
J. Am. Ceram. Soc., 71 [9J 776-83 (1988) 

Mathematical Model for Freeze-Thaw Durability of Concrete 
ZDENEK P. BAZANT* 

Center for Concrete and Geomaterials, Northwestern University. Evanston. Illinois 60208 

JENN-CHUAN CHERN 

Department of Civil Engineering. Taiwan National University. Taipei, Taiwan 

ARNOLD M. ROSENBERG and JAMES M. GAIDIS* 

W. R. Grace and Company, Columbia, Maryland 21044 

Although the equations governing the individual basic physi
cal processes involved in freezing and thawing of concrete are 
known, a mathematical model for this complex phenomenon 
is unavailable. Its formulation is attempted in the present 
study. Desorption and absorption isotherms for concrete 
below O°C are constructed on the basis of isotherms for 
concrete above O°C, using pore size distribution functions. 
Water movement during freezing or thawing is described as a 
double diffusion process, involving both macroscopic dif
fusion through concrete and local diffusion of water into or 
out of air-entrained bubbles. Heat conduction is formulated 
taking into account the latent heat of freezing. Pore pressures 
are used in a two-phase material model, which makes it pos
sible to predict the stress in the solid structure of concrete 
caused simultaneously by freezing and applied loads. This in 
principle reduces the freeze-thaw durability problem to the 
calculation of stresses and strains. However, development of 
the model to full application would require various new types 
of tests for calibration of the model, as well as development 
of a finite element code to solve the governing differential 
equations. Such a mathematical model could be used to assess 
the effect of cross-section size and shape, the effect of cooling 
rate, the delays due to diffusion of water and of heat, the 
effect of superimposed stresses due to applied loads, the 
role of pore size distribution, the role of permeability, and 
other factors which cannot be evaluated at present in a ra
tional manner. 

I. Introduction 

FREEZE-THA W damage in concrete is a complex physical phe
nomenon about which much has been learned during the last 

50 years. The Reference section lists the principal contribu
tions. I

-
24 Essential results were obtained by Powers 18.19 and 

Fagerlund.4-8 
Powers' hydraulic pressure theory of freeze-thaw damage es

tablished the central notion that damage is caused by pore pres
sures induced by the expUlsion of water on freezing. This theory 
shows that the pore pressures in concrete can be greatly reduced 
by providing additional empty pores into which water can be ex
pelled from the capillary pores in the hardened cement paste as 
the water contained in them freezes. Based on this concept. the 
current practice of protection against freeze-thaw damage is the 
use of air-entraining agents, which create these additional pores. 
i.e., air bubbles. It also follows from Powers' hydraulic pressure 
theory that the air bubbles must be very small so that their spac
ing can be so small that the transpon of water from the freezing 
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capillary pores into the bubbles does not require development of 
high pore pressures. The hydraulic pressure theory was later ex
tended and modified in Helmuth's 10 osmotic pressure theory. 

Powers showed that the water in saturated large capillaries 
was responsible for the damage due to freezing and thawing. This 
fact was emphasized and demonstrated more clearly in the work 
of Fagerlund. 4

-
8 If the large pores are empty. concrete is safe 

from freeze-thaw damage even if no air entrainment is used. 
This occurs when concrete is only partially saturated, with water 
content being below approximately 90% of the water content at 
total saturation. 

Reduction of water content below the critical degree of satu
ration. however, cannot be easily exploited for freeze-thaw pro
tection of concrete structures. Drying below the critical limit 
takes an unacceptably long time for typical structure dimensions 
(thickness) and is even undesirable because it leads to cracking 
and arrests the hydration process. Likewise. use of air entrain
ment is not an ideal solution. The creation of additional pores. 
typically about 6% of the volume of concrete. causes a reduction 
of the strength and fracture toughness of concrete. Moreover, 
many other factors influence freeze-thaw damage. For example. 
for a cenain cross-section size, cooling rate. pore size distribu
tion. etc .. the use of a 6% air entrainment might be necessary 
while for another cross-section size. cooling rale. or pore size 
distribution, a much smaller air entrainment (or no air entrain
ment) might suffice. 

The rate of expUlsion of water from the freezing capillary 
pores into the air-filled pores depends on the cooling rate. The 
cooling rates are very different in the interiors of thin and thick 
cross sections because of the delay caused by heat conduction. 
Furthermore, susceptibility to freeze-thaw damage must obvi
ously depend on the permeability of concrete, not only on the 
permeability for the microscopic flow between small and larger 
pores, but also on the permeability and diffusivity for macro
scopic water movements through concrete. The capability of con
crete to reduce pore pressures by macroscopic diffusion depends 
on the size and shape of the cross section of the structure. 

All these phenomena are at least partially understood at 
present, but only in a qualitative sense. However, a practical 
evaluation of these numerous influences cannot be done without a 
mathematical model, since pore pressures produced by the freez
ing process must be compared with the strength of the material. 
The purpose of the present study (based on a manuscript privately 
communicated to Rosenberg on June 8, 1982) is to formulate a 
comprehensive mathematical model of these phenomena. to serve 
as a basis for funher development and guide in experimental 
studies. The emphasis of this study will be on the role of diffu
sion phenomena coupled with the effect of pore size distribution. 

Most of the factors to be analyzed here have been qualitatively 
known for a long time. Why is it only today that a comprehen
sive mathematical model is attempted? Application of such a 
model requires a computer, and it is only because of computers 
that development of a mathematical model makes sense and 
ought to be undertaken. 
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II. Sorption Isotherms 

Essential properties for the analysis of diffusion are the rela
tions between the specific water content of concrete, w, and 
pore pressure, p, at various temperatures and at states of thermo
dynamic equilibrium among various phases of water in the 
pores. 2

'-28 The typical desorption isotherms for various tem
peratures above the freezing point of water are illustrated in 
Fig. l(A), in which WI is the water content of concrete at satura
tion and p, is the vapor pressure at saturation, which is a function 
of temperature T. For partially saturated states, p < p" pres
sure p is understood as the pressure of water vapor, which is dif
ferent from the pressure of capillary water. 

The total specific water content of pores, wp ' may be subdi
vided into two categories: the gel water (w,), which is the water in 
the pores of cement gel, having a width <30 A «3.0 nm); and 
capillary water (we), which fills the larger pores.29 The capillary 
water may further be subdivided into water in the small capillary 
pores (wc\)' which are less than about l300 A (l30 nm) in width, 
and water in the large capillary pores (wd, which are up to about 
5000 A (500 nm) in width. The latter appears from experience to 
be important for freeze-thaw damage. In the case of air entrain
ment, there also exist bubbles of typical diameter 25 JLm, and 
when these get filled by water, their water content is denoted as 
Wb. Thus, the subdivision of the total specific water content may 
be written as 

Wp = W R + We 

We = Wc\ + We2 

(la) 

(lb) 

(Ie) 

The various components of pore water are graphically shown in 
Fig. l(A). 

The isotherms for absorption always lie significantly below the 
isotherms for desorption, as illustrated in Fig. 1(8). When pore 
pressure p is controlled and its decrease is reversed to an 
increase, W remains almost constant until the increasing pore 
pressure reaches the absorption isotherm, and on the other 
hand, when an increasing pore pressure is reversed to a decrease, 
w again remains almost constant until the desorption isotherm 
is reached. This phenomenon represents a hysteresis of sorption 
cycles and is important when pore water diffusion in a cyclic en
vironment is to be calculated. 

The pore structure may be characterized by the distribution 
cp(r) of the volumes of the pores of various widths 2w; cp(r) dr is 
defined as the volume of all the pores in a unit volume of con
crete whose widths lie between r and r + dr. The total specific 
water content of saturated concrete may be expressed as 

W = i: /3pw cp(r) dr (2) 

in which Pw = 1 g/cm3 is the mass density of water at I atm and 
4°C, and /3 is the coefficient representing the degree of saturation 
of the pores of width 2r; r ... and r __ represent the minimum and 
maximum half-widths of the pores in concrete. 

For calculations of water diffusion above O°C, it is normally 
sufficient to characterize the sorption properties of concrete by 
the isotherms w(p, T). For the analysis of freezing, it is conven
ient to refer the isotherms to pore sizes r. This makes it possible 
to determine the change of water content of pores of size r from 
the known change of mass density of water due to freezing. Since 
calculations are next to impossible for pores of arbitrary geome
try, the pores are usually imagined as cylindrical, in which case 
the capillary meniscus in the pore is spherical, of radius r. If such 
a pore is partially saturated by water, the condition of equilibrium 
of the surface tensions on the meniscus with the pressure, Pe, in 
the capillary (liquid) water (which is negative, i.e. tension) yields 
the well-known Laplace equation Pe = -2Y(T)/r, in which y(T) 
is the surface tension of liquid water at temperature T (about 
75 dyn/cm (7.5 X 10-2 N/m) at 25°C). 

The pressure in capillary water may also be calculated from the 

w (8) 

Fig. 1. Typical shapes of desorption and absorption isothenns of con
crete and distinction between various types of water in the pores. 

condition of equal chemical potentials (Gibbs free energy per unit 
mass) in the liquid water and vapor, treating water vapor ap
proximately as an ideal gas. This yields the Kelvin equation, 
Pe = Pw(RT/M) In h, h = p/p,(T), in which h is the pore rela
tive humidity, R the universal gas constant, and M the molecular 
weight of water, i.e., 18.02 g/mol (R = 82.06 atm/(K· mol)). 
Combining the Laplace and Kelvin equations, one obtains the 
following well-known equation for pressure Po at which a cylin
drical pore of radius r, at temperature T, gets filled: 

po(r, T) = p,(T) exp(- 2'Y(T)M) (for T > 273 K) (3) 
RTp",r 

Consider now the freezing of pore water. The freezing point of 
capillary water is depressed below O·C, depending on pore size r. 
This depression may be calculated by considering the change of 
the difference in the chemical potentials A~ between ice and 
liquid water. Initially, A~ must be equal to zero at O°C. During 
freezing we must have d(A~) = V, dp - AS dT = 0, where 
AS :: -Ci /To is the difference in entropy between ice and liquid 
water, To is the normal freezing temperature (273 K), and Ci is 
the latent heat of fusion of water (liquid to ice). 2.5-21 Substituting 
and integrating, we get ViP = -(Ci/To)(To - 1j). For pressure P 
in ice we may now, as an approximation, introduce the Laplace 
equation p = 2'Yd r where r is the radius of a cylindrical pore 
and 1'1 is the surface tension of ice (approx.imately 20 dyn/cm 
(2.0 x 10-2 N/m». Substitution into the preceding equation then 
yields Kubelka's equation: 

( 
2'YiV,") 1j::Tol---
Cir 

(4) 

For pores of radii r = 500, 100, 50, 20, and 10 A (50, 10, 5, 2, 
and 1 nm), this equation yields the freezing point depres
sions 1j - To = -0.67, -3.3, -6.7, -16.8, and -33.5 K, 
respectively. 

Because of simplifications in derivation, such as the considera
tion of a cylindrical pore and a spherical meniscus only, and the 
neglect of shear stiffness of ice, etc., this equation is, of course, 
only approximate; but it seems to agree reasonably well with 
some measurements. A more serious deviation nevertheless oc
curs in practice: the presence of solutes in water causes an appre
ciable further depression of the freezing point, which can be 
calculated if the ion concentrations are known. 29 However, to 
take this into account, we would need to introduce as further 
variables the concentrations of various ions in the pore water of 
concrete. To avoid such formidable complications we neglect ~ 
effect. This seems acceptable if the concentrations of solutes ~ 
pore water are approx.imately constant, since Eq. (4) wouJdstill 
approximately hold, although with a larger value of "/1'- --

In concrete that is fully saturated, which occurs when IT ~ 
p,(T), the ice may be assumed to behave as a bulk phaSe. By ~ 
plication of a sufficiently large pressure, ice may be ca~ to 
melt (same as any crystal whose volume decJ"e8SCS on melting). 
The melting pressure, identical with the crystal pressure, may be 
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Fig. 2. Construction of desorption and absorption isotherms for concrete below DOC. 

approximately calculated from the equation 18 

Pm = I + 93.I(To - T) (for T < To) (5) 

in which the pressure is in atmospheres (0.10132 MPa) and the 
temperature in kelvins. Again, the presence of solutes no doubt 
changes the coefficient of this equation. This would require inter
preting Pm as the osmotic pressure of ice, which would compli
cate the formulation. However, this effect is probably small and 
we neglect it. 

To understand how freezing affects the sorption isotherms, 
consider first a solid with only three different pore sizes T" T2, T), 

for which the pore volume distribution function consists of three 
Dirac delta functions as sketched in Fig. 2(A). The cumulative 
pore volume distribution then consists of three steps, as sketched 
in Fig. 2(8). For the moment, assume that the pores are precisely 
cylindrical, in which case there can be no difference between the 
desorption and absorption isotherms. Figures 2(C), (D), and (E) 
show the curves of desorption isotherms for these pore sizes 
taken individually. Water fills or empties the pore at pressure Po 
indicated by Eq. (3) for the corresponding pore radius T, or T2 or 
T3, and so the corresponding isotherm for each individual pore is 
a step function. Upon freezing, the specific volume of water in
creases by about 9%. Therefore, if this capillary pore is filled, its 

water content must decrease by about 9% as shown by curves b 
in Figs. 2(C) to (E). However, this expulsion of water terminates 
at the melting point of ice with the corresponding pressure, Pm 
(see Figs. 2(C) to (E». Note that for different pore sizes the 
steps due to melting in Figs. 2(C) to (E) occur at different tem
peratures, T,,, Tf2, and Tf3. 

The behavior of the system of the three pore sizes is now ob
tained by summing the w values of desorption isotherms for the 
three individual pore sizes (Figs. 2(C) to (E». This has to be 
done separately. for four temperature ranges below T", between 
T" and Tf2 , between Tf2 and Tf3 , and above Tf3. The desorption 
isotherms obtained by this summation are shown in Fig. 2(F). 

A similar construction may be imagined for a system of many 
discrete pore sizes, in which case Fig. 2(F) would involve many 
isotherms with many small steps and many different pressure val
ues. In the limit of infmitely many pore sizes, i.e., for a continu
ous pore size distribution, one would obtain curves of the type 
shown in Fig. 2(G). It is mathematically inconvenient that these 
isotherms for various temperatures mutually intersect; i.e., the 
same water content may be obtained for the same pressure at dif
ferent temperatures, which is impossible above O°C. 

The foregoing construction applies only for desorption iso
therms starting from a fully saturated concrete. Because the pores 
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are not cylindrical. it is possible that the same total Gaussian 
curvature of the meniscus is obtained for various geometric forms 
of the liquid-vapor interface, with the consequence that. for a 
given pressure. equilibrium is possible for a certain range of 
water contents. 

A similar phenomenon probably occurs at very low humidities, 
in which case the water content is varied in the gel pores. The 
reason is that. because of complexity of the pore shape. different 
geometrical forms and different thicknesses of the adsorption lay
ers on the walls of gell pores can be in equilibrium at the same 
pore pressure. 

The maximum possible water content occurs for each pres
sure during desorption from an initially saturated state. On the 
other hand. the minimum possible water content for each pres
sure occurs during absorption from an initially fully dried state 
(Fig. 1(8». During arbitrary positive and negative variations of 
pore pressure, intermediate water contents between the maximum 
w""'" and the minimum w ... are obtained (Fig. 1(8». On the other 
hand. for pressures above the saturation pressure. p,(T), only one 
water content can correspond to each given pressure, as capillary 
phenomena do not take place. 

Consider now the isotherms for absorption from a fully dried 
state. They give for each pressure p the minimum possible water 
content, w..,.... For the system of three discrete pore sizes. the 
pore of each size gets filled by water when pressure Po given by 
Eq. (3) is reached. However. if the pore is not cylindrical but has 
a complicated shape. then water fills this pore only to a certain 
fraction I - 1/1 of its maximum possible water content. where 
I/J < I. This incomplete filling of the pore must terminate when 
P reaches the value of p,(T). at which the pore becomes com
pletely filled. This is indicated by the inclined rising portion of 
the curves above the freezing temperatures. 1Jh in Figs. 2(H) to 
(J). When the temperature is below the freezing temperature for 
the given pore size. the pore does not fill at pressure Po given by 
Eq. (3), but can remain empty of ice until the melting pressure 
for Pm(T) of ice for a given temperature is reached. The pore 
must fill completely before the pressure can be raised further. 
This is indicated by the second rising vertical segments in 
Figs. 2(H) to (1). 

By summing the ordinates from Figs. 2(H) to (J) for the pores 
of threee different sizes. one obtains the four isotherms for four 
temperature intervals as shown in Fig. 2(K). In the limit of in
finitely many continuously distributed pore sizes. one would ob
tain in this manner the isotherms for absorption which have the 
shape of the curves shown in Fig. 2(L). They represent the mini
mum possible water contents for various pressures at various 
temperatures. For arbitrary changes of pressure. the following 
rules apply: 

(I) If the state w(p, T) is on the desorption isotherm (w"",,). 
and if dp < O. the local desorption isotherm (Fig. 2(G» is fol
lowed. However. if at the same time dp > 0, w will remain 
almost constant. although for numerical calculation it is conven
ient to prescribe a very small but finite slope k = dw / dp. If the 
current state is between the desorption and absorption isotherms. 
i.e .. wm .. < w""'" pressure change leads to almost no change in w 
(i.e .. to a very small slope k), regardless of the sign of dp. 

(2) If the current state is on the absorption isotherm (w."in), 
and if dp > 0, the local absorption isotherm (Fig. 2(L» is 
followed. However. if dp < 0, again the water content remains 
almost constant at decreasing pressure. 

The behavior between the pair of curves for the same tem
perature shown in Figs. 2(F) and (Ll is similar to that already 
illustrated in Fig. 1(8) for a pair of simple absorption and desorp
tion isotherms. 

Finally, if temperature T changes. the state points w( P. T) cross 
horizontally (at w = constant) from one isotherm to another; 
i.e .. a temperature change is accompanied by a pressure change 
without any change in the specific water content. A simultane
ous increment of pressure and temperature may be treated as a 
sequence of small increments of pressure at constant tempera
ture. followed by small increments of temperature at constant 
pressure. etc. 

The desorption-absorption behavior that we have just de
scribed may be conveniently characterized in terms of coefficient 
13 in Eq. (2), which is considered as a function of pore radius r, 
pressure p, and temperature T. Based on the preceding analysis, 
the following rules for coefficient 13 can be formulated: 

(1) For T > 'ft(r) 

13=1 for p > p,(T) (6a) 

13""", = 1 
}for pk, T) < p < p,(T) (6b) 

f3min = 1 -1/1 

13=0 for p < po(r, T) (6c) 

(2) For T < 'ft(r) 

13 = 1 for p > p.,,(T) (6d) 

13""", = 0.91 
}for p < p.,,(T) (6e) 

13m .. = 0 

The value of I/J cannot be calculated and has to be calibrated on 
the basis of measurements of hysteresis cycles. From some typi
cal isotherms. it is found that 1/1 = 0.1 to 0.3. The values of 13""" 
and f3mi. apply for the desorption isotherm woo .. (Fig. 2(G» and 
for the absorption isotherm W min (Fig. 2(L)) , respectively. The 
correctness of Eqs. (6a) to (6e) is most easily verified for the spe
cial case of three or fewer discrete pore sizes. 

Equations (6a) to (6e) define only the isotherms of w""" and 
wmi •• The intermediate behavior. at which the value of w is al
most constant at variable p or T, may be described. according to 
the preceding discussion, by the following equations: 

If f3(j) = 13""", and Ilw""",(p, T) < 0 

I3(i+1l = 13""", 

If I3(i1 = 13""", and Ilw""",(p. T) ~ 0 

Ilw = "rAp 

If 13 (i) = 13m,. and Ilw,",,(p, T) > 0 

Ilw = "ollp 

If f3(j) = 13 ... and Ilw,",n(P, T) SO 

I3(i+1l = 13m,. 

If 13 min < 13 (i) < 13 mo.x 

Ilw = "rAp 

(7a) 

(7b) 

(7c) 

(7d) 

(7e) 

in which superscript (i) denotes the initial state before a small in
crement IIp. IlT. Ilw. and superscript (i+ 1) labels the final state 
after this increment. Coefficient "0 is approximately O. but for 
convenience of numerical computations it should be taken as a 
small positive value. perhaps 0.01 of the mean slope of the sorp
tion isotherm at room temperature. 

For the description of sorption isotherms above O°C, the use of 
the pore volume distribution function c/>(r) is not necessary. 

However. there is an advantage in using this function in the 
case of freezing. The advantage consists in the possibility of ap
plying to the volume of pores of each different size the 9% mass 
density change of water on freezing, and then distinguishing 
among the freezing temperatures for different pore sizes. In this 
manner, we are able to construct the sorption isotherms for freez
ing on the basis of the isotherms above O°C, although experi
mental calibration of the coefficients for frozen concrete might 
be desirable, given that our theoretical formulation is not with
out error. 

The fact that we associate functions rf><r) (at 13 = 1) with the 
desorption rather than absorption isotherm is arbitrary. Although 
for the sake of practicability we have to treat the pore spaces as 
cylindrical. function c/>(r) represents the equivalent pore volumes 
if the capillaries were cylindrical. and not the exact volumes of 
the pores of width 2r. But the error caused by this is probably 
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Fig. 3. Idealization of the pore system. with a subdivision into 
bubbles, gel pores. and capillary pores in the cement paste. 

unimportant, because functions cP(r) cannot be calculated theoreti
cally anyway, and must, in reality, be calibrated from some sort 
of sorption measurements. Although this function can be derived 
from measurements of adsorption of nitrogen or other gases, or 
by mercury porosimetry, we prefer to determine this function 
from water sorption tests because we apply it to water. 

By definition CEq. (2», function cP(r) may be expressed as 
p •. cP(r) = dw/dr = (dw/dp) (dp/dr). Here we may substitute 
dw/dp = (dw/dh)/p,(T) where h = p/p,(T), and dp/dr = 
p,(AT/r

2) exp(-AT/r), in which AT = 2y(T)M/(RTp • .). Thus we 
obtain the equation 

AT dw 
p.cP(rl = r~e-AT" dh (8) 

which makes it possible to calculate the specific pore volume dis
tribution function from the measured slopes k = dw/dh of the 
desorption isotherms. 

The mass density P. of water in Eqs. (8) and (3) may be con
sidered for the case of partially saturated concrete (p < p,) to be 
approximately a constant, equal to the mass density of water at 
aoc and P = 1 atm. This means that the changes of mass density 
of liquid capillary water due to cooling below O°C are neglected. 
and so is the mass of vapor in the pores. For saturated concrete, 
however, the changes of mass density of water do not have a neg
ligible effect. and therefore PH' for P > p, should be taken into 
account, and may be evaluated from the well-known equation of 
state of water (see, e.g .. ASTM Steam Tables and Ref. 28). 

III. Water Diffusion 

In early studies, three periods of the drying process were dis
tinguished: initial, funicular, and pendular. For each of them a 
different set of moisture-transfer relations was formulated, dis
tinguishing between transfers of liquid water and of vapor. How
ever, these classical distinctions now appear to be unnecessary 
complications and at the same time not quite realistic. 

The distinctions between the various drying periods were nec
essary since the differential equations were assumed to be linear. 
Today there is no problem in solving nonlinear diffusion equa
tions numerically with a computer, and a single diffusion equa
tion with coefficients dependent on pore humidity (or water 
content) can describe the entire process. 

Equations for the [mal pendular state were based on the assump
tion that moisture transfer takes place in the form of vapor. This 
assumption is questionable, for two reasons: (I) The capillaries in 
hardened cement paste of good quality are not continuous, as es
tablished by Powers, Copeland, and Mann3

), and (2) vaporized 
water molecules cannot pass through the molecule-sized pores of 
the cement gel, because the mean free path of a vaporized water 
molecule exceeds by several orders of magnitude the widths of 
these pores (see also Ref. 32). Furthermore, since local thermo
dynamic equilibrium between various phases of water is assumed 
to exist in all diffusion models, the vapor pressure, the pressure 
in capillary liquid water, the surface tension in adsorbed water 
layers, and the moisture content are all functionally related. Con-

sequently, the gradient of one is proportional to the gradient of 
any other, with the proportionality coefficient being a function of 
these quantities. 

Thus, the moisture transfer can be characterized by a single 
nonlinear diffusion equation in terms of any of the aforemen
tioned variables. The choice can be made for mathematical con
venience. Bazant and Thonguthai showed that the choice of 
pressure p, representing the vapor pressure for unsaturated con
crete and the pore water pressure for saturated concrete, is a con
venient choice since grad p then gives the water flux not only at 
uniform temperature but also in the presence of temperature gra
dients (because p varies with T). The governing equation for the 
mass flux J of water (kg/(m2 

• s» is expressed in terms of 
Darcy's law: 

J = -a grad p (9) 

in which a = a(w, T) is the permeability, which depends on p or 
w, as well as T. The approximate form of this dependence has 
been established. 33-36 

To predict the water movement into and from the bubbles 
(Fig. 3), the water content Wh of the bubbles must be introduced 
as a separate quantity, distinct from the water content w of con
crete, bubbles excluded. The conservation of the mass of water 
then requires 

-div J = -H' - Wb (10) 

where superimposed dots denote partial time derivatives. The dif
fusion of water into or out of the bubbles may be characterized 
by the dependence of the rate of the water content in the bubbles, 
Wh' on the pressure difference between the pores of hardened ce
ment paste and the bubbles 

C 

H'b = Lh (p - Pb) (II) 

in which c is the appropriate permeability coefficient and L is the 
mean distance of passage of water molecules between the bubbles 
and the pores of the surrounding cement paste. One may assume 
that, approximately, c = a. 

The distance Lb may be estimated from the volume fraction of 
bubbles, Vb, and the mean radius of the bubbles, rb' Assuming 
the bubbles to form a cubic array with spacing Sb, the number 
of bubbles per unit volume is N = lis!. Since Vb = 41Tr~N/3, 
and the distance L may be estimated as half the distance between 
the bubbles minus their radius, we have 

(12) 

The sorption relation for the water content of the bubbles has 
the form Pb = Pb(Wb, T), and its form may be easily derived by 
considering a spherical meniscus in a spherical bubble pore, for 
the case of unfrozen concrete. The rate of pressure change in the 
bubbles may then be expressed as . 

iJ a . Pb. + Pb T' Pb=-Wb -
aWb aT 

After substituting Eq. (11), we then have 

. P - Pb • 
Pb = --- - CbT 

Tb 

in which we introduce the notation 

(a
Pb) C - -

b - aT"'b 

(13) 

(14) 

(15) 

Tb, a constant having the dimension of time, may be regarded as 
the effective halftime for the diffusion betyveen the bubbles and 
the surrounding hardened cement paste; CbT is the rate of change 
of bubble pressure caused by temperature change. 

Substituting Eq. (9) into Eq. (10), we have for the macroscopic 
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diffusion through concrete the equation 

W + Wb = div (a grad p) (16) 

Considering the sorption isotherms for concrete without bubbles 
in the form p = pew, T), we have 

. ap. ap· 
p=-w+-T aw aT (17) 

Eliminating W from this equation and Eq. (16), we then obtain 
the final governing equation for the macroscopic diffusion 
through concrete: 

p = k div (a grad p) - kWb + cTT 

in which we have introduced the notation 

k = (ap
) , aw T 

CT = (ap
) aT .. 

(18) 

(19) 

Here k represents the slope of the desorption or absorption 
isotherm (depending on the sign of p). Equation (18) can be 
solved by the Galerkin-type finite-element method with the 
Crank-Nicolson time-step algorithm. 33

-
35 Simplified analytical 

solutions may be obtained according to linear diffusion theory 
if coefficients k and a are considered as constant, having the 
average values for the range under consideration. The diffu
sion equation for the flow into or out of the bubbles (Eq. (11» is 
an ordinary differential equation, easily solved by a step-by
step algorithm. 

For the treatment of freezing, it is of interest to capture the 
delay in adjustments of pore pressures due to the time needed for 
water molecules to flow between the pores of cement paste and 
the air-entrainment bubbles (Fig. 3). This flow is local in char
acter. since the bubbles are not continuous. Because of this fact. 
and also because the water molecules move across the bubbles 
much faster than across the cement paste. the rate of macro
scopic diffusion is doubtless controlled mainly by the cement 
paste. Therefore, the presence of the bubbles must have only a 
negligible effect on the macroscopic diffusion of water through 
concrete. 

IV. Heat Transfer 

The sorption behavior with phase tr~nsi~ions of. water intro
duces distributed heat sources or sinks. H" H" and H ... Thus. the 
differential equation for heat conduction takes in general the form 

pCT = div (b grad T) - H, - Hs - H .. (20) 

Here p and C are the mass density and the isobaric heat capacity 
o.f concrete (per unit mass of concrete. excluding free water), 
H, is the heat supply rate due to .the release of latent heat asso
ciated with freezing. or thawing, Hs is the heat supply rate due to 
sorption heat. and Hw is the heat supply rate due to heat convec
tion caused by the movem.ent of. water. The last twC! quantities are 
no doubt negligible. i.e., H, = H .. = O. However. H, probably has 
an appreciable effect in freezing-thawing problems. The latent 
heat is liberated on crossing the freezing or thawing temperature 
Tf for a given pressure (Fig. 4). However. for numerical calcu
lations it is convenient to assume that the latent heat is liber
ated gradually between temperatures Tf - .If and Tf + .:If, .If 
being a small value such as I K. Then the source term due to the 
latent heat may be written as 

(21) 

in which C, is the latent heat of freezing or thawing of water 
(80 kcal/(mol . kg». and IT is an indicator function introduced 
such that IT = 1 for Tf - .If < T < Tf + .lr. with IT = 0 for 
other tempera~ures. 

The term H, introduces a coupling between the heat transfer 
and the moisture transfer. For slow freezing or thawing. which al-

Fig. 4. Balance of stresses in' the solid 
structure of the material and in the pores. 

ways prevails in thicker cross sections, this term may probably be 
neglected. In that case, the temperature distribution problem be
comes uncoupled, reduced to the usual heat conduction equation. 

V. Cracking Due to Freezing 

In rational analysis, the material failure due to freezing of water 
in the pores should be decided on the basis of the stresses pro
duced in the solid structure of concrete and some form of strength 
or fracture criterion. For porous materials, this type of analysis is 
well-known from soil mechanics. The key concept is Terzaghi's 
effective stress, which represents the stress resultant in the solid 
structure of the material. Its volumetric component may be ex
pressed as 

(22) 

in which (I is the total volumetric stress in the material including 
the pores and bubbles, and n and nb are the boundary porosities 
representing the cross-section areas over which pressures p and Pb 
act in the weakest cross sections through the material (Fig. 4). 
Without bubbles, n < 1. For concrete, n is apparently close to I 
(see Ref. 37). With the bubbles. it is required that n + nb = I. 
Thus, one may s~fely use n = 1 - nb, from which it follows that 
nb = I - 1Tri,/ s;,. 

The material does not fail if, for each point of the cross section 

cr
f Sf: (23) 

where f: is the tensile strength of concrete. The value off: is not 
a constant but decreases with repeated stressing of the solid struc
ture during cycles of freezing and thawing, just as during cycles 
of applied loads. When (I = 0, which occurs in a load-free speci
men without residual stresses, the criterion of no failure is 

(24) 

Normally, however, there are residual stresses due to freezing 
as well as drying, and further stresses are superimposed by loads 
applied on the structure. In the cross section of a compressed 
member, concrete can obviously sustain much higher pore pres
sures without any cracking than can concrete in a tensioned or 
load-free cross section. Therefore, it is necessary to calculate the 
stresses in concrete. For this purpose, the stress-strain law may 
be expressed as a relation of the strain to the effective stress 
rather than to the total stress in the material. For example, in the 
simplest case of elastic analysis. the stress-strain relations are 
(I' = 3Ke and sij = 2Geij where K and G are the bulk shear elas
tic moduli of concrete. and 5ij are deviatoric stresses. The total 
stresses in the solid structure are expressed as (Iij = sij + oij(I 

where subscripts i and j refer to Cartesian components in coor
dinates Xi' i = 1,2, 3, and 0u is the Kronecker delta. The dif
ferential equations of equilibrium. on the other hand. must be 
expressed in terms of the total stresses rather than the effective 
stresses, i.e., (Iij.j = O. 

More realistically, one would need to consider nonlinear time
dependent material behavior. which can be accomplished by 
finite-element analysis. The present formulation may serve as a 
basis for such a finite-element program. The effect of the rate of 
freezing on stress development should also be considered. 

The problem of freeze-thaw durability is in practice often 
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coupled with reinforcement corrosion. -i'.J' The cracking due to 
volume expansion of rust or to freeze-thaw cycles accelerates 
the moisture ingress into concrete. 

VI. Conclusion 

While the equations governing the basic physical processes in
volved in freezing and thawing of concrete are known, a compre
hensive mathematical model was unavailable and is developed in 
the present study. This model involves (1) formulation of the 
sorption isotherms of frozen concrete on the basis of the given 
isotherms of unfrozen concrete, (2) formulation of the diffusion 
of water, including both the macro- and microscopic diffusions 
through concrete as well as a microscopic (local) diffusion into 
air-entrained bubbles, (3) calculation of temperature distribution 
taking into account the latent heat of freezing, and finally (4) cal
culation of the stresses in the solid structure of concrete. This 
model makes it, in principle, feasible to determine cracking due 
to freezing on the basis of the stresses in the solid Structure of 
concrete. Solution of the differential equations presented would 
require finite-element computer analysis. To make application of 
the mathematical model possible, it will be necessary to first cali
brate it by carrying out various new types of tests, which would 
have to include freezing and thawing of specimens under load for 
various load levels, types of loads, cross-section sizes, and freez
ing rates. 

APPENDIX 

Some Comments on Dilatometric Tests 

Freeze-thaw durability is often evaluated on the basis of cyclic 
dilatometric tests (Powers' test ASTM C671), although the stan
dard ASTM test C666 does not use dilatometry. A typical dila
tometric test is exhibited in Fig. AI. A noteworthy feature is the 
change of slope after freezing as well as a vertical jump at the 
time of freezing. 

These properties may be explained by a simple composite 
model in which n denotes the volume fraction of freezable pores 
in concrete. The equilibrium of longitudinal normal stresses in 
the specimen requires that u = (1 - n)u c + nu; in which u is 

4 

o 1 cycle 

LENGTH CHANGE MEASUREMENTS 

AFTER MULTIPLE FREEZE-THAW 

CYCLES (MORTAR BEAMS. w/c = 
0.32. AGE TWO WEEKS) 

c,. 25 Freeze-Thaw cycles 
• 179 Freeze-Thaw cycles 

C 

the total stress, u c and U; are normal stresses in the solid struc
ture of concrete and in ice, Ee and E; are elastic moduli of con
crete and of ice, "c and "j are linear coefficients of thermal 
expansion of concrete and ice, and e~ = qe 0 where eo is the 
volume expansion of water on freezing and q indicates a reduc
tion in volume decrease due to the fact that pore volume n may 
be filled by liquid water only partially or that part of the water 
may be expelled from these pores before it freezes. By algebraic 
rearrangement of the foregoing equation, one obtains for the 
strength after freezing the equation e = aT + eo + u / E, in 
which E = (1 - n)Ee + nE;. These two parameters are graph
ically shown in the schematic dilatometric diagram in 
Fig. AI(B). From the preceding equations we obtain 

(I - n)Ecac + nE,aj 
" = ~--~~~--~~ 

E 
(A-la) 

(A-lb) 

If the freezing temperature Tf (Fig. AI(B» is known, one could 
calculate from Eqs. (A-la) and (A-lb) the values of nand q. 

According to the linear diffusion equation for heat conduction, 
the temperature difference between. the middle and the surface of 
~ slab at a constant cooling rate T may be estimated as I:l.T = 
TD 2C P / 4c in which C = 753 J / (OC . kg) is the heat capacity of 
concrete, and Co = c/C is the heat diffusi,vity of concrete (about 
0.004 m2/h). For a typical cooling rate T = lOoC/h and thick
ness = 2.5 cm, this temperature difference is found to be I:l.T "'" 
I °C. This is rather small, which means that the internal stresses 
due to the delay from heat conduction are insignificant for the 
typical dilatometric tests. However, Jor thicker bodies the tem
perature difference can be quite significant; e. g., for thickness 
D = 10 cm, one gets for the same cooling ratel:l.T = 16°C. 
Thus, the durability reduction caused by nonuniform stresses due 
to heat conduction and diffusion can be determined only when 
comparisons .are made with much larger specimens. The dila
tometric tests represent only a small part of the experimental in
formation which would be needed to calibrate the present model. 

With regard to the offset of the curves in Fig. Al(A), it is of 
interest to estimate the temperature rise in concrete, I:l.Tfro caused 

(6) 

l.-----r-_ due to ice 

Co expansion 
'"'k:-~-:<-' 

release of 

latent heat 

-+----~------~~~--T 

~0~O~~~--1~0~O--~----d~o~--~--_~10~O~~----J_200 

TEMPERATURE (oC) Fig. AI. Example of dilatometric tests. 
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by the release of latent heat on freezing. We have uTfr = Cww/ 
Cpo in which for a typical concrete we may substitute Cw = 
333000 l/(mol' kg), p = 2300 kg/mJ

, and w = 3.8 mol, kg 
where w is the content of freezable water. Calculation then yields 
uTjr = 0.7°C. Under adiabatic conditions, this would be mani
fested as an increase of temperature. However, when the environ
mental temperature is controlled. the temperature rise would have 
to gradually dissipate in an exponential fashion, as indicated by 
the dashed upward projection in Fig. Al(B). For this reason, IlTfr 

is not the major contribution to the offset of the straight lines in 
Fig. Al(B). 
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