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ABSTRACT: The paper analyzes the vertical penetration of a small object through a floating sea ice plate. The 
analysis takes into account the fact that the bending cracks reach only through part of the ice plate thickness 
and have a variable depth profile. The cracks are modeled according to the Rice-Levy nonlinear softening line 
spring model. The plate-crack interaction is characterized in terms of the compliance functions for the bending 
moments and normal forces in the crack plane. which are computed by an energy-based variational finite
difference method. The radial crack is divided into vertical strips, and a numerical algorithm with step-by-step 
loading is developed to calculate the vertical growth of the crack in each strip for a prescribed radial crack 
length increment. The initiation of crack strips from the surface of the plate is decided on the basis of a yield 
strength criterion with a fracture based flow rule. Systems of up to 300 nonlinear equations are solved by the 
Levenberg-Marquardt optimization algorithm. The maximum load is reached when the circumferential cracks 
begin to form. Numerical calculations. comparison of the results with test data, and a study of scaling laws are 
relegated to the companion paper, which follows in this issue. Numerical calculations show a typical quasi brittle 
size effect such that the plot of log (IN versus log h (where (IN = nominal stress at maximum load and h = plate 
thickness) is a descending curve whose slope is negligible only for h < 0.2 m and then gets gradually steeper, 
asymptotically approaching -1/2. The calculated size effect agrees with the existing test data, and contradicts 
previous plasticity solutions. 

INTRODUCTION 

Sea ice plates subjected to a vertical load applied on a small 
area from above or below typically fail by propagation of ra
dial cracks in a star pattern [Fig. l(a)]. The maximum load, 
which represents the failure load under load control conditions, 
is reached when circumferential cracks start to form (Frank
enstein 1963). 

The penetration problem is important for many operations 
in the Arctic Ocean such as airplanes landing on the ice, ve
hicles traveling on the ice, or submarines penetrating through 
the ice from below. Of particular interest is the size effect on 
the nominal strength, which governs extrapolation of small
scale laboratory tests to such field situations. 

The problem has been studied extensively for a long time 
(Bernstein 1929; Frankenstein 1963, 1966; Kerr 1975. 1996). 
Because small-scale laboratory tests show sea ice to be notch 
insensitive, the applicability of fracture mechanics to sea ice 
has been doubted for a long time. So it is not surprising that 
the penetration problem had until recently been analyzed on 
the basis of the strength criterion and plastic limit analysis 
(Kerr 1996). However. the doubts started to dissipate after 
Dempsey (1989, 1990; DeFranco and Dempsey 1990) sug
gested that this conclusion was due merely to insufficient size 
of the specimens. The applicability of fracture mechanics to 
sea ice on a large scale has recently been demonstrated by the 
in-situ experiments of Dempsey and coworkers (Adamson et 
al. 1995; Dempsey et al. 1995a,b; Dempsey 1996; Mulmule 
et al. 1995; Mulmule and Dempsey 1997). 

In the early studies. the load capacity of a floating sea ice 
plate was determined by elastic analysis coupled with the ten
sile strength criterion (Bernstein 1929). Nevel (1958) used the 
strength criterion, assuming that there is a large number of 
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radial bending cracks splitting the ice plate into small-angle 
wedges that can be treated as beams of variable cross section. 

Sea ice, however, is a quasibrittle material which, when fail
ing in tension, exhibits no plastic yield plateau but postpeak 
softening. Such behavior alone, as a matter of principle, im
plies the plasticity solutions to be unrealistic except for very 
small sizes. [For general information, see B~ant (1983, 1984, 
1993); B~ant and Planas (1998). For specific information re
garding sea ice, see B~ant and Kim (1985); B~ant and Gettu 
(1991).] From the practical viewpoint, the main limitation of 
plastic limit analysis is that it cannot capture the size effect on 
the nominal strength of the structure. Only fracture mechanics 
can do that. The size effect is not statistical (B~ant et al. 
1991), nor fractal (B~ant 1997a,b), but is caused by the fact 
that, with increasing size (plate thickness, in this case), the 
stored and subsequently released energy increases faster than 
the energy consumed and dissipated by fracture. This is caned 
the quasi brittle size effect. 

An additional reason why correct solutions must be based 
on fracture mechanics is that the maximum load is reached 
only after stable growth of large cracks. In that case, a deter
ministic size effect due to energy released by large cracks nec
essarily takes place and prevails over the statistical size effect 
of Weibull type (B~ant et al. 1991; B~ant and Planas 1998). 
If the plate failed right at crack initiation, the use of fracture 
mechanics would not be necessary and the strength criterion 
might be appropriate, provided that the stress redistribution 
due to a microcracking zone formed before attaining the max
imum load could also be neglected. In that case, which is not 
the real situation, the size effect of Wei bull type would have 
to be expected (BaZant et al. 1991; BaZant 1997a,b; BaZant 
and Chen 1997; BaZant and Planas 1998). 

Fracture mechanics has been applied to the penetration 
problem by Slepyan (1990), BaZant (1992a,b). BaZant and Li 
(1994a,b), Li and B~ant (1994), B~ant et al. (1995), and 
Dempsey et al. (1995a,b). To take the effect of the radial bend
ing cracks approximately into account, linear elastic fracture 
mechanics (LEFM) was introduced by BaZant and Li 
(1994a.b). They used Nevel's (1958) one-dimensional approx
imation to calculate the energy release caused by radial crack 
propagation. Li and B~ant (1994) carried out a two-dimen
sional analysis and formulated a method to determine the num
ber of initiating radial cracks. 

In the aforementioned studies. the radial cracks were as-
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FIG. 1. Diagram of: (a) Vertical Cross Section of Floating Sea 
Ice Plate, Crack Pattern Viewed from Top and Plate Wedge be
tween Two Adjacent Radial Cracks; (b) Half of Plate Wedge with 
Part-Through Crack Profile and Schematic Representation of 
Compression Resultant Elevation Showing Dome Effect; (c) 
Bending Moment and Normal Force Acting on Cracked Cross 
Section, and Additional Rotation and Displacement due to 
Crack; (d) Stages in Evolution of Vertical Crack Strips 

sumed to be fully opened through-cracks. However, the hori
zontal expansion that is associated with bending cracks causes 
the cracks to open through only a part of the thickness of the 
plate, as experimentally observed by Frankenstein (1963). This 
expansion induces compressive forces in the plate and thus 
engenders a dome effect, which plays an important role in 
helping to carry the vertical load [see the idealized dome shape 
in Fig. 1 (b)]. The importance of the dome effect in plates, and 
a similar effect in beams called the arching action, was rec
ognized by many authors. [Regarding concrete, see Ockleston 
(1958); Park (1964, 1965); Desayi; and Kulkarni (1977); Park 
and Gamble (1980); Black (1975); Braestrup and Morley 
(1980). Regarding floating ice, see Sodhi (1995a,b); Kerr 
(1996)]. But these studies were made under the assumption of 
plastic behavior. 

A plate with part-through cracks is actually a three-dimen
sional fracture problem. However, based on the simplifying 
idea of an embedded softening line spring, proposed by Rice 
and Levy (1972) in a study of the fracture of metal plates, the 
problem can be reduced to a two-dimensional one. Since the 
opening depth of the radial bending cracks is unknown in ad
vance, the functions defining the compliances of the line 
springs must be solved together with the plate problem. 

In the present paper, the problem will be solved by means 
of a system of integral equations based on the compliance 

functions of the floating plate wedge formed by two adjacent 
cracks. This formulation was given by BaZant et aI. (1995), 
who also incorporated the nonlinear line spring model. The 
formulation will be extended by introducing a method to cal
culate the initiation of new crack segments. In a subsequent 
paper (Bazant and Kim 1998), a numerical solution of the 
problem will be obtained using a nonlinear optimization al
gorithm. The size effect will be analyzed and the dome effect 
will be demonstrated. 

FLOATING PLATE WITH PART-THROUGH RADIAL 
CRACKS 

Consider an infinitely extending elastic plate of thickness h, 
floating on water of specific weight p [Fig. l(a)]. The water 
acts exactly as an elastic foundation of Winkler type. The dif
ferential equation of equilibrium of the plate in terms of the 
vertical downward deflection w as a function of rectangular 
coordinates x and y may be written as DV4w + pw = 0, where 
D = Eh 3/12(1 - v 2

) = cylindrical stiffness of the plate; v = 
Poisson's ratio; and E = Young's modulus. The load is as
sumed to be applied only on the boundary of the plate. 

It is convenient to introduce a length constant for the plate, 
L = (Dip) 114, called the flexural wavelength. It represents the 
length over which an end disturbance in a semiinfinite plate 
decays to e- 1 of the end value. Introducing the dimensionless 
coordinates X = xlL and Y = ylL, we may rewrite the differ
ential equation of the plate as 

( 
a2 a

2 
) (a 2w a2w) -+- -+- +w-o ax2 ay2 ax2 ay2 - (1) 

The assumption of full-through cracks, however, is realistic 
only if the parts of the plate separated by the crack can move 
freely apart. This is true for a long thermal fracture in an 
infinite ice plate (Bazant 1992a,b), or for very thin plates. In 
the present problem, the plate wedge prevents the sides of the 
crack from moving freely apart. Thus, the relative rotations 
across the crack cause the top portion of the ice plate to come 
under horizontal compression [Fig. l(a)]. The resultant of the 
in-plane compression force in the planes gets shifted above the 
midthickness. This engenders a dome effect (Fig. 2), which 
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FIG. 2. Diagram of: (a) Subdivision into Vertical Crack Strips 
for Purpose of Numerical Analysis; (b) Mesh Used for Calculat
ing Compliance Functions of Plate Wedge 
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helps to carry the vertical load. The previous fracture analyses 
of this problem, except that of Dempsey et al. (1995a,b), could 
not capture the dome effect. The compressive stress above the 
part-through crack can be high enough to cause microcracking 
damage, which is manifested by a whitening of the ice surface 
seen from above (Frankenstein 1963). The dome effect is the 
reason why the cracks reach only through a part of the thick
ness (for loading up to the maximum load; after the peak, 
some cracks may penetrate through the whole thickness). 

The partial opening of the radial cracks is a three-dimen
sional phenomenon. A detailed three-dimensional fracture me
chanics analysis would be computationally expensive, if not 
intractable. In the present analysis, the vertical cracked cross 
section of the plate is subdivided by discrete nodes into narrow 
vertical strips. In each strip, the crack is assumed to propagate 
vertically and independently of the crack propagation in the 
adjacent strips. This simplification will require us to introduce 
some rule according to which the vertical crack in each strip 
initiates from the smooth surface of the plate. In reality, the 
crack front of course propagates horizontally from one vertical 
strip to the next and no new cracks initiate. This aspect is 
neglected in the present analysis. The resulting error may be 
expected to be small if most of the crack front edge is almost 
horizontal, which is certainly true since the radial crack is 
much longer than its vertical depth. 

The weakening of the plate by a part-through crack will be 
modeled in terms of distributed nonlinear softening line 
springs, in the manner proposed by Okamura et al. (1972) and 
Rice and Levy (1972). In each infinitesimal vertical strip in 
the crack plane, the crack is assumed to grow vertically as a 
function of the bending moment and normal force in the same 
strip only, i.e., independently of the bending moments and nor
mal forces in the adjacent strips. [This approximation is similar 
to replacing the foundation on an elastic half-space with the 
Winkler foundation; e.g., Bafant and Cedolin (1991).] By vir
tue of the line spring concept, the plate with radial cracks can 
still be analyzed as a two-dimensional problem. The effect of 
partial cracking in the plate is reflected by increased compli
ance, characterized by the line springs. In previous applica
tions of the line spring concept (Rice and Levy 1972; Demp
sey et al. 1 995a,b), the shape of the depth profile of the 
part-through crack was assumed. In our approach, however, 
the depth profile will be considered as unknown and will be 
solved. 

Denote by a and e the additional in-plane circumferential 
relative displacement and relative rotation (about the radial 
ray) that is caused by the radial crack and is work-conjugate 
to N and M [Fig. l(c)]; a and e vary in an unknown way with 
the applied load and with the radial distance r. A positive 
bending moment is that which causes tension at the bottom 
surface of the plate, and a positive normal force is that which 
is tensile. According to the line spring concept 

A = AJ\N + h12M, e = h2lN + h22M 

where hlj(i, j = 1, 2) = compliances of the line springs 

I-v
2 Lb 

hi} = 2 -- k/(t)k/t) dt 
E 0 

(2) 

(3) 

k/(i = 1,2), where kJ = stress intensity factor in an infinitely 
long plate with a single-sided crack (or notch) of depth b(r), 
loaded remotely by a unit force N; and k2 = stress intensity 
factor of the same strip loaded remotely by a unit moment M. 
Approximate expressions for All and An are given by Tada et 
al. (1985). So one needs to deduce an approximate expression 
only for A12' This has been done by means of (3). 

The degree of accuracy of the line spring model was clar
ified by Kuo et al. (1995). They showed that the stress inten
sity factors obtained by the line spring model closely approach 
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those calculated by three-dimensional analysis as the ratio of 
the radial crack length to the vertical crack depth increases. 
They also showed that the stress intensity factors calculated 
by the line spring model are very accurate for part-through 
cracks for which the ratio of the radial crack length to the 
crack depth is large, which is the case for sea ice. 

The additional relative rotation e and horizontal displace
ment a calculated from (2) must be equal to the rotation and 
displacement calculated from the compliances of the plate 
wedge. This represents a crack compatibility condition that 
reads as follows: 

P " , L
a 

h21(r)N(r) + h22(r)M(r) = CMP(r) - - CMM(r, r )M(r ) dr 
n 0 

(4) 

A.J\(r)N(r) + hI2(r)M(r) = - f CNN(r, r')N(r') dr' (5) 

where n = number of radial cracks of length a; CMP(r) = ro
tation of the plate at r due to a unit P; CMM(r, r') = rotation 
of the plate at r due to a unit moment acting on the crack 
surfaces at r'; and CNN(r, r') = circumferential displacement at 
r due to a unit normal force N at r'. The negative sign in front 
of the integrals is due to the fact that a positive force on the 
crack surfaces causes the crack to close. 

The applied load P is related to the load-point displacement 
u by the equation 

u = CppP + La CPM(r)M(r) dr (6) 

where CPM(r) = CMP(r); and compliance Cpp = u caused by 
loading the plate wedge alone with P = 1. 

Due to symmetry, the compliance functions are calculated 
for a wedge plate representing one-half of the wedge between 
two radial cracks [Fig. l(b)] of length a and depth b(r); b(r) 
> 0 for ao :S r < a, and b(r) = 0 for r 2: a along the radial 
line with a crack. The possibility that the radial crack lengths 
might become unequal is not considered. 

The compliance influence functions can be discretely rep
resented by compliance matrices. They are solved numerically, 
e.g., by the finite-element method or finite-difference method. 
The integrals in (4) and (5) are then approximated by sums, 
and thus (4) and (5) yield a system of nonlinear algebraic 
equations. 

CRITERIA FOR PLASTIC AND LINEAR ELASTIC 
FRACTURE MECHANICS (LEFM) STAGES OF CRACK 
GROWTH 

In a discrete formulation with n nodes along the radial ray 
containing the crack, there are 3n + 1 unknown variables
namely, the nodal values of M, N, and b, and the applied load 
P, with the load-point displacement u being specified. Eqs. (6), 
(4), and (5) yield 2n + 1 discrete compatibility equations. To 
obtain the same number of discrete equations and unknowns, 
we need one more equation for each node. The necessary 
equation is the fracture criterion. Various types of the fracture 
criterion needed for various stages of the analysis are sche
matically represented in Fig. l(d). 

The condition for crack propagation in the LEFM stage 
[stage 3 in Fig. l(d)J may be written as 

(7) 

in which 

(8) 



and K/ = stress intensity factor; Kf = V E' Of = critical stress 
intensity factor (fracture toughness) of sea ice; Of = fracture 
energy of ice; E, v = Young's modulus and Poisson's ratio of 
ice; and E' = EI(l - v2

). 

Initially, the ice plate is elastic [stage 1 in Fig. l(d)]. The 
initiation of the vertical crack strips from the plate surface (b 
= 0) cannot be handled by LEFM. In general, one could in
troduce the cohesive crack model of Hillerborg type for the 
initiation of cracks (BaZant and Planas 1998). But that would 
be unnecessarily complicated because, as the computations 
confirm, the portion of the radial crack length in which the 
crack is in the cohesive (or plastic) state is very small, and the 
maximum depth to which a plastic crack reaches is only about 
0.02h. But when h is small (h :S 0.2 m), the plate fails by a 
punch-through cone around the circular loaded area. 

Therefore, we can adopt a simplified form of the cohesive 
crack model. We will base it on the assumption that, after 
reaching the tensile strength limit t: of ice, the crack grows 
as a plastic crack at yield limit as long as both M and N are 
below the values that correspond, according to LEFM [Fig. 
l(d)], to the values of 6 and a. Specifically, we assume in this 
simplified model that, in the plastic limit state, the stress dis
tribution consists of a constant normal stress equal to strength 
t: over the entire crack length and a linearly distributed normal 
stress across the remainder of the cross section (the ligament). 
Thus, after taking into account the horizontal and moment 
equilibrium conditions, we find that the plastic stage of the 
crack [stage 2 in Fig. l(d)] is characterized by 

(9) 

in which 

6M N 
CIM(b) = h(h + 2b)' CIN(b) = h _ b (10) 

Strictly adhering to the theory of plasticity, one would have 
to introduce for the plastic stage 2 a normality rule as the flow 
rule that determines the relation between the ratio AI a and the 
ratio MIN. However, (9) and (10) imply a different relation 
between these two ratios, namely 

A A21 + AdMIN) 
(11) 

which differs from the normality rule of plasticity. So, with 
the strict plastic formulation, the transition from the plastic 
stage 2 to the LEFM stage 3 would be very complicated. It 
would not occur for M and N simultaneously. One would have 
to distinguish various transitional stages, and if such transi
tional stages were ignored, the values of M and N would 
change from the plastic to the LEFM stage discontinuously, 
by jumps. Numerical convergence of the solution would then 
be difficult to achieve. 

To circumvent the aforementioned problem, the following 
simplifying idea is proposed: The flow rule for a plastic crack 
is defined by LEFM. This means that the ratio Ala is assumed 
to be given by (11), which is a nonassociated flow rule. With 
this expedient assumption, both M and N are guaranteed to 
transit from the plastic stage 2 to the LEFM stage 3 simulta
neously and continuously, without jumps. 

When b = 0, the limit value of the ratio in (11) for b ~ 0 
needs to be used because Ai) = 0 in that case. However, to 
avoid calculations of this limit value, the crack depth b is 
immediately extended from 0 to depth 1O-6h as soon as the 
elastically calculated stress reaches the tensile strength t: of 
ice. With this simplifying assumption, (11) never needs to be 
used, because, for b > 0, it is embedded in the compliance 
condition (3). Thus, in computations, it suffices to use the 
LEFM compatiblity equations in (4) and (5) at all times 

through stages 1,2, and 3. In stage 2, these equations are used 
in conjunction with the plastic limit state criterion in (9), and 
in stage 3 in conjunction with the LEFM criterion in (8). In 
this manner, a continuous variation of M and N from stage 2 
to stage 3 is ensured. 

The limit state conditions of plastic state and of brittle crack 
propagation in (9) and (8) may be jointly expressed as 

max[K/ - Kf,f; - CIM(b) - CIN(b)] = 0 (12) 

This criterion may be used for both stages 2 and 3. 
The plasticization of a part of the thickness of the ice plate 

is a simple approximation for damage caused by microcrack
ing. In experiments, the microcracking is visually manifested 
by whitening of the ice plate. The microcracks develop prin
cipally at the interfaces between the columnar ice crystals and 
at the voids filled by brine. 

The problem of crack initiation in the vertical strips is dif
ferent from that studied by Bazant et al. (1979), Li and BaZant 
(1994), and Li et al. (1995). The reader is also referred to 
BaZant and Cedolin (1991, section 12.6). In those studies, the 
focus was on the initial crack spacing. But here, for the vertical 
strips, the problem of their spacing does not arise. The crack 
strips open only along the same radial ray. 

Development of a large in-plane compressive force can 
cause the crack strip to unload. The unloading first causes a 
reduction of the stress intensity factor Kr below the critical 
value Kf . As long as 0 < K/ < Kf , the crack strip can neither 
grow nor shorten. This is labeled as stage 4. If the case Kr = 
o is attained, Kr cannot decrease any more and further unload
ing causes the crack surfaces to come into contact. Thus, the 
length of the opened portion of the crack strip diminishes, 
which is equivalent to negative fracture growth at K/ = O. This 
is labeled as stage 5. Stages 4 and 5 were included in the 
computer program, but in the present computations they have 
never been encountered. The crack strips were found to grow 
all the way to the maximum load. But stages 4 and 5 would 
no doubt occur in postpeak loading, and of course for unload
ing (decreasing P). Another type of unloading criterion would 
have to be programmed if the unloading were to begin from 
the plastic stage (stage 2), but this case has never been en
countered. 

NUMERICAL SOLUTION OF ICE PLATE WITH PART
THROUGH RADIAL CRACKS 

Before tackling the crack problem, the values of the com
pliances CMP(r), CMM(r, r'), and CNN(r, r') are calculated for 
the nodes i = 1, 2, ... n along the ray with the crack and are 
stored as matrices. If the load-point displacement u is speci
fied, there are 3n + 1 unknown quantities to be solved; they 
are the internal forces M(r), N(r) and the crack depths b(r) at 
the nodes of the radial ray with the crack, and the applied load 
P. These unknowns can be solved from 3n + 1 nonlinear 
algebraic equations consisting of (6), (4), (5), and (12). If the 
solution is found, the radial crack length a can be obtained 
from the location of the last node that is not in the elastic state 
(stage 1). 

The aforementioned solution procedure can be used in an 
incremental loading approach, in which the load-point dis
placement is incremented in small steps. However, this solu
tion procedure was found to converge very slowly, and the 
resulting load-deflection curves were not very smooth. The 
reason was an unsystematic representation of the radial crack 
length a, defined as the distance from the origin to the first 
node that is in the elastic state (stage 1). The main problem 
was the representation of a radial crack tip that lies somewhere 
between two nodes. The numerical model cannot capture the 
difference between the crack with a tip in the middle between 
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two nodes and the crack with a tip very close to one of the 
nodes. This causes roughness in the calculated response. 

The problem has been remedied by adopting the radial crack 
length a (or its dimensionless parameter a = a/Lo) as the con
trolled variable, instead of the displacement u. This makes it 
possible to move the tip of the radial crack, lying at distance 
a, from one node to the next in each loading step. Thus, the 
crack length a is forced to take only values compatible with 
the mesh. This approach adds the load-point displacement u 
as an additional unknown in each loading step. But at the same 
time the value of b is prescribed as 0 at one of the nodes (the 
crack tip node). So the number of unknowns remains 3n + 1. 
With this modification, the solution converges much faster and 
the computed response becomes smoother. 

The system of 3n + 1 equations, with the inequality criteria 
for the stages of all the crack strips, is highly nonlinear. An 
efficient way for solving such an equation system is the Lev
enberg-Marquardt nonlinear optimization algorithm (Leven
berg 1944; Marquardt 1963). All the equations are written such 
that the right-hand sides are zero. If an approximate solution 
is substituted, the right-hand sides are not exactly zero. The 
optimization algorithm is used to minimize the sum of the 
squares of the right-hand sides of all the equations. This sum 
cannot be negative. Ideally, if this sum could be reduced to 
zero, the right-hand side of each equation would then be also 
zero and the solution would be exact. In practice, it suffices 
to reduce the sum to a sufficiently small positive value satis
fying a specified tolerance, which ensures the right-hand sides 
of all the equations to be sufficiently small. 

Attempting to solve this equation system right away for 
some specified value of a, one would not obtain a unique and 
physically correct solution, because the sum of squares of the 
right-hand sides of nonlinear equations has typically many lo
cal minima. The correct solution can be obtained only if a 
very good initial state, close to the correct solution, can be 
supplied as the input for the start of the iterations in the next 
step. Fortunately, the present problem belongs to a special 
class of problems in which the solution can be traced in small 
steps from an initial state (in this case, a = 0) for which the 
solution is known. The solution obtained for the crack tip at 
one node is used as the input of the initial estimate of the 
solution for the start of the iterations. If the nodal spacing is 
sufficiently small, the solution for the tip at the previous node 
provides a very good estimate for starting the iterations. When 
the convergence is too slow, one needs to diminish the spacing 
of the nodes, which amounts to reducing the loading steps. 

The growth of radial cracks in a star pattern does not lead 
to a maximum load and postpeak softening. The deflection 
curve is always rising. As known from small-scale field ex
periments (Frankenstein 1963) and confirmed for thick plates 
by the present calculations, the maximum load is determined 
by the initiation of circumferential cracks [Fig. l(b)]. We as
sume these cracks to initiate anywhere along the radial crack, 
and the initiation to be decided by the strength criterion. 
Therefore, after the iterations for each step converge, the val
ues of the radial normal stresses O"rr on top of the plate are 
calculated for each node. This is done on the basis of the 
deflection curvature Wrr along the radial ray and twist angle 
Wer along the e arc (r = constant). These are calculated ap
proximately by a second-order finite-difference formula from 
the nodal deflections w. During the finite-difference calcula
tions of the elastic compliance matrices of an ice plate wedge, 
the influence matrices of the circumferential bending stresses 
are obtained as well. They include the curvatures in the radial 
direction of the wedge, Frr; the curvatures in the e direction, 
Fee; and the twist curvatures, Fen per unit value of the bending 
stress O"M and the normal stress O"N along the radial ray with 
the crack and the applied load P. Labeling the components 
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corresponding to O"M, O"N, and P by superscripts M, N, and P, 
and grouping 0" m 0" ee, and 0" 9r for all the nodes on the radial 
ray into column matrices, we have 

CTrr = F~CTM + F~CTN + F~P 

CTee = F:!CTM + F~O"N + F~P 

(13) 

(14) 

(15) 

The maximum princi al stress in the horizontal plane is 0"/ 

= [O"rr + O"rt + 40"Jr + (O"rr - O"tt)2]14. When the maximum 
value O"/max among all the nodes on the crack line reaches or 
exceeds the strength limit f:, the circumferential crack initi
ates. 

Since the maximum load is decided by the strength crite
rion, one might think that there should be no size effect. But 
this is not the case, as the computations confirm. The reason 
is that the failure occurs only as a consequence of radial crack 
growth and the strength limit is attained only when the ratio 
a = alLo reaches a certain value, which tends to a constant as 
the plate thickness h is increasing. The attainment of a certain 
relative crack length a is decided by the energy release cri
terion of fracture mechanics. Hence the size effect. 

CLOSING REMARK 

In the present paper, the method of numerical fracture anal
ysis of the problem has been formulated. The numerical cal
culations, their analysis, comparison with test results, the ques
tions of scaling, and formulation of the conclusions will be 
the subject of the companion paper (Bafant and Kim 1998), 
which follows in this issue. 
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