forces acting on 
an element of a current unit \'olume cut out from the deformed 
material. (A"A"a l), (A.,Ala"), and (A1A"a,,) represent the forces 
acting on an element that was a unit element before the def(lr
mation, haying enlarged the areas of its unit faces from 1 to 
A"A,;, A,;A l, and AlA". The last expression in Eq. (2) is C011\'e
nient because the subscripts 1, 2, and 3 are separated in each 
term. Therefore, it is expedient to introduce as a measure of 
strain as the Hencky strain (also called the logarithmic strain, 
recently discussed in Kazant 1991-1). Its principal values are y, 
= InA, (1 = 1,2,3), and its volumetric component is Yv = InA = 
(In .1)1 S = (Yl + Y" + Y:Y:3. The deviatoric Hencky strains may 
be defined as YD, = In(A/A) = Y,- Yv Jcri are the principal values 
of what is known as the Kirchhoff stress tensor. 

The stresses and strains in the concrete element will be la
beled by superscript C, and those in the steel element will have 
no labels. The stress-strain relations must be written in terms 
of conjugate strains and stresses, i.e., stress and strain mea
sures that, together, give the correct expression for work rf7, as 
in Eq. (2). As is well-known and confirmed by Eq. (2), this may 
be achieved by writing the stress-strain relation as a relation 
between the logarithmic strain and the Kirchhoff stress (this is 
possible because there is no rotation; if there was rotation, a 
more general approach would be needed). The steel can be de
scribed by Hencky's total strain theory of plasticity. Thus, in 
view of material isotropy, one may write the stress-strain rela
tion fl)r the steel alloy in the form 

in which 
K,G 

,3 
fI. av 

Yv = 3K' (3) 

bulk and share elastic moduli (for small 
strains); 
A)A2A3 = .land a r = (a) + a2 + (3)/3; 

aD, = a,-a/"; 
a,; aD,(z = 1,2,:3) = the volumetric component and deviatoric 

components ofthe Cauchy (true) stress sensor; 
suitable plastic hardening parameter; and 
function that describes plast~ hardening, 
such thatf(o) = 1 if: initially, yP= o. 

The deviatoric (or isochoric) stretch tensor U may be decom
posed into its elastic part UeD and plastic part U~ while the vol
umetric stretch tensor [71' is purely elastic, and needs no 
decomposition. Because A, = (A/A~)A~ = (A/A~) (Ai IA)A, the 
following can be written 
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F U (4) 

o 0 

A2/A~ 0 

o A3/A3 

in which Ue = total elastic stretch tensor. For Hencky strain, 
the elastic-plastic decomposition is additive, y, = InA, = InA; + 
InA; = yf + Y,e. 

The plastic hardening of metals may be assumed to be gov
erned by the second invariant JQ of the deviatoric stress or 
strain tensor. The latter is found to give more reasonable re
sults for the present problem. Therefore, the hardening param
eter is considered as the so-called plastic strain intensity (an 
invariant) that is generalized to finite Hencky strain, as follows 

(5) 

in which the plastic Hencky strains yf = In A; are calculated as 

PI' e e (I 1) 1 . Y· = nfl.·-y·, y. = -+- av+-a· (z = 123) (6) 
, '" 9K 2G 2G " " 

Combining the volumetric and deviatoric stress-strain rela
tions (Eq. (3)), the total stress-strain relations for the steel may 
be written as Fl = 0, F Q = 0, and F,] = 0 where 

(7) 

F2 [(J.... +f(Y
P

)) a + 
9K 3G 2 

(8) 

[(J.... +f(YP)) a + 
9K 3G 3 

(9) 

The strategy in evaluating the stresses in concrete is to first 
calculate the approximate stresses in steel and then obtain the 
approximate stresses in concrete from equilibrium conditions, 
avoiding any hypothesis about the constitutive relations for 
concrete. The constitutive properties of the steel need to be 
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eyaluated in adyance from the squash test of an empty tube, 
which was analyzed tlrst. 

The circumferential stretch in the steel is approximately 
characterized by the stretch of the middle circle of the wall 
(Fig. II(a) through (d)), Aq = [(R, + R2 )/2]/iJR,o + RQy2] 
where R I , R2 = inner and outer radii of the deformed ring, and 
subscript 0 labels the initial undeformed values. The circum
ferential and radial stretches satis(y the geometric conditions 
F, = 0 and F., = 0 where 

and h., = R20 - R]o = initial wall thickness. 
The evolution of the inner and outer radii of the deformed 

tube at midlength R] and R2 is needed in the previous equa
tions. During the test, only the variation of RQ as a function of 
L was measured. The initial value R,o and the flllal value R" of 
R, were abo measured. It is asslimed that R, grows from its ini
tial value to its final value linearly with R2 

(11) 

The axial equilibrium condition of the ring provides the 
equation Fij = 0 in which 

(12) 

where P =, applied axial force (negative for compression). On 
the inner surface of the tube, the radial normal stress must be 
equal to the internal pressure p. 

The locations of the resultants of the axial compressive 
stresses 0", in all the horizontal cross sections of the tube form 
the compression line. Initially, this line is straight and passes 
through clements in Fig. II(b) because the axial stress is initially 
uniform. But when the tube bulges, bending moments may de
velop, causing the axial stress distribution throughout the 
thickness of tube to become nonunif(lrm and the resultant to 
move away from the centroid. Thus, the compression line may 
become curved, but with a different curvature than the outer 
surface. Approximately, it may be assumed as a parabolic are, 
of rise <5 in the middle (Fig. l(a)). The curvature of the arc is K 
= s<51 If Due to this curvature, there is a distributed radial 
force Pr = KO"I(R2 - R,) that must be balanced by the hoop 
stresses 0"2' 

To formulate the radial force equilibrium condition of the 
ring element, a small angular sector ofthe ring of central angle d<jJ 
(Fig. II(a) and (b)) and height dJ.· are considered. Summing the 
radial (outward) components of all the forces on the ring sector, 
pR]drdclf - 20"c(dclf/2)(RQ - R])dr + prC(R, + RQ)/2]dxdclf = o. 
After substitutions for Pr and K, one achieves the condition 
F, = 0 where 

(IS) 

where 0"] = average axial stress in the cross section, and p = 
pressure on the inner surface of the deformed steel tube, which 
is zero if the tube is empty. The term with K may be regarded 
as the nonlinear geometric effect of buckling of the wall due to 
the axial t()rce. 

There seems to he no simple way to estimate the curvature 1(. 

Therefore, K may be considered as an unknown in the analysis 
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Fig. ii-(aJ Axial; and (b) circumftrential stresses acting on ring 
element rif squashed steel tube at midlength; (c) initial; and (d) 
d~formed configurations ~r jilled tube, showing change of angle of 
two inztially orthoKonal diaKonals; and (e) relation rif shear anKle to 
length changes corresponding to principle stretches. 

of the empty tube, and the K-yalues obtained may be used later 
in the analysis of the filled tube (however, the values ofK in the 
computations appeared to be very small, not larger than the 
perceived error of the analysis, and so they were neglected in 
the analysis of the tilled tube; i.e., K'" 0). 

The radial normal stress in an internally pressurized tuhe 
may vary across the thickness approximately linearly. This 
means that, for the tube tilled hy concrete, the equilibrium con
dition at the inner surface may be approximated as 20".'l = -p or 
PH = 0 where 

(14) 

and 0"3 = radial stress at midthickness. 
One might wonder whether Eq. (1 s) should not involve the 

stresses refEHed to the initial un deformed contlguration (Ba
zant and Cedolin, Chapter 11), such as Biot stresses that are ob
tained by rotating the stresses S] = AQAsO"], SQ = AsA'O"Q' 
instead of the Cauchy stresses 0"] and 0"2' The area transforma
tions involved in the expressions for Biot stresses, however, are 
already included in Eq. (1S) by means of the deformed radii R" 
RQ and the rotations through angles Khl2 and dclf. 

1. Steel in empty tube-In this case, O"f = 0 and p = o. At each 
stage of loading, R2 and P are measured. Seven variables need 
to be solved: X, = AI' X 2 = A2, X.'l = A.~. X4 = 0"" Xc, = 0"2. Xfi = 
K, and X, = j( y Pl. The conditions F, = 0 (i = 1,,,.,7) provide a 
system of seven nonlinear equations for these seven variables. 
They can be effectively solved by the Levenberg-Marquardt it
erative nonlinear optimization algorithm, which minimizes the 
sum of squares I.,F~ = Min. Ideally, the solution should con
verge to Min = 0, which then implies that Fi = 0 for each i. Be
cause of inevitable numerical errors, Min> 0, but if it is small 
enough, the right-hand side of each equation must be small 
enough, too, and an approximate solution may thus be reached. 
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Fig. 12-Calculated stress-strain diagrams, paths in stress spaces, andfriction characteristics exhibited 
by high-strength concrete in smaller-diameter tubes. 

It would be possible to eliminate several variables and thus 
reduce the number of simultaneous nonlinear equations to 
solve. When dealing with such a small number of nonlinear 
equations, however, it poses no difficulty when this powerful 
computer algorithm is used. In practice, nothing would be 
gained by reducing the number of equations. vVhat is, however, 
important for good convergence is to supply a good initial es
timate of the solution at each loading stage. Fortunately, the 
current problem falls into a special class of nonlinear problems 
in which good estimates can be obtained by tracing the evolu
tion of response. The solution obtained in one loading step may 
be used as a good enough initial estimate of the solution for the 
next loading step, provided that the loading step is small 
enough and that the random scatter of the measurements is 
eliminated by smoothing the histories of the measured vari
ables. (Rather small loading steps are required to achieve con
vergence; in this case, 1,750 axial displacement increments 
needed to be used.) 
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After solving the histories of stresses, yP may be further 
evaluated for each stage of loading and the plot (or table) of 
f(yP) versus yPmay be constructed (Fig. 12(d)). If the plot con
tains roughness due to experimental scatter, it is suitable to 
smooth it out by a low-degree polY'2.omial. A subroutine is 
written for evaluating the functionf(yP). Alternatively, if the 
data are sufficiently smooth, interpolation from the discrete 
values may also be used in this subroutine. 

2. Filled tube test-In the tube filled by concrete, a large radial 
pressure p is applied by concrete on the inner surface of the de
formed tube. At each stage ofloading of the filled tube, P, L, 
and RQ is measured, and the inner radius RI can be approxi
mately evaluated in advance. Eight unknowns exist-six 
stretches and stresses in steel: ~I = AI' ~2 = A2'~" = As, ~+ = ai' 
~5 = a2 , ~fi = aj , the axial stress in concrete ~'; = af, and the 
pressure on the inner steel wall ~R = p. We also have eight 
equations Fi(~I'''''~s) = 0 (i = 1, ... ,8); they are Eq. (7), (8), (9), 
(10), and (IS), supplemented by the known curvature timction 
(for tbe present tests, however, k'" 0). 
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Fig. 18-(a) through (e) Calculated stress-strain diagrams exhibited during tube squash by high
strength wncrete in smaller-diameter specimens (a through e); and (f) hardening function of plastic 
strain intensity of steel callbrated by empty tube squash. 

In each loading step, the eight nonlinear equations are again 
solved by the Levenberg-Marquardt algorithm, using the solu
tion from the previous loading step as the initial estimate. The 
horizontal principal normal stresses in the concrete element in 
the center of the tube are crf = crf = -p. 

3. Stretches of concrete--After analyzing the test of the filled 
tube, one may determine the stretches of concrete at every stage 
ofloading, As an approximation, the thin horizontal slices ofthe 
concrete filling, shown in Fig. II (c), will be assumed to deform 
while keeping their cross sections plane, as in Fig. II(d). This 
might not be a very good assumption for the local strains, but 
gives good, probable estimates of the average strains in each 
slice, which is what matters most. The principal stretches in 
concrete in the lateral directions may thus be assumed roughly 
uniform throughout the cross section plane. Thus, for the slice 
at midlength (cross-hatched in Fig. II(C) and (d)) 

(15) 
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According to visual observation of an axial cut through the 
specimen, the principal stretch Al in the axial direction is dis
tributed along the axis of cylinder rather nonuniformly, with 
axial strain concentration at the midlength (Fig. II(d)), Obvi
ously, the bulging of the specimen at midlength tends to in
crease the axial strain because the material can flow to the 
sides, while at the ends, this is not possible. The approximate 
shape of the distribution of Al may be estimated from the lateral 
stretches observed. 

As a simple approximation, the hydrostatic stress cr F in 
concrete, and thus also the relative volume change A r of con
crete, may be considered to be uniform throughout the de
formed concrete filling (because the shear stresses must be 
expected to be much smaller in magnitude, as is verified by 
Fig. 13(d)). Thus, AF times the initial volume 1tRI~dx of a 
transverse slice (Fig. I I (c)) of initial thickness dx, located ini
tially at axial coordinate x (= XI) measured from the mid length, 
must be equal to the deformed volume of this slice, which may 
be written as 1tRI~1 (~) A~' (~) dx where ~ = 2x/Lo = dimension
less axial coordinate; hence 
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(16) 

The sum of the deformed thicknesses of all the slices (Fig. II (d)) 
per 1/2 of the tube length must he equal to LI2, i.e. 

Insert Eq. (16) and substitute new integration variable S f()r 
which dx = Lod S/2 and the upper integration limit corre
sponding to x = L,/2 is S= I. Thus 

(17) 

The value of this integral is best obtained numerically, e.g., by 
Simpson's integration rule. 

Further, the simplifying assumption that the change of dis
tribution of the inner radius Rlx) along the height is approxi
mately geometrically similar at all times is introduced, i.e. 

(18) 

where RI = RI(o) = inner radius at mid length, and \jI(S) is the 
same function for all stages at loading, with \jI(O) = I; \jI(S) may 
be measured on an axial cut of the specimen after the test. 

Substitution ofEq. (17) into Eq. (16) provides for the stretch 
of concrete at midlength 

(19) 

where LILa is the average axial stretch. 

4. Calculated stress-strain diagrams for concrete--The stresses 
and strains in high-strength concrete obtained by the procedure 
previously described are shown in Fig. 13 (a) through (e) and 
Fig. 12 (a) through (d). These diagrams can be used for calibrat
ing an approximate constitutive equation for concrete at high 
pressures and very la~e shear strains. Figure 13(£) shows the 
hardening functionf( Y P) for steel obtained from the analysis of 
the test of the empty steel tube. 

Note from Fig. 13(e) that the maximum shear angle exceeds 
70 degrees at the end of the test. The maximum confining pres
sure calculated at the center of the specimen is p = (J-f = af = 
51 MPa (7400 psi). This appears to be the pressure needed to 
make concrete deform in a ductile manner without fracturing, 
but is probably not the overall maximum confining pressure 
because, due to bulging of the steel wall, the radial stress dis
tribution is doubtless quite nonuniform and the sharp differ
ence in axial curvatures of the inner wall surface of the filled 
and empty steel tubes could cause the maximum confining 
pressure to occur near the wall. 

The maximum shear angle Ymax among planes of all orienta
tions (which occurs on planes rotated by ±45 degrees) is calcu
lated easily from the distortion of an initially right-angled 
equilateral triangle shown in Fig. II ( e). Its unit sides change 
according to the stretches to A] and A2 . From the figure, tan( 45 
degrees - Ymar/2) = A/A2 , and so 
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(20) 

The shear angle Y represents the change of angle between two 
initially orthogonal diagonals, shown as the dashed lines in 
Fig. II(c) and (e), which transform to the two crossing inclined 
lines, shown as solid lines (Fig. ll(d)). 

The maximum shear stress among planes of all orientations 
in concrete occurs on the plane inclined by 48 degrees and is 
't ma.T = (a 1- ( 2 )/2. The normal stress on that plane is an = (a I 
+ ( 2 )· The secant friction angle <P4'> on that plane is (tor an < 0) 
given by 

(21) 

Another measure of friction, of interest for classical Drucker
Prager type plasticity models based on stress invariants, is pro
vided by the secant friction angle <Poet on the octahedral planes, 
which is given (for a r < 0) by 

tan <P oct 
)212(a;)l3 

la ,j (22) 

The maximum secant friction angle <P among planes of all ori
entations is, according to Mohr circle of stress (Fig. 12(e)), 
given by 

sina 

Figure 13(d) shows the calculated plot of <Port and <Pmo.1 \·ersus 
InAc;, and Fig. 12 (a) and (b) show the calculated plots ohma." 

<Po> 't oct , and a r as a function oflnA ~ . 
Furthermore, Fig. 12(c) and (d) show the calculated plots of 

'tma.r versus a von the maximum shear stress plane, and of'toct 

versus avon the octahedral plane. The little steep jumps and 
loops in these plots are caused by the softening, as shown in Fig. 
I 3(a) and (b). The initial and final slopes of the plot in Fig. 12(C) 
indicate, for those planes, incremental internal friction angles of 
38 and 45 degrees for the maximum stress plane, and those in 
Fig. 12(d) indicate 50 and 61 degrees for the octahedral plane. 

Figure 12(e) shows the evolution of the maximum secant 
friction angle <P (obtained from Mohr circle) as a function of 
InA c; and of hydrostatic pressure p = -(a l + 2(2 )/3. Its max
imum and minimum values in the inelastic range are 

<Pm ax = 50 degrees, <Pmin = 30 degrees (24) 

Finally, Fig. 12(f) shows Mohr circles of the stress states dur
ing the loading process. This is not the actual Mohr envelope 
because only one loading path has been tested. 

Finite element verification of simplified method of 
evaluation 

In a parallel study to be published separately (Brocca and Ba
zant 1999), finite-strain finite element analysis was conducted to 
assess the accuracy of the current simplified evaluation of test re
sults. To model the tube at large deformations, a microplane 
constitutive model for steel (with a kinematic constraint) was 
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developed in a form that is, in the case of proportional strain
ing, equivalent to von Mises plasticity. The hardening function 
of the constitutive model on the microplanes was calibrated by 
matching the observed deformations of the steel tube. A very 
close match was achieved. 

Subsequently, the recently developed microplane model (Ba
zant et al. 1999) was adopted for concrete, and its formulation 
was extended to arbitrarily large finite strains (without crack
ing). For certain physical reasons, however, nonconjugate 
measures of finite strain tensor and Lagrangian stress tensor 
were used (namely, Green's strain tensor and back-rotated 
Cauchy stress tensor), the dissipation inequality was always 
satisfied. The material parameters of this microplane model, 
except the compression strength, were not adjusted to opti
mize the fits. Rather, their values were taken the same as deter
mined in previous calibration by triaxial, biaxial, and uniaxial 
test results. Thus, the response of concrete was predicted rath
er than optimized (Bazant et al. 19R6). In spite of that, the 
present simplified analysis of the measurements shows reason
able agreement with the finite element predictions, especially 
their final values. The largest diHerences found are shown in 
Fig. 14, but e\'en those are acceptable. For the a\'erage axial 
stress in the cross section, the a?;reement is closer. 

It may be concluded that the present simplified method of 
evaluation oflarge deformation test results \'ery likely has suf
ficient accuracy for practical purposes. It was surprising that 
the confining pressures that caused the concrete in the present 
tests to deform plastically, without any visible cracking, are 
not extremely high. They have the same order of magnitude as 
the uniaxial compression strength, although values several 
times larger were intuitively expected before the tests, These 
surprising results are verified by the finite clement analysis. 
Without the finite element verification, the present simplified 
method could not be recommended with high confIdence. 

Since the microplane model was found to correctly predict 
the behavior of plasticized concrete within the present thick 
tubes, this model may also be used to predict the behavior of 
concrete at weaker confinement, as in thinner tubes, but only 
as long as fracturing does not occur. • 

CONCLUSIONS 
I. Measuring the response of concrete at \ery large shear (or 

deviatoric) strains and pressures is feasible if a test is accepted 
in which the deformation of the specimen is highly nonuniform. 
The penalty is a more difficult, though not greatly difficult, 
identificatIOn of the constitutive relation. 

2. While the triaxial compression tests and the confined 
compression tests with uniaxial strain can achieve only high 
pressures and not large strains, the presently proposed tube
squash test can achieve very large shear angles exceeding 70 
degrees. 

3. At hydrostatic pressures 1.5 times standard uniaxial com
pression strength, the normal and high-strength concrete can 
sustain shear angles over 70 degrees without any \'isible dam
age. The uniaxial compression strength after such deformation 
drops to approximately 25 to 35% of the initial value, and the 
split-cylinder tensile strength drops to approximately 10 to 
20% of the initial value, as measured on small-diameter drilled 
cores. The Young's elastic modulus after this large deforma
tion decreases to approximately 25 to 35% of its initial value. 

4. Approximate stress-strain diagrams can be identified from 
the measured axial displacement, axial force, and change of di
ameter by simplified finite strain analysis, provided that the 
constitutive properties of the ductile steel alloy are calibrated 
by a separate large deformation squash test of an empty tube. 
The properties of steel can be approximately described by an 
isotropic Hencky total strain plasticity model formulated in 
terms of the Hencky (logarithmic) strains and Kirchhoffconju-
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and Bazant 1 ggg) (reason curves terminate at dijJerent strains is 
that the fi'nite element analysis gives a larger axial strain at steel 
surfaces at midheight that simplified anal;'sis). 

gate stresses, with a function depending on tinite strain inten
sity. The lateral confining stresses in concrete can then be 
estimated by equilibrium analysis of the middle cross section of 
the specimen. 

5. Approximate analysis of concrete behavior in the tests in
dicates that the hydrostatic pressure reaches approximately 
1.5f:, amounting to approximately 330 MPa (48,000 psi), and 
that the principal stress difference that can be sustained at 
these pressures is approximately 280 MPa (40,000 psi). At such 
pressures, the diagram of axial stress versus axial strain for 
concrete shows softening within the range 0.2 < InA c; < 0.6 

and rehardening i()r -lnA(; > 0.6. On the maximum shear 
stress planes, the secant friction angle \'aries approximately 
from 27 to 38 degrees, and the incremental friction angle from 
38 to 45 degrees. On the octahedral stress planes, the friction 
angle varies in the inelastic range from 30 to 45 degrees. The 
maximum secant angle internal friction obtained from the 
l\10hr circle varies in the inelastic range from :30 to 50 degrees. 

6. Finite-strain finite element analysis reported separately 
confirms that the present simplified method of evaluation of 
test results very likely has sufficient accuracy. 
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