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ABSTRACT: The classical smeared cracking model widely used in finite-element 
analysis of concrete and rock cannot describe the size effect experimentally ob
served in brittle failures and exhibits spurious mesh sensitivity with incorrect con
vergence to zero energy dissipation at failure. The crack band model circumvents 
these deficiencies but has limitations with respect to mesh refinement. shear lock
ing on zig-zag crack bands. and directional bias of the mesh. It is shown that all 
of these problems can be avoided by a nonlocal generalization, in which the dam
age that characterizes strain softening is considered to be a function of tbe spatial 
average of the positive part of the maximum principal strain. Two alternatives are 
presented: (I) Smeared cracking whose direction is fixed when cracks start to form; 
and (2) smeared cracking whose orientation rotates with the maximum principal 
strain. Furthermore. fracture tests on specimens of various sizes arc analyzed by 
finite elements. It is shown that the model correctly reproduces the experimentally 
observed si7c effect and agrees with Ba1.anfs size effect law. Orthogonal and slanted 
meshes :Ire shown to yield approximately the same cracking zones and propagation 
dircl·tiol1s. Thl' lIIodel is easily progralllmed anti nnlll'utationally nl<lle cllkit'llt 
th;," the corrcsf"lIIding local vl'rsion. 

INTRODUCTION 

The cracking in concrete structures has widely been modeled in finite
element analysis by adjustments of material stiffness. This approach, called 
smeared cracking, was proposed by Rashid (1968), rerined by lIlany othcrs, 
and has provided good rcsults in many practical applications (Bazant 1986; 
Be Borst 1984; De Borst and Nauta 1984, 1985; "Finitc element analysis of 
rcinrorced concrctc" 1982; Hand et al. 1971; Lin and Scordclis 1975; Suidan 
and Schnob rich 1973; Yuzugullu and Schnobrich 1973). Neverthelcss, prob
lems were also encountered. In 1974, it was shown by stability analysis of 
strain softening (Bazant 1976) and dcmonstratcd numerically (Bazant and 
Cedolin 1979, 1980; Bazant and Oh 1983; Cedolin and Bazant 1980; Darwin 
1985; Dc Borst 1984) that thc classical smcarcd cracking modcl is unobjcc
tive, cxhibiting spurious mcsh sensitivity and convergence to an incorrect 
railure mode with zero energy dissipation. As a rclated dcficicncy, the nu
mcrical results obtained with gcometrically similar meshes exhibit no size 
effcct, while test results for brittlc failures of concrete structures as wcll as 
fmeture specimens show a pronounced size cffect (BaZant 1984, 1986; BaZant 
and Pfciffer 1987). As a rcmedy, Bazant proposed in 1974 a modcl (Bal.ant 
1976), latcrcallcd the crack band model (Bazant and Oh 1983, 1984). whose 
distinguishing charactcristie is that 110 finitc clcmcnt is allowcd to bccomc 
smaller than a certain charactcristic Icngth We which is a material propcrty 
and is related to the size of inhomogeneity in the matcrial. Extendcd to dc-
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scribc progrcssivc cracking charactcrizcd by gradual strain softening (Ba/,;Int 
and Oh 1()X3). thc crack hand lIIodei was showll to agrcc with all or the 
basic cxpcrimcntal data from concrctc or rock fracturc tcsting, 

An altcrnativc is to modcl concrete fractures as intcrclcmcnt line cracks, 
as proposed by Ngo and Scordclis (1967). Adapting to concrctc Dugdalc 
and Barrenblatt's ductile fracture modcl (Bazant 1986), Hillcrborg ct al. 
(Hil\erborg 1985; Hillerborg et al. 1976) recognizcd that the linc crack must 
bc endowcd with a softening cohcsion zonc ncar thc crack tip, in ordcr to 
obtain agreement with fracture test rcsults. This approach was later found 
to be essentially equivalent to the crack band model. except for the casc of 
many closely spaccd parallel fractures. Although Int- affea et al. (Ingraffca 
1985; Ingraffea ct al. 1985; Ngo and Scordelis 1967) succecdcd in imple
menting linc cracks (intcrelement cracks) in large finite-clement programs, 
this approat:h scems generally more difficult to program than the smeared 
nacking. It might also be less realistic sincc no condition on minimum ad
missiblc I:rat:k spat:ing is used in this model but appears to he required for 
objectivity. Furthcrmore, it has not bcen demonstratcd that rcmcshing with 
cxtrcme mcsh refincments at crat:k tip, as uscd in this approach, introdut:es 
no bias for the dircction of <:rat:k progagation, 

The cxisting <:rack band model ncvt:rthekss suffers with several disadvan
tages: (I) Refinement of thc mesh in whit:h thc <:rackinf WI,C width is sub
dividcd into more than one clement is not permitted, for reasons of objet:
tivity; (2) in the t:asc of zig-zag crat:k band propagation through the mesh, 
onc necds to introdut:e somc mathematical artifices to prcvcnt spurious lock
ing of the ruggcd oppositc sidcs of thc crack band (Drc!: 1987) (thc samc 
problcm cxists for shcar bands); (3) thc mcsh, typically a squarc mcsh, incv
itably introduces a ccrtain dcgrec of dircctional bias for tllC nat:k propaga
tion, favoring propagation along the mesh lincs or along the diagonals of 
the mcsh, and supprcssing propagation dircctions of small inclination with 
regard to thc mesh linc (Marchcrtas et al. 1982; Pan ct al. 1983; 1984); and 
(4) possible variations of the cracking zonc width, which would cause vari
ations in the specific energy required for propagation, cannot be taken into 
at:count (ncither can this bc done for the discrete t:rack models). 

The foregoing disadvantages can he eliminated by adopting a nonlocal 
continuum approat:h (Eringen and Edelen 1972) Whose application to strain 
softening was proposed by Bazant et al. (1984). The objcctive of the present 
study is to introduce a new, simple version of the nonlocal approach whose 
gencral idca was discovered rcccntly (Bazant ct al. 1987; Ba7.ant and Pijau
dicr-Cahot 1987, 1988; Pijaudicr-Cabot and Bazant 1986, 1987). Thc idca 
is that the nonlocal treatment should be applied only to those variables which 
cause strain softening, while the other variables, cspecially the elastic strain, 
should bc local. In this form of nonlocal approach, thc diffcrential equations 
of equilibrium with the boundary conditions retain thcir standard form, no 
extra boundary conditions necd to bc introduced, the continuity rcquirements 
for finitc elcments remain the same as for the local formulation, and spurious 
zcro-cncrgy periodic instahility modcs, which caused problems for the orig
inal nonlocal formulation (Bazant et al. 1984), do not exist. 

.!kTERNATIVE I. CRACKING OF FtXED DIRECTION 

In two dimensions. thc crack band modcl may be characterized by the 
stress-strain relation: 
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.. dare thc normal strains in which E' is the fractunng stram; E", En, an , 'V11 I d h 
2 ) and a are the nonna an scar and the shear angle ('V12 = E12; all' a22, 12 . d 

'c C C and C arc the initial clastic compliances; an stresses; 1111, 2222, 12120 '1122 . d' d Assum-
the numerical subscripts refer to thc cartesIan coor mates XI an, x.~. . , _ 

. C - I IE' C - C = v If. CPI2 -ing isotropy, we havc Cilil = 2222 - , 1m - 2211 J, • . ' 
2(1 + v) IE, in which for plane strcss E' = E, v' = v, and for plane stram 
E' = EI(I - v

2
), v' = L'/(I - v). , '. . 

The cracks arc assumed to be all parallel and norn:,al to the aXIs .\ I' . As 
the first alternative of the smeared cracking model, we mtrodu~e th.e c1ast'~ha~ 
hypothesis that, at thc time thc cracks start to form, thc ~Irectlon.o . 
. ""ks ,'I' c of the axis XI) is fixed as normal to the maXllllum pnnclpal 
CI,(, .. , d If' I t ·)t·lte strt:ss (f at that instant and remains constant afterwar s. (f~ loes no It, , 
' • , I '., I . t, tc 'Illd III that case one Up rcmains zero; however III genel a (fl n1.ly ro a " . 
m~st take into account the shear stiffness due to aggregate mt~~r1ock ~)IJ rou~~ 
nack surfaces. This is done by multiplying the s,hear compllancc C 12~2 wit. 
an ellJpirical coefficicnt 13, t:alled the shear retcntlon fa~tor '. a.s p~opos:d (fo~ 
sudden cracking) hy Schnobrich et ~1. (Hand et al. 1973,.Sul?a~ and ~~)I~~~I~s 
rich 1973; Yuzugullu and ScllIlobnch 1973) and others (LIII and Sc I . 
1(75). More real istically, the coefficient 13 could bc assumed to vary ac
cording to the rough nack model (Bazant and Gambaro.va 19~ I). 

It has been shown (Bazant and Oh 1983) that Eq. I IS eqUIvalent to thc 
equat ion: 

c,,~,;~JE::} ..................... . (2) 

o 

in which the normal stiffness Cr III in the direction normal to t.he cracks .is 
rt:duced by the coefficient I - It), where w represents what, IS kn0;V~1 III 

continuum damage mcchanics as damage and may be regarded as th~ cracked 
,.rca fraction; w = 0 corresponds to thc initial statc o~ no cracklllg (z~ro 
~Ialllage); and (0) = I corresponds to the final state of :()llIr~te cr,acklllf 
(colllpicte dalllage). Comparing Eqs. I and 2, we notc tl1.lt E - Iwe lIllie 

- w)ju". d 'b d' th ~ r 
Although in general thc evolution of damage may bc . escn.e III -= ~ ~ 

w = F(w, e), one may simply assume that. for I~on~)tontc loadl~g, (I .> 
= </l(EII) = function that characterizes the crackmg m the mat~nal: Assunll~g 
unloading and reloading to follow thc se.cant modulus (~hl~'h IS the baSIC 
hypothesis of continuum damagc mechantcs), we may wnte. 

I 
-- = </l(EII); otherwise dE = o ....... (3) 
I-w 

in which d refers to a small increment over the loa~ing step; and Em" denl~tes 
the maximum strain Ell attained in all of the precedmg steps .. Thc as~umptlOn 
of secant unloading is of coursc a simplification, and vanous refmements 
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FIG. 1. (8) Linear and (b) Exponential Strain Softening 

with more complex unloading rules may be introduced. 
A widely used assumption has been a triangular stress-strain diagram for 

uniaxial loading [Fig. I (a)]. In this case, 

<1>(ell) = I 

E Ell 
<1>(1011) = - --- ............................ (4) 

E, Eo - Ell 

<I>(EII) = 0 

in which Ep is the strain at peak stress (cracking initiation); and Eo is the 
strain when the stress is reduced to zero (full cracking). 

Recently various experimental evidence indicates that it is more realistic 
to assume a strain-softening curve with a steep initial decline followed by 
an extended tail. In that case, one may use 

<I>(EII) = I 

E 
<1>(EII) = - EllefltEII-Ep) .......................... (5) 

f: 
<I>(EII) = 0 

in which we introduce a certain critical (or maximum) strain Eer [Fig. l(b)) 
that may not be exceeded in strain softening. Our introduction of Eer differs 
from the existing practice in which the strain-softening curve has been as
sumed to approach the strain axis in a continuous descent. Recent micro
mechanics analysis of crack ligament tearing (Bazant 1987), however, in
dicated that, for strain softening, there should exist a certain maximum strain 
after which the stress-strain diagram should exhibit a snapback, i.e., revert 
to a positive slope. The value of Eer has been considered to correspond to a 
point where CTII = 0.05 CT, •• This E,., value is so large that it has never been 
reached in the present computations. 
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NONLOCAL GENERALIZATION WITH LOCAL ELASTIC STRAIN 

The nonlocal continuum is a continuum for whieh at least some variables 
are defined by spatial averaging. As discovered in Baiant and Pijaudie~
Cahot (1987, 1988) and Pijaudier-Cabot and Baiant (1987), only those van

\ abIes that cause strain softening should be considered as nonlocal. In the 
~present context, this means that the damage w should be made non local. 
This is accomplished by specifying it as a function of the average (nonlocal) 
strain, which is defined by.spatial averaging as follows: 

EII(X) = ~- ( a(s - x)(EII(s»dV = ( a'(x,s)(EII(S»dV •............. (6) 
V,(x) Jv Jv 

in which 

V,(X) = L a(s - x)dV, 
a(S - x) 

a'(x, s) = ......................... (7) 
V,(x) 

The overbar is a label for the nonlocal variables, V = volume of the entire 
hody, a(x) = given weighting function which is treated as a material prop
erty, and s = general coordinate vector [Fig. 2(b)l. V, has approximately 
hut not exactly the same meaning as the representative volume in the sta
tistical theory of heterogeneous materials. The pointed brackets ( ) denote 
the positive part of the variable; i.e. (e) = E if E > 0 and 0 if E :S O. 

The weighting function could be defined as uniform (a = l) over volume 
V, represented as a circle in two dimensions, and zero outside Yr' However, 
it has been experienced that the calculations converge better if the weighting 
function is smooth. A suitable choice is the normal (Gaussian) distribution 
function: 

a(x) = e -(kl'I/I)' ......................................•........... (8) 

in which k is a constant whose value is k = 2 for the case of two dimensions; 
Ixl 2 = x2 -I i; and I is the eharaeteristk length of the material, which may 
be interpreted as the radius of a circle on which the uniform distribution a 
= I has the same volume as the normal distribution function extending to 
infinity in the plane. . 

If the body is finite, the normal distribution function obviously extends 
beyond the boundary. This is handled by deleting the region outside the body 

0) 

s-x 
~ -

\ 

x 

FIG. 2. (8) Distributed Cracking of Single Orientation; and (b) Representative 
Volume of Material Compared to Aggregate Size 
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from the integration domain V, both for the calculation of thc average (Eq. 
6) and for the calculation of the representative volume (Eq. 7). This fact 
causes V, to depend on location x. 

In finite-element calculations, the integrals in Eqs. 6 and 7 are approxi
mately evaluated as finite sums over all the integration points of all thc cle
ments in the structure. However, the integration points whosc distances from 
the point x exceed approximately 21 may be omitted since for them the value 
of IX is negligible. 

In preliminary calculations, Eq. 6 did not involve the symbol ( ), i.e., the 
averaging was made dircctly over w rather than over (Ell)' However, this 
had to be abandoned since w docs not grow for ell > Eo, which meant that 
the average of.w could never attain full damage (w = I) unless the damage 
was the same In all of the clements. Therefore, the non local damage w is 
considered to be a function of the nonlocal normal stmin Ell, i.e., 

(I - W)-I = q,(EII) ......... '" '" ................................ (9) 

The nonlocal constitutive equation with local strain takes the form: 

{
Ell} _ [CIIII~(1 - w) 
E22 - (2211 

~12 0 c,,~J E:}···················· (1(1) o 

In matrix fonn, Eq. 10 may be written as a' = D'E' in which J)' = C' I 

and C' = compliance matrix, referring to the local coordinate axes which 
are set to lie normal to the maximum principal strain direction when the 
strain softening begins. In finite-element programs, Eq. 10 must of course 
be trans.fomlcd to the global coordinatcs, taking the form a = DE. in which 
D = T1D'T and T = rotation matrix. 

In each loading step, the finite-clement calculations utilize the direct stiff
ness iteration (secant method) and proceed according to the following al
gorithm: 

1. First we assemble the global secant stiffness matrix K using, for every 
finite element, the Jlonlocal material l"omplianl'c matrix C' (Eq. J(I) which was 
obtained either in the preceding step (for the first iteration of this step) or in the 
previous iteration (for the subsequent iterations). In the first loading step, C' is 
the elastic compliance matrix of the material. Considering the load and displace
ment increments prescribed for this loading step, we solve the column matrix 
~u of the nodal displacement im!rements and calculatc u,o" = u' + tUi where F 
and I are the labels for thc initial und final values in the loa. ing step. Then we 
calculate Ef for all of the integration points of all finite elements. For euch in
tegration point we check whether cracking (damage) has started. If not, we cal
eulate for this point the local coordinate direction x; (angle (X) as the dircction 
of the maximum principal strain E~I' Otherwise we keep the old direction x;. 
Then we transform EF into E'f for the locul coordinute. 

2. With the help of a spatial averaging subroutine which approximates the 
integrals in Eqs. 6 and 7 by finite sums over the integration points, we calculate 
the nonlocal principal strains E~I and evaluate (l - 00)-1 for all of the integration 
points of all elements (Eq. 9). Then we update matrices C' and D' and calculate 
the final stresses, a't" = D'E'f. This yields for cach integration point of each 
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FIG. 3. Adjustment of Stress State (from point A to point B) to Stress-Strain 
Curve. as Implemented In Iteration of Loading Step 

clcmcnt the stress state corresponding to point B in Fig. 3 (in which point A 
shows the stress state based on the initial C' for this step). This stress state now 
satisfies the constitutive equations exactly but is not exactly in equilibrium with 
the loads because ~u was solved in step 1 on the basis of the old C' rather than 
the newly calculated C' (the initial equilibrium state is shown as point A in Fig. 
3). Then we ealeulate the equivalent nodal forces fE from a'F according to the 

. R R F 
principle of virtual work and evaluate the reSidual nodal forces r as r = r 
- r f . where rF arc the applied final nodal forces. 

3. If the ratio ~lfRI/~I~ is not less than a certain prescribed tolerance (for 
which the value 0.5% was used), then we return to step I and start the next 
iteration of this loading step. Otherwise we start at step I the first iteration of 
the next loading step. 

ALTERNATIVE II. NON LOCAL MODEL WITH ROTATING 

SMEARED CRACKS 

The practice of keeping the crack direction constant and not allowing new 
cracks to form at oblilJuc angles with this direction (as done in step 2 despite 
a possible rotation of the principal strain direction) is standard in the classical 
smeared cracking approach although not quite realistic. Recently, a bettcr 
agreement with some measurements on cracked reinforced concrete panels 
(Gupta and Akbar IlJH4) has hecn obtained under the assumption that the 
cracks are always normal to the maximum principal strain. e,. and rotate as 
E, rotates. 

Although the hypothesis that the cracks rotate would be physically inad
missible if taken literally (Bazant 1983). it might nevertheless describe ad
clJuatcly a situation where the cracks of one direction close (and lock in 
shear) while cracks of another direction form. The main appeal of this hy-
pothesis, however, is its simplicity. ., 

A general smeared cracking model based on the assumptIOn of rotatmg 
cracks has apparently not yct been formulatcd, and we will do so now, for
mulating it in a nonlocal form. Wc work now in Cartesian coordinates XI' 

X2 of fixed directions and denote as ni the direction cosines of the current 
unit normal n to the crack planes. As already implied in Eq. I, we consider 
the fracture strain (cracking strain) e~ to be a uniaxial strain. This means we 
assume the formation of cracks to affect neither the normal strains in the 
directions normal to n nor the shear strains on the crack plane. Therefore, 
the total stress-strain relation and the nonlocal cracking strain are: 
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E~j = II j ll/' . ................................ (I I) 
where e' = non local fracture strain magnitude and C jjh• = initial elastic com
pliance tensor, which is isotropic and for two dimensions is the same as 
defined in Eq. I (with /3 = I). Generally, for three dimensions, Cjkm = 1(1 
+ V)(&jl!),m + &jm!)jl) - 2V&j,&kmI/2E. 

For nonrotating cracks, Eq. II must coincide with Eq. 10. Therefore, if 
we set n = (1,0,0), we must have: 

C
"" 

_ -I 
--_ (1" - CIIIIUIi + E ...•..•..••••••.•.••...•.•.••......••••• (12) 
1-00 

From this we obtain el = (w/(1 - W)]CIIII0',1 where C llll = I/E'~ E' = E 
for plane stress as well as for three dimensions. Noting that (111 = 11 ,11,(1'10 

we obtain for a general crack direction the generalization: 

-I _ w 
E - IA"mfTlm ........................................ (13) 

(1 - (0) E' 

Thus the total stress-strain relation for Alternative II is: 

Ei, = [ Cjjlm + (I _ wW)E1 lIjlljlllllm]Ulm . ............................. (14) 

as recently proposed by Bazant. The bracketed term represents the secant 
compliance tensor. Note that, for loading. w/(l - w) = <I>(e,). because of 
Eq. 9; E, is the non local maximum principal strain; E, = /li/ljEi)' Here we 
imply again the assumption that the orientation of cracks is decided by the 
principal direction 1'; of nonlocal strain Ejj rather than the local strain Eij. The 
vector n in general rotates and must be evaluated at each stage of compu
tation for eaeh integration point of each finite element. 

The computational algorithm is analogous to that we described for Alter
native I but simpler in that one need not keep track of the coordinate axes 
for cracking at each integration point and need not carry out the correspond
ing rotation transformations. The finite-element results for the example that 
follows happen to be almost exactly the same because the principal stress 
directions remain nearly constant in this fracture test. 

The decision in favor of Alternative I or II will necessitate further testing. 
since at present there apparently exist no test data for strain softening (pro
gressive fracture) of plain concrete at rotating principal stress directions. A 
fully realistic model no doubt calls for allowing partial or full cracking in 
all directions, as is done in the microplane model (Bazant and Prat 1988). 

It should be pointed out that function <I> might depend separately on the 
average, EL' of the lateral normal strains in the directions normal to n; EL = 
(E" + EII/)/2 = (E .. - 1I;lljE;j)/2. The reason is that compressive lateral stresses 
alone can produce axial splitting cracks, as known for example from the 
uniaxial compression test. However, they also produce tensile strain E" and 
thus it might be that the dependence of <I> on E, approximately accounts for 
the compression splitting cracks as well. Further study and testing is needed. 

FRACTURE SPECIMENS AND SIZE EFFECT DUE TO NONLOCAL ASPECT 

Without a nonlocal formulation, the finite-element codes with strain soft
ening cannot describe the results of fracture tests. In particular, such finite-
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clement codes yield no size effect. Yet the size effect is the principal, ex
perimentally verified feature of fracture mechanics. 

To demonstrate that the nonloeal smeared crack model correctly describes 
fracture and especially the size effect, we analyze the three-point-bend spec
imens shown in Fig. 4. Three different specimen sizes of size ratios 1 :2:4, 
with geometrically similar shapes, were considered. Their finite element meshes 
are shown in Fig. 5 and their refinements in Fig. 6. The problem was solved 
both for linear strain softening and exponential strain softening. shown in 
Fig. 7. 

This type of specimen was tested at Northwestern University (Bazant and 
Pfeiffer 1987), using both concrete with maximum aggregate size do = 0.5 
in. (12.7 mm) and mortar with do = 0.19 in. (4.83 mm). The maximum 
loads P were measured for each specimen of each size, from which the 
values of the nominal stress at failure (1N were calculated; (1N = P /bd where 
b = specimen thickness (1.5 in. or 38.1 mm). The test results are shown in 

40 

II 

o 

-0.3 

::;:'-0.5 .... 
........ 
Q 
8' -0.7 

o 

0.4 

20 

0- concrete 

D - mortar 

40 
X' d/d a 

o 

60 

o. concrete 
o. mortar 

2 

- size effect la~1 
•••• exponential softening 

linear softening 

0.8 1.2 
log(d/d a ) 

1.6 

FIG. 4. Test Results of Balant and Pfeiffer (1987) In Size Effect Plot (boHom) and 
LInear Regression Plot (top) Compared to Size Effect Law as Well as to Finite
Element Results for LInear and Exponential Strain Softening (Three-Polnt·Bent 
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Mesh 1 Mesh 2 Mesh 3 

FIG. 6. Extents of Softening Zone (cross-hatched) and Fracture Zone (black) Ob
tained by Nonlocal Finite-Element Analysis 

Fig. 4 in the size effect plots (boltom) and the corresponding linear regres
sion plots (top), where f: = direct tensile strength of concrete. The solid 
lines in this figure represent the optimum fit of these test results with Bazant's 
size effect law for blunt fracture (Bazant 19R4; Bazant and Pfeiffer 19R7): 
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2 4 

Stra i n (10-4) 

FIG. 7. Stress-Strain Diagram Used In Nonlocal Finite-Element Analysis 
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UN = Hf; II + C:J'JI/2' ..•....•............•................ (IS) 

in which the coefficient r may be approximately taken as I. and n and An 
are two empirical constants which can be determined from the test data in 
Fig. 4. To this end, Eq. 15 may be algebraically rearranged to the linear 
regression equation Y = AX + C, in which X = (d/d,,)', Y = U;/UN)2'. c 
= B-2

', and A = CAo'. The linear regression plots, shown for the measured 
data in Fig. 4 (taken from Bazant and Pfeiffer (1987)]. yield the coefficients 
Band Ao from the slope A and the Y-axis intercept C Furthermore. E = 

3976 ksi (27420 MPa). v = 0.18. and f: = 390 psi (2.69 MPa). The re
maining material parameters were determined so as to obtain with the finite
clement program and the meshes in Figs. 5 and 6 optimum fits of the test 
data in Fig. 4. These values were. for the linear strain softening. E, = -726 
ksi (-5007 MPa), and I = 2.3 in. (58.42 mm), and for the exponential strain 
softening. c = 690 psi (4.76 MPa), a = 5730 psi (39.52 MPa). 1 = 3.2 in. 
(81.28 mm). The corresponding optimum values of the fracture energy were 
Gr = 0.230 lb/in. (40.29 N/m) for the linear strain softening, and 0.249 
lb/in. (43.62 N/m) for the exponential strain softening. 

The fracture energy is equal to the area under the stress-strain diagram 
in Fig. 7 times the effective width of the fracture process zone, W,. The 
value of w, for the classical (local) crack band model is defined clearly; it 
coincides with the width of the crack band or the size of the finite element. 
But W,' is harder to define for the non local formulation since the effective 
width of t'·,· fracture process 7,one varies (Fig. 6), depending on the inl1uence 
of the boundaries and other factors. The actual width of the fracture process 
zone is roughly equal to 2.7 I (Bazant and Pijaudier-Cabot 1988). but since 
the density of cracking decreases from the middle of the crack band to its 
boundary, the effective width of the fracture process zone based on uniform 
distribution of the energy dissipation (or of cracking density) is about I. The 
aforementioned values of Gf correspond to the area under the stress-strain 
diagram times I. 

The most important test to determine whether the finite-element model 
correctly describes fracture is the size effect. For structures that follow the 
strength criterion (or yield criterion), there is no size effect, i.e., the plot in 
Fig. 4 is represented by a horizontal line. The linear elastic fracture me
chanics yields the strongest possible size effect which corresponds to the 
straight inclined line of slope -1/2 shown in Fig. 4 (bottom). For matcrials 
that exhibit distributed cracking. the size effect plot represents a smooth 
transition from the horizontal line for the strength criterion to the inclined 
straight line for the linear elastic fracture mechanics, as shown in Fig. 4 
(bottom). 

The load-displacement curves calculated by the nonlocal finite-clement 
program for the three meshes shown in Figs. 5 and 6 arc plotted in Fig. 8. 
The maximum load values, Pm." were fitted by the size effect law (Eq. 15), 
for which A = 0.384. C = 6.169 for the linear strain softening, and A = 
0.483. C = 3.971 for the exponential strain softening. The agreement with 
the size effect law was rather accurate, with the error (deviation from Elf. 
15) not exceeding 5%. The curves of the size effect law (Eq. 15), which 
were obtained by the optimum fits of the values of Pm., calculated by finite 
elements for the three specimen sizes, are shown in Fig. 4 as the dashed 
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lines for the exponential strain softening and the dash-dot lines for the linear 
strain softening. 

An interesting feature is now noticed from Fig. 4: the shape of the strain
softening diagram significantly influences the shape of the size effect curve. 
This fact has already been noticed in other studies for different reasons. 
Evidently, the exponential strain softening agrees with the test results much 
better than the linear strain softening, which was originally used in the crack 
band model (Bazant and Oh). 

Another interesting plot is that of load P versus the part, VCr> of the load
point displacement v that is due to fracture and is defined as I'rr = v - Cp, 
in which C is the clastic compliance of the specimens associated with load 
P. The plots of P versus displacement for the three specimen sizes and three 
finite-clement meshes are shown in Fig. 8(a). We see that. for increasing 
specimen size, the initial postpeak drop of the load gets larger and larger 
(v,. = ioad-point displacement at maximum load). This indicates an increas
ing brittleness of the specimen as its size increases. in accordance with the 
size effect law. 

If the presently considered specimens of three different sizes arc analyzed 
with geometrically similar meshes using the classical (local) smeared crack
ing model based on the strength criterion, the resulting maximum load values 
show no size effect. i.e. the plot in Fig. 4 is horizontal. Thus, the classical 
smeared cracking is incapable of describing the size effect. This is obviously 
unsatisfactory. in contradiction to fracture tests as well as tests of various 
brittle failures of concrete stnlctures. On the other hand, if these three spec
imen sizes are analyzed by a finite-clement code for linear clastic fracture 
mechanics. the results match the straight line of slope - t /2 shown in Fig. 
4 (bottom). for which the size effect is too strong. 

Fig. 6 shows for the three specimen sizes and the corresponding meshes 
the extent of the strain-softening zone (eross-hatched area) and of the fully 
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fractured zone (black area). The former zone is defined as the locus of the 
material states for which the peak-stress point has been passed (i .e., Ell > 
Ep), and the latter zone is defined as the 7.One for which the stress (TIl has 
been reduced to less than O.06ap • 

It should bc kept in mind that nonnally the final fracture surface is not 
plane but highly t0l1uous. As an approximation. it may be assumed that the 
final crack surface randomly meanders through the black zone, oscillating 
on its way betwecn the zone boundaries (Fig. 6, right). The resolution that 
can be obtained with the non local model for element sizes that are much 
smaller than the aggregate size is of course meaningful only in a statistical 
sense since on such a scale the material behavior is highly random. The 
boundaries of the zones in Fig. 6. as well as the stress and strain values 
obtained for the fine meshes shown, must be regarded as merely statistical 
averages which correspond to smoothing of the random fields of micro
stresses and microstrains, and to averaging over a large number of tests of 
statistically identical specimens. The black zone corresponds to dense mi
crocracking (normally invisible to the eye) and the strain-softening zone to 
sparse microcracking (Fig. 6, right). 

The results shown in Fig. 6 for the three meshes have another interesting 
implication: the width of the fracture process zone as well as the softening 
zone is not constant but varies. In consequence, the rate of energy dissipation 
per unit fracture extension is variable. too. To capture such variation might 
be one important purpose of refining the mesh, possibly even helow the 
aggregate size. 
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As a further implication, the present non local model does not correspond 
to a unique stress-displacement diagram if the strain across the softening 
band is iumped into a crack opening displacement, equivalent to that used 
in models of Hillerborg's type. Rather, the equivalent discrete crack model 
would have to use somewhat different stress-displacement softening dia
grams depending on the distance of the fracture front from the notch and 
from the specimen boundaries. 

The computer running times for the nonlocal analyses are usually shorter 
than for the corresponding local analyses. Apparently, the additional com
puter time needed to calculate the spatial averages over the mesh is more 
than offset by improvement of the convergence of iterations, due to the sta
bilizing influence of thc nonlocal formulation. 

For other types of nonlocal continuum with local elastic strain, conver
gence at mesh refinement has been demonstrated before (Bazant et al. 1987; 
Bazant and Pijaudier-Cabot 1987, 1988; Pijaudicr-Cabot and Bazant 1987). 
The fact that, despite mesh refinement, the energy dissipation cannot localize 
in these non local models into a zone of zero volume has also been mathe
matically proven in general (Bazant and Pijaudier-Cabot 1987, 1988). 

ELIMINATION OF DIRECTIONAL BIAS OF MESH 

With the crack band model in which the strain-softening band is one ele
ment wide, it has been difficult to simulate fractures that propagate at a small 
angle <I> with regard to the mesh line, although some artificial measures (Pan 

I 

FIG. 10. Orthogonal Mesh and Slanted Mesh Used In Nonlocal Finite-Element 
Analyses, with Softening and Fracture Zones Obtained In Both Cases 
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et al. 1984) were found to offcr partial help. To study this aspect, the pres
ently considered specimen of the smallest size has been analyzed by finite 
clements using the slanted sq.1are mesh shown in Fig. 10 (right), whose 
inclination is 20°. The softening and fracture zones obtained are shown in 
Fig. 10 on the left for the orthogonal mesh and on the right for the slanted 
mesh. Success is now noticeable. The zone boundaries obtained for the or
thogonal and slanted meshes arc nearly the same, and the propagation for 
the slanted mesh still occurs in the cOrTeet vertical direction. 

The problem of simulating propagation of crack bands in directions in
clined with regard to the mesh line has recently been studied by Droz (1987) 
and for the analogous problem of shear bands by Leroy and Ortiz (1988). 
(The classical approach, in which the smeared cracking or the shear band 
tends to localize into a band of single-element width, fails since a locali
zation limiter such as the nonlocal continuum concept cannot be used.) These 
investigators achieved propagation in oblique directions by superimposing 
on a continuous displacement field of the finite clements a certain additional 
discontinuous field which simulates the discontinuity of the zig-zag crack or 
shear hand running in an inclined direction. However, the programming of 
this approach for general finite-clement programs seems to be quite difficult. 
By contrast, the present approach is quite simple, although it does require 
mesh refinements such that there are at least three finite clements across the 
width of the cracking hand. The present approach could also he adopted for 
the modeling of inclined shear bands. 

CONCLUSIONS 

I. The well-known inobjectivity, spurious mesh sensitivity, and incorrect con
vergence of the classical smeared cracking model can be eliminated by adopting 
a noolocal formulation in which cracking (or strain softening) is characterized 
by nonlocal damage. The nonlocal damage may be considered to be a function 
of the spatial average of the positive part of the maximum principal strain. The 
nonsoftening (elastic) response is treated as local. 

2. The finite-element results closely agree with the results of fracture tests, 
in particular with the obscrved influence of specimen size on thc maximum load, 
which is described by Bazant's size effect law. 

3. The nonlocal approach eliminates the directional bias of the mesh, provided 
the mesh is sufficiently refined. In particular, the results obtained with orthogonal 
and slanted meshes give approximately the same direction of flt.cture propagation 
and the same boundaries of thc strain-softening 7 .. one and thc fracture WIIC. 

4. The nonlocalmodel is numcrically efficient and easily programmed. It mcrcIy 
requires introducing into an c1listing code a subroutine for the spatial averaging 
of the maximum principal strains. 

5. The non local smeared model is formulatcd in two alternatives: the classical 
one in which thc crack dircction is fixed when the cracking starts, and a novel 
one in which the cracks arc imagined to rotate along with the maximum principal 
strain direction. Thc lattcr altcrnative is simpler. 
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