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Consequences of diffusion theory for shrinkage of concrete * 

ZOENEK P. BAZANT, JOONG-KOO KIM 
Center for Adranced Cement-Based Materials. Northwestern University, Evanston. Illinois 60208. USA 

The paper reriel\"s the known consequences of diffusion theory for the mathematical modelling 
of shrinkage, including the si::e dependence of drying half-time, and the initial and final 
asymptotic shapes of the time cun'es of total moisture loss, to which shrinkage is 
proportional. The mathematical arguments are extended and presented with greater 
rigour and generality than before, taking the non-linearity of the diffusion equation as 
well as ageing into accollnt. 

1. INTRODUCTION 

The evolution of drying shrinkage of concrete depends on 
the moisture diffusion out of concrete. Diffusion equation 
solutions were exploited for the description of shrinkage 
by Carlson [IJ and Pickett [2,3J, and more recent work 
established the consequences of diffusion theory for the 
drying half-time [4,5J and for the initial asymptotic shape 
of the shrinkage curve in time [6,7J, partially taking into 
account the non-linearity of the diffusion equation due to 
the dependence of diffusivity on the pore relative 
humidity. The final asymptotic shape of the shrinkage 
curve has also been discussed to some extent [6,7]. The 
purpose of this paper is to summarize the previously 
deduced consequences, extend the arguments and present 
them with greater rigour and generality, particu
larly with regard to the non-linearity of the diffusion 
equation and the effect of ageing, and derive (under 
certain simplifying assumptions) the final asymptotic 
shape of the shrinkage curves. The results will be utilized 
in a series of papers presenting a shrinkage and creep 
prediction model, which follows. 

2. GENERAL DIFFUSION FORMULATION 

The mass conservation equation and the expression for 
the diffusion flux of moisture, J, are 

cw 
-- = -div J ct J=-Cgrad H (1) 

(for one dimension div = cjcx and grad = c;cx) in which 
t = time, W = specific water content, H = relative pore 
vapour pressure (humidity) inside the specimen and C = 
permeability, which depends on H, i.e. C = C(H), as shown 
in Fig. la. The desorption isotherm is written as IV = 
g(H) = function of H (see Fig. 1 b) and from this 

cH cw 
-=kot 0 t 

(2) 

in which k = l/g'(H) = inverse slope of the desorption 
isotherm, which also depends on H, i.e. k = k(H). 
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Eliminating IV and J from Equations 1 and 2, one obtains 
the non-linear diffusion equation 

cH . 
-,- = k dlV (C grad H) 
ct 

(3) 

The initial condition at the start of drying at age to, and 
the boundary conditions for a wall of thickness D, are 

for t = to and 0::; x ::; D: 

for x = 0 or D and t> to: 

H=ho 

H=h 

(41 

(51 

where h is the given constant environmental humidity. 
From experiments it is known that the average longi .. 
tudinal shrinkage strain of a sufficiently long specimen is 
essentially proportional to the average moisture loss per 
unit volume. that is 

ESh=~ ( Ks(w-wo)dV 
V Jv (61 

in which V = volume of structure, IVo = initial specific 
moisture content before drying and K, = proportionality 
coefficient, which is considered as approximately constant 
although it depends slightly on w or H. 

The diffusion problem may be transformed to the non .. 
dimensional variables 

in which 

" x s=
D 

t - to 
r= --

rsh 

a 
_ 5 D2 

rsh - C
1 

(7) 

(8) 

Here as = constant and C1 = permeability at saturation, 
introduced for convenience. Now noting the relations 
%t=r;;/%r, o/OX=D-IO/O~, grad=D-lgrad~ and 
div = D- 1 div~, in which grad~ and div~ are the gradient 
and divergence with respect to coordinate ~, Equations 3 
to 5 are transformed to the form 

~~ = ~s k(H) div~ [C(H) grad" H] (9) 
1 

for r = 0 and 0::; ¢ ::; 1: H = ho 

for ¢ = 0 or 1 and t> to: H = h 

(101 

(III 
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Fig. 1 (a) Dependence of permeability on pore humidity, 
(b) desorption isotherm, (c) typical humidity distributions in 
a wall exposed to drying. 

The partial differential equation, Equation 9, along with 
the initial and boundary conditions in Equations 10 and 
11, represents an initial boundary-value problem that 
does not contain D and Ish: therefore its solution H(!;, I) is 
independent of D and Ish' From Equation 7, t - to = TT sh ' 

that is 

(for same H) (12) 

in which I is independent of thickness D. This proves that 
according to the diffusion theory the drying times are 
proportional to thickness-squared, even if permeability C, 
or the inverse slope of desorption isotherm k, or both, 
depend on pore humidity H (or specific water content w). 
From Equation 12 log(t-to)=log(asI/C1)+210gD, 
which means that the shrinkage curves for two sizes, DI 
and D z, are mutually horizontally shifted by distance 
2 log (Dt! D z), if plotted in the logarithmic scale of the 
drying time. 

In the foregoing derivation we ignored the dependence 
of permeability on age t of concrete. This dependence may 
be approximately described as 

in which Ca and Cp are functions and n = constant. 
Obviously the age dependence of diffusivity should cause 
the horizontal shift between two shrinkage curves to be 
larger than 210g (D I / D z); however, there may be other 
phenomena that counteract this. For example, the 
shrinkage stresses in a thicker specimen should be smaller 
since they are relaxed by creep. This means that a thicker 
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specimen should suffer less irreversible microcracking 
than a thinner specimen, and less irreversible micro
cracking means higher shrinkage, which tends to diminish 
the distance between the shrinkage curves. Other 
complicating factors are that ageing in a thicker specimen 
proceeds faster than in a thinner specimen, because a high 
humidity persists in it for a longer time. Thus it is not 
surprising that overall the test data do not seem to 
indicate any strong systematic deviation from the 
proportionality of the drying times to DZ. 

Having solved the function H(¢, I), one can integrate 
the function w(¢, I) from Equation 2. Then one can 
estimate the overall shrinkage for the case of one
dimensional diffusion in a wall as follows: 

The foregoing formulation can be easily adapted to cross
sections that are similar in two or three dimensions. It 
turns out that the size-squared dependence of the 
shrinkage times (Equations 8 and 12) remains valid. This 
is proven by the fact that the derivation of Equations 9 to 
11 is valid for the general form of the divergence and 
gradient operators (since we did not need to introduce 
their one-dimensional forms). For the cases of a cylinder 
and a sphere of diameter D, one has 

1 fDIZ 

[; h = --Z K.(w - wo)2nxdx 
5 nD 0 

f
llz 

= 0 2Ks{w - Wo)~ d¢ (cylinder) (15) 

(sphere) (16) 

Denoting as ;V the number of dimensions (1, 2, 3), we can 
write Equations 14 and 15 as one equation: 

[;sh = kll{ I/2 Ks(w - WO)C'-I d¢ 

where kll{ is a constant. 

3. CONSEQUENCES FOR INITIAL 
ASYMPTOTIC SHRINKAGE CURVE 

(17) 

At the beginning of drying, the front of drying, at a 
distance (5(1) from the surface, penetrates gradually into 
the wall. Before it meets the front of drying from the 
opposite surface, the drying process may be considered 
the same as in an infinite half-space. Furthermore, 
whether the surface is straight or curved cannot matter for 
sufficiently short drying times l because as long as b{l)« 
curvature radius R the behaviour must be the same as for 
a planar surface. Because in a half-space there is no length 
scale except the depth of penetration of drying, the pore 
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humidity profiles must be self-similar and have the form 

H-ho=f(p) 
x 

p = <5(f) (18) 1= t - to 

where <5« Dj2, <5« R. Because diffusivity C is a function of 
hand t and not of the drying time 1= t - to, C may be 
considered constant for sufficiently short drying times, 
f« to, as is clear from Equation 13. So we now consider C 
as constant. According to Equation 18 

(1 b C 1 
-=-x-~ et . <52 cp grad H = b gradp H d· 1 d· IvH=-:- IVpH 

() 

(19) 

in which gradp and divp are gradient and divergence with 
respect to coordinate p. Introducing these operators into 
Equation 3 and simplifying, we obtain the partial 
differential equation -<5bp cH/op = k divp (C gradp H), 
which may be rewritten as 

2. 2k (C ) 
C

I 
<5<5 = - p(oH/op) divp C

1 
gradp H (20) 

in which we denote C1 = C(l) = permeability at satura
tion, and the superior dot denotes the derivative with 
respect to time t. Now we notice that the left-hand side of 
Equation 20 is a function of time only, and the right-hand 
side is a function of p only. This is possible if and only if 
both sides are equal to a constant, whose value may be 
denoted as a6. This achieves separation of variables, and 
the left-hand and right-hand sides of Equation 20 yield 
the following two ordinary differential equations: 

(21 ) 

pCH +2k div (~grad H)=O 
cp a6 p C

1 
p 

(22) 

The last equation governs the humidity profile in terms of 
coordinate p, and integration of the first equation, with 
the initial condition <5 = 0 for 1 = 0, yields for the drying 
penetration depth the law 

(23) 

According to Equation 14, the overall shrinkage strain of 
a planar wall may be calculated as follows: 

in which 

2 fD!2 
csh = D 0 Ks[w(H) - wo] dx 

(5 [1/2 ( I )1/2 
=-AI-=-Ao-=-A ~ 

DDs Iili 
(24) 

Al = - I Ks{ w[ho + f(p)] - wd dp = positive constant 

Ao and As = constants, and ISh is identical to that in 
Equation 8. This proves that initially the overall 
shrinkage strain of a wall must evolve as the square root 
of drying duration, and the shrinkage half-time governing 
the initial shrinkage must be proportional to thickness 
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squared. These properties are exact in the asymptotic 
sense for f -> o. They are not spoiled by considering creep, 
because for initial shrinkage the creep times are suffi
ciently short and so creep is negligible. Note also that 
these properties are valid despite the dependence of 
diffusivity and the desorption isotherm slope on pore 
humidity. 

A calculation similar to Equation 24 can be made for 
two-dimensional and three-dimensional similarity. The 
results are the same, which also ensues from the fact that 
Equation 17 is valid for any number of dimensions and 
could have been used in Equation 24 with the same result. 

It is interesting that, according to Equation 24, the 
overall shrinkage strain initially satisfies the differential 
equation 

(25) 

where At = A; /2, i.e. the shrinkage rate declines as an 
inverse function of the shrinkage strain. 

4. CONSEQUENCES FOR FINAL ASYMPTOTIC 
SHRINKAGE CURVE 

At the end of the drying process, the humidity profiles 
approach a uniform distribution H = h = environmental 
relative humidity, as shown in Fig. Ie. They may be 
expressed in the form 

H - h = cp(t)f(~) 
, x s=

D 
(26) 

in which cp(t) = function of time,/(~) = function of ~, and 
~ = non-dimensional spatial coordinate. Noting that f = 
t- to = t[l-(to/t)] ~ t, it is clear that for long times, i.e. 
t» to, [ can be replaced by t, as done in Equation 26. 
Noting that c/ex = D- I o/e¢, i.e. div = D- I div~, grad = 
D- I grad~, where div~ and grad~ are the divergence and 
gradient operators with respect to coordinate~, we obtain 
from Equation 3 

¢f = kD- I div~ (CD-Icp grad~ f) (27) 

In contrast to the initial asymptotic curve, the final 
asymptotic curve is affected by the age dependence of 
diffusivity (Equation 13). However, it is also necessary to 
consider the fact that, in a thicker wall, a high pore 
humidity H prevails for a longer time, which causes the 
ageing (hydration) to proceed faster, which in turn causes 
the average diffusivity in a thicker wall to increase 
compared to that in a thinner wall. To account for these 
effects one may surmise that k ~ korn, where n is some 
empirical constant (n;:::: 0). Thus Equation 27 becomes 

(28) 

in which C is a function of H. Again the left-hand side is a 
function of time only while the right-hand side is a 
function of ~ only. This is possible only if both sides are 
equal to a constant, which for convenience is denoted as 
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-"I C1, where "I = constant and C1 is the reference initial 
permeability at saturation. Setting the right-hand side 
equal to this constant, one gets an ordinary differential 
equation, whose solution yields the humidity profilej(O. 
Setting the left-hand side equal to -K1 C1 and integrating, 
one has 

f d<P =_fKICI t-ndt 
<P D2 

(29) 

and evaluating the integrals under the condition that 
<P ...... 0 for t ...... en, one obtains the solution 

(30) 
in which 

i = -- D 2 /(l-n) 
(

l_n)I/O-n)1 
sh C

1 

(31) 

According to Equation 14, the difference of overall 
shrinkage 8sh of a wall from the final shrinkage 8shoc may be 
calculated as 

= <p(t) x const (32) 

and then, according to Equation 30, 

8sh - 8sh = = 80 exp [ - KI( LY -nJ (33) 

This indicates that the approach of shrinkage to its final 
value ought to be an exponential of a power function of 
time. From data fitting it appeared that the value n = 1/2 
gives reasonably good fits; however, since long-time data 
are very scattered as well as scant, this is merely a weak 
corroboration. As for the dependence of iSh on thickness, 
Equation 31 indicates that the thickness-squared rule can 
be true only for n = 0, which differs from the afore
mentioned n-value. Ifn > 0, one would get r sh ,x Dr, where 
r> 2, which would mean that the horizontal distance 
between the shrinkage curves should be increasing with 
the duration of shrinkage. Although the data show no 

RESUME 

Consequences de la theorie de diffusion pour Ie retrait du 
beton 

On considere les consequences de la theorie de diffusion 
pour fa modelisation mathematiqlle du retrait du heron, )' 
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clear evidence of that, the value n = 0 could nevertheless 
approximately hold at the end of the ageing process 
assuming that hydration came to a stop. For the sake of 
simplicity. the presently proposed formulae adhere to the 
rule r sh ex D2 for the entire shrinkage history. 

It is interesting that, according to Equation 33, the final 
asymptotic phase of shrinkage satisfies the following 
differential equation: 

(34) 

5. CONCLUSIONS 

The foregoing analysis, which takes into account the non
linearity of the diffusion equation and approximately also 
ageing while neglecting the effect of microcracking (which 
will be discussed in the subsequent paper), leads to the 
following conclusions: 

1. The shrinkage (or drying) half-time, r sh ' is propor
tional to the square of the body size (thickness), D. 

2. The initial asymptotic shrinkage time curve is 
proportional to (f/rSh)112, where 1 is the duration of drying. 

3. The final asymptotic shrinkage curve, under certain 
simplifying assumptions, should approach the final value 
of shrinkage as a decaying exponential of a power 
function of time. 
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