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ABSTRACT: The paper examines whether the size effect law for failures 
due to distributed cracking. recently derived from fracture mechanics 
arguments. is applicable to torsional failure of unreinforced or longitu
dinally reinforced concrete beams of rectangular cross section without 
stirrups. The test data available in the literature are used for thi:o; 
purpose. They confirm that a size effect is present and does not disagree 
with the size effect law. However, the data range is so narrow and their 
scatter so large that the precise form of the size effect cannot be 
identified. A simple. theoretically based formula to take the size effect 
into account is suggested. 

INTRODUCTtON 

Although, whenever possible, it is desirable to design concrete struc
tures to fail in a ductile manner, brittle failures cannot be avoided in some 
well-known situations. While in ductile failures the load remains constant 
at increasing deformation after the ultimate state is reached, in brittle 
failures the load decreases after the ultimate state. The phenomenon of 
load decrease after the peak has a profound effect on the behavior and 
safety margins of the structure, and its most significant manifestation is 
perhaps the size effect. Whereas for plastic behavior (assumed in limit 
analysis) geometrically similar structures of different sizes fail at the same 
nominal stress level. for brittle behavior, the larger Ihe structure, the 
smaller is the nominal stress at failure. This property is a consequence of 
the fact that if the load decreases after the peak, the failure cannot be 
simultaneous but occurs through propagation of a failure zone across the 
structure, one part having already failed when another part reaches its 
peak capacity. In a larger structure, this propagating, nonsimultaneous 
nature of failure is more marked. In energy terms, the previously failed 
regions of the structure cause elastic energy to be released into the 
currently failing regions and thus help to drive the failure. In a larger 
structure, the energy release available for further propagating the failure is 
greater, and hence the size effect. 

In previous studies (5,12,9-11), the size effect has been analyzed for the 
diagonal shear failure of concrete beams with longitudinal reinforcement, 
and both without and with stirrups; for diagonal shear failure of pre
stressed concrete beams; for punching shear failure; and for beam and ring 
failures of unreinforced pipes. Another important type of brittle failure is 
the torsional failure, and for theoretical reasons as well as by analogy with 
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FIG. 1. Size Effect Law 

the results of previous studies, the existence of the size effect should be 
expected. The purpose of the present study is to examine this question, 
drawing on the valuable experimental evidence already documented in the 
literature (18,20,23). Although there are many other valuable test data on 
torsion failures (1,2,15,17,21,22,24,25,28-34), they cannot be used in this 
study because they give no information on the size effect. 

SIZE EFFECT LAW 

The size effect in concrete structures is intermediate between the linear 
elastic fracture mechanics, for which it is much too strong, and the plastic 
limit analysis, for which it is absent. As derived by dimensional analysis 
and similitude arguments (3,4,7), the following approximate size effect law 
(Fig. I) appears to be applicable to brittle failures of structures that are 
made of heterogeneous materials, such as concrete, and are geometrically 
similar, in either two (3-5,7) or three dimensions (8): 

ON = BJ,'cW,,), cI>(A) = (I + :J -Ill .................................... (I) 

in which f, = direct tensile strength of concrete; B and ~o = empirical 
constants depending on the shape of the structure; ~ = dId" = relative 
structure size; d = characteristic dimension of the structure; d" = 
maximum aggregate size; (IN = nominal stress at failure; and P = 
maximum load of the structure (representing the failure load in a load
controlled test). For two dimensions, (IN = Plbd where b = structure 
thickness, while for three dhbensions, (IN = PlcP. With constant B and ~o, 
Eq. I is applicable only to structures that are geometrically similar. 
However, generalization to different geometrical shapes is possible if the 
dependence of B and ~o on the structure geometry is determined. 

Eq. I has been derived (3) from the following simplifying, yet apparently 
quite realistic hypotheses: 
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Hypothesis I. The energy release into the front of the cracking zone at the 
moment of failure depends on the length of the fracture surface at the 
moment of failure. 

Hypothesis II. It also depends on the area of the cracking zone frontal 
width, which is a constant multiple of the maximum aggregate size d". 

Hypothesis III. The failure surfaces which form at the moment of failure 
in geometrically similar structures of different sizes are also geometrically 
similar. 

Hypothesis IV. The structure fails due to propagation ofa well-developed 
cracking zone rather than at the initiation of cracking. 

The last hypothesis is practically always satisfied since the design must 
normally be such that the failure load be sufficiently higher than the crack 
initiation load (e.g., according to ACI Standard (14) for bending, it must be 
1.25 times higher). Hypothesis III is usually also confirmed by tests; in 
diagonal shear it would be violated if, e.g., the crack inclination!> were 
widely different for beams of various depths, which is not the case. Neither 
are large differences observed for the inclination of the failure crack in 
torsion in beams of different sizes. 

Hypotheses II and [ are supported by various theoretical as well as 
experimental arguments presented elsewhere (3-8). If only hypothesis I 
were applicable, the resulting size effect would conform to linear elastic 
fracture mechanics, and if only hypothesis II were applicable, the size 
effect would be absent, as in plastic limit analysis. These two cases 
represent the limiting cases of Eq. I. If the structure is very small, then 
>.1>'0 is negligible compared to I, in which case (TN is proportional to the 
strength J;. This is the case of plastic limit analysis (or clastic allowable 
stress design). If the structure is very large, then I is negligible compared 
to >.1).,0, in which case !TN is inversely proportional to >.,'12. This is typical of 
linear elastic fracture mechanics. While most laboratory tests carried out 
in the past are close to the plastic limit analysis case (negligible >.,1).,0), real 
structures are mostly in the transitional case between the limits of plastic 
limit analysis and linear elastic fracture mechanics. 

The approximate size effect law for failures due to distributed cracking 
(Eq. I) was previously compared to the available test data on the diagonal 
shear failure of longitudinally reinforced nonprestressed and prestressed 
beams available in the literature, as well as the data on beam and ring 
failures of unreinforced pipes. It was also compared to the results of tests 
on punching shear failure of slabs of widely different sizes made at 
Northwestern University (II). These comparisons revealed no disagree
ments with the size effect law, but because of the large statistical scatter of 
test data they cannot be said to prove validity of the law. The choice of the 
size effect law given by Eq. I, as opposed to some other possible empirical 
formulas, rests on theoretical arguments. 

Note also that Eq. I is strictly aflplicable only to structures made of the 
same concrete, which requires the maximum aggregate size dn to be the 
same. As an approximation, Eq. I may apparently be used even when 
there are small differences in dn . When there are large differences in dn , a 
correction term must be introduced into Eq. I (13, 6,8). 

Note also that the choice of the characteristic dimension cI is irrelevant 
and is strictly a matter of convenience. For example, for diagonal shear 
failures, d can be chosen as either the beam depth or the beam length. The 
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only consequence is that the value of B in Eq. I will come out to be 
different for the two choices. 

FORMULA FOR TORSIONAL SHEAR STRENGTH 

We now consider rectangular beams with a constant cross section of 
depth d and width b, subjected to torque T (Fig. 2). According to the theory 
of elasticity. the maximum shear stress, which arises in the middle of the 
beam depth, may be expressed as 

1 T v = - - ........................................................................ (2) 
I a b2d 

in which a is a coefficient given by the elasticity solution and depends on 
the ratio bId (it is assumed that b :5 d). If the design is based on the 
cracking torque, v, must be less than' the given cracking stress. 

The shear stress at failure may be based on plastic limit analysis, which 
yields the approximate formula (27): 

vu= a,.:2d' a,.=~(I- :d) ............................................ (3) 

It may further be considered that the ultimate value of "~II at failure is 
proportional to the tensile strength, which itself is proportional to Vi:. , 
where J: is the standard compression strength of concrete. Thus, the 
design condition for the ultimate load may be written as VII :5 k, VJ:. , 
where k. is an empirical coefficient to be calibrated by torsional tests of 
beams. By substituting T = av,b2d (Eq. 2) into Eq. 3, the condition for the 
ultimate state Vu =: k, \11:. may be expressed as '" :S Vu where the ultimate 
torsional shear stress is 

vu = 21a (1 - :d)k 1R ...................................................... (4) 

Although the size effect law was originally derived for two-dimensional 
similarity, it also applies for three-dimensional similarity (8). Thus it 

b .. 
FIG. 2. Beam Geometry 
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FIG. 3. Size Effect for Plain Concrete Beams, Humphrey's Data (1957) 

should. be applica~le to torsional failure which is three-dimensional. 
AcconJlng to th.e size effect law (Eq. I), the failure limit given by Eq. 4 
should be appl~cable ~nly f~r the limiting case of an infinitely small 
str~ctur~ for w~lch AIAo IS negligible compared to I, i.e., eTN = HI;. (TN may 
~e Idenltfied With VI and the expression in Eq. 4 corresponds to HI;. Thus, 
It appears that Eq. 4 should be generalized to arbitrary beam depths as 
follows: 

( d) -1/2 
V =C I+-..!!!... 

U I Ad' 
o " 

CI = 2~ (I - :d)kl.JJ: .................. (5) 

in ":hich clef .. represents some suitable measure of the size of the cross 
sectIOn. 

We must now de~i~e the. proper ~efinition of deff. The existing data do 
n?t su~ce for deCiding thiS question empirically. From the mechanics 
viewpoint. we kn~w that t~~ ~i~ension of t~e shorter side of a rectangular 
cross sect~on .dec~des the initiation of cracking; however, at ultimate state, 
stress redistributIOns occur and the effective size should also depend on 
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FIG. 4. Size Effect for Plain Concrete Beams, Hsu's Data (1968) 

the beam depth cI. Therefore, in absence of any more precise information, 
we select as the effective beam size the expression 

deff = Jbd ....................................................................... (6) 

This expression appeared to yield better fits of the existing test data than 
some other alternatives, such as cleff = b or delI = d. 

The formula in Eq. 5 is intended for both plain concrete beams and 
beams that have longitudinal reinforcement. According to the current 
method of limit analysis for torsion of reinforced concrete beams, longi
tudinal reinforcement, unlike stirrups, has no effect. Indeed, the available 
test results reveal no systematic difference between the ultimate torques of 
beams with and without longitudinal bars (1,2,19,22). [The differences 
between these two cases were generally less than 15% (19).] 

ANALYStS OF EXISTING TeST DATA 

The simple form of the size effect (Eq. I) has the advantage that the 
formula can be algebraically rearranged to a linear form so that .the 
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unknown parameters can be obtained by linear regression. Indeed, Eq. 7 is 
equivalent to 

! = ~ + ~ doff ............................................................. (7) 
v~ C: C: Aod" 

Plotting I/v; versus denld,,, the data would ideally fall on a straight line of 
slope k.t'Ao and a vertical axis intercept I/ei. The vertical deviations from 
this straight line, illustrated in Figs. 3a, 4a, Sa and 6a, represent statistical 
errors. 

Numerous test data exist in the literature; however, only a few of them 
can be used for checking the size eOect in torsion, and even those are 
rather limited in the size range and lack geometrical similarity. Figs. 3-6 
show the comparisons with the test data by Humphreys (20), Hsu (18), and 
McMullen and Daniel (23), which are summarized in Table I. When the 
cubic strength f.. (in psi) was reported, it was converted to the cylindrical 
strength j~. according to the formula (26): f: = [0.76 + 0.20 log (f.12,840)/ 
f. .. Each figure shows the linear regression plot as well as the size effect 
plot of the logarithm of the normalized nominal stress at failure v" versus 
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the logarithm of the relative cross section size c/en/cl". The parameters of 
the optimum fits are indicated in the figures, along with the correlation 
coefficient r, the coefficients of variations of the deviations from the 
regression line WI'IX, and coordinates X and Vof the centroids of the data. 

The principal observation from the comparisons with these data is that 
they confirm the existence of the size effect. This is of course not an 
entirely new conclusion since the existence of the size effect was already 
pointed out by Hsu (18). The data in the figures do not disagree with the 
size effect law, but at the same time they are certainly insufficient to prove 
its validity, because of range limitation and larger scatter. 

The main reason for the enormous scatter is the narrowness of the size 
range of the existing data. At most the sizes of one avaialble data set differ 
as I :2.7 while for verification and accurate calibration of the size effect law 
it is probably necessary to have test results for sizes differing at least as 
I : 8. Of course such tests would be far more expensive than those carried 
out so far. Another reason for the enormous scatter is the lack of 
geometrical similarity. The effect of geometrical shape is taken. into 
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TABLE 1. Teat Data from LIterature Used for Calibration of Preaent Formula 

Beam b d d" f; T. 
number (In.) (In.) '(In.) (psi) (kip-In.) 

( 1) (2) (3) (4) (5) (6) 

(a) Humphreys. R .• 19.57: Unreinforced Beam 

POA 5 5 0.375 7,486 . 20.23 
POB 5 5 0.375 7.486 19.37 
POC 5 .5 0.37.5 7,486 20.12 
POD .5 .5 0.37.5 7,486 19.71 
POE .5 .5 0.37.5 7,486 19.89 
PROA 10 .5 0.375 7,486 48.13 
PROB 10 .5 0.375 7,486 41.82 
PROC 10 .5 0.37.5 7.486 42.44 
PRHA .5 10 0.37.5 7.486 42.13 
PRHB 5 10 0.375 7,486 44.53 
PRHC .5 10 0.375 7,486 44.03 
PSOA 5 IS 0.375 7,486 68.99 
PSOB 5 1.5 0.375 7,486 68.39 
PSOC 5 15 0.37S 7,486 68.99 
PTOA 3 9 0.37.5 7,486 16..59 
PTOB 3 9 0.375 7,486 1.5.90 
P'roc 3 9 0.375 7.486 14.71 
PUOA 3 12 0.375 7,486 22.17 
PUOB 3 12 0.375 7,486 21.62 
PUOC 3 12 0.37.5 7,486 22 . .54 

(b) Humphreys, R .• 1957: Reinforced Beam 

PIA 5 5 0.37.5 7.486 19.76 
PIB .5 5 0.375 7.486 21.53 
PIC S 5 0.375 7,486 22.23 
PIO S .5 0.37S 7,486 21.16 
PIE S 5 0.37.5 7.486 19.29 
PRIA S S 0.37.5 7,486 44.77 
PRIB 5 10 0.375 7,486 46.13 
PRIC 5 10 0.37.5 7,486 4.5.82 
PSIA 5 10 0.37.5 7,486 74.09 
PSIB 5 10 0.37.5 7.486 73 . .59 
PSIC 5 15 0.375 7,486 72.09 
PTIA 3 9 0.37.5 7,486 16.44 
PTIB 3 9 0.375 7,486 1.5.44 
PTIC 3 9 0.37.5 7,486 14.92 
PUlA 3 9 0.37.5 7,486 24.61 
PUIB 3 9 0.375 7.486 21.14 
PUIC 3 9 0.37.5 7,486 22.11 

account by coefficient C. in Eq. 5, which is only approximate and is the 
source of large additional errors. 

Figs. 3-6 also show by the dashed lines the size effect according to linear 
elastic fracture mechanics. It is obvious that, with the exception of Fig. 4, 
this effect is much too strong. 
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TABLE 1. Continued 

Beam b d d. f~ T. 
number (in.) (In.) (In.) . (psi) (kip-In.) 

(1) (2) (3) (4) (5) (6) 

(c) McMullen and Daniel. 197.5: Reinforced Beam 

BI . 22 10 0.5 6.4.50 266 
1J7.5 22 10 0 . .5 6.1.50 237 
1m 22 10 0 . .5 6,640 260 
B5 7 10 0 . .5 5,730 56 
86 7 10 0.5 5,730 46 
014 7 10 0.5 5,730 56 
838 3 10 0.5 .5,850 16 
039 3 10 O.S 5,380 14 

(d) Hsu, T.T.C., 1968: Unreinforced Beam 

AI 10 1.5 0.75 4,060 162 
A2 10 1.5 0.7.5 4,060 169 
A3 10 10 0.75 4,000 102 
A4 10 10 0.75 4,120 100 
A5 10 20 0.75 4,230 216 
A6 10 20 0.7.5 4,160 216 
A7 6 II 0.7.5 3,920 .54 
A8 6 II 0.75 4,260 56.5 
A9 6 19.5 0.75 4,470 101 
AIO 6 19.5 0.75 3,R60 R5 

CONCLUSION 

1. The existing test data on torsional failure of unreinforced and 
longitudinally reinforced concrete beams of rectangular cross section 
without stirrups indicate that a size effect is present, i.e., the nominal 
stress at failure decreases as the cross section size increases. 

2. Although the existing test data confirm that a size effect is present, 
their size range is so narrow and their scatter is so large that the precise 
form of the size effect cannot be identified. Nevertheless, the existing data 
do not disagree with the size effect law for failures due to distributed 
cracking which was previously derived theoretically, based on fracture 
mechanics arguments. 

3. The existing data indicate that the size effect is on the average weaker 
than linear clastic fracture mechanics predicts. 

4. In view of the lack of geometrical similarity and the serious size-range 
limitation of the existing data. further tests that would be geometrically 
similar and would cover a much broader size range are desirable. 
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