
STRAIN SOFTENING WITH CREEP 
AND EXPONENTIAL ALGORITHM 

By Zdenek P. BaZani,' F. ASCE and Jenn-Chuan Chem2 

Aasnu.cr: A constitutive relation that can describe tensile strain softening with 
or without simultaneous creep and shrinkage is presented, and an efficient time
step numerical integration algorithm, called the exponential algorithm, is de
veloped. Microcracking that causes strain softening is permitted to take place 
only within three orthogonal planes. This allows the description of strain soft
ening by independent algebraic relations for each of three orthogonal direc
tions, including independent unloading and reloading behavior. The strain due 
to strain softening is considered as additive to the strain due to creep, shrinkage 
and elastic deformation. The time-step formulas for numerical integration of 
strain softening are obtained by an exact solution of a first-order linear differ
ential equation for stress, whose coefficients are assumed to be constant during 
the time step but may vary discontinuously between the steps. This algorithm 
is unconditionally stable and accurate even for very large time steps, and guar
antees that the stress is always reduced exactly to zero as the normal tensile 
strain becomes very large. This algorithm, called exponential because its for
mulas involve exponential functions, may be combined with the well-known 
exponential algorithm for linear aging rate-type creep. The strain-softening model 
can satisfactorily represent the test data available in the literature. 

INTRODUCTION 

It is now well-established that a realistic prediction of long-time de
formations and stress redistributions in concrete structures must take 
into account not only creep and shrinkage, but also cracking (1,18, 
24,25,29,34). The previous works have, however, made one or more of 
the following unrealistic oversimplifications: (1) Cracking was modeled 
by a sudden stress reduction to zero when the tensile strength was 
reached; (2) creep of the material between the cracks was neglected; or 
(3) the aging effect was disregarded. The purpose of this study is to 
present a mathematical model which avoids all these oversimplifica
tions. 

Instead of a sudden stress reduction to zero after the attainment of 
the strength limit, one should consider the gradual strain softening of 
concrete, i.e., a gradual decline of stress at increasing strain. In a pre
vious study (17), it was shown that cracks produced by drying are nor
mally so fine and densely distributed, or so strongly restrained by ad
jacent compressed concrete, that a sudden formation of continuous cracks 
is impossible. At the same time, studies of fracture test data of concrete 
showed that strain-softening stress-strain relations are inevitable for de
SCribing the observed deviations from linear elastic fracture mechanics 
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or from strength criteria, and for obtaining the correct structural size 
effect (12,31). Also, it has been found that the same strain-softening stress
strain relations yield correct deflections of reinforced concrete beams in 
the cracking stage (10), and explain the existing test data on the shear 
transmission across cracks with the associated dilatancy (8). Thus, the 
tensile strain softening-a property well-established experimentally (19,21-
23,25,26,31)-emerges as a fundamental property of concrete. Our ob
jective is to take it into account in creep analysis. 

From experience, the numerical creep analysis of aging structures with 
a broad relaxation spectrum runs into difficulties with numerical stability 
and accuracy unless special techniques are adopted. The numerical anal
ysis of strain-softening structures is even more notorious in that respect. 
Ther~fore, the objective of this paper is not only to set up a constitutive 
relation, but also to develop a stable, convergent, efficient and accurate 
algorithm for numerical integration. 

The questions of spurious mesh sensitivity and incorrect convergence 
at me~h refinement, as well as the fracture mechanics aspects of strain 
softerung (6,12,13), have to be left aside. We must keep in mind, though, 
that ~~ present strai~-softening relation can only be an overall property 
of a fimte representative volume of heterogeneous material, not a point 
property of homogenized continuum. For the method of implementation 
in finite element programs, see Refs. 6 and 12. 

OBJECnVES AND FORMULATION OF CONSTITUTIVE RELATION 

We seek a constitutive relation satisfying the following requirements: 

1. In the absence of cracking or strain softening, the constitutive re
lation must reduce to that for linearly visco-elastic aging creep, aug
mented by the shrinkage and thermal expansion terms. 

2. In the absence of creep (e.g., for very fast deformations), the con
stitutive relation must reduce to an algebraic stress-strain relation which 
describes strain softening. 

3. Regardless of creep, aging, shrinkage and the loading path and his
tory, the maximum principal tensile stress must reduce at very large ten
sile strain exactly to zero. 

Requirement 3 is crucial. It makes it difficult to use for the deforma
tions due to microcracking various incremental laws, such as those pat
terned after the theory of plasticity with loading surfaces, because such 
laws are path-dependent, whereas the final value of stress must always 
be zero regardless of the loading path. This condition may be satisfied 
if the stress-strain relation governing the strain-softening part of re
sponse is algebraic. 

Should the algebraic relation between stress fJ and strain ~ associated 
with strain softening and the stress-strain relation for creep and shrink
age be coupled in parallel or in series? (These two coupling modes are 
the only simple ones.) It is easy to verify that, for parallel coupling, 
requirement 3 cannot be attained. This was covered in a previous work 
(12), in which it was shown that a series coupling must be used. For 
this coupling, illustrated in Fig. l(a), the stresses in the element repre-
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FIG. 1.-Rheologlc Models, Strain-Softening Curves and explanation of Time-Step 
Formulas 

senting strain softening and those in the element representing creep with 
elasticity and shrinkage (or thermal dilatation) must be the same, and 
their respective deformations, ~, e and EO, must be added. So we may 
write [see Fig. l(a)] 

E = e + ~ + EO .......................•............... , ........ ,. (1) 

in which E, e, ~ and EO = column matrices of the cartesian components 
of the tensors of total strain, of strain due to elastic deformation and 
creep, of strain associated with strain softening, and of the strain due 
to shrinkage or thermal dilatation, respectively. In terms of the com
ponents, E = (Ell, En, E33, E12, E23, E31)T; a = (all' a22, a33, a12, a23, 

a3lf; and ~ = (~ll' ~n, ~33' ~12' ~23' ~3dT, ... in which the numerical 
subscripts refer to cartesian coordinates Xl, X2 and X3, and superscript 
T refers to a transpose of the matrix. 

As argued, the relation between (J and ~ must be algebraic (for mono
tonic loading), and so 

(J = C(~)~ .............................. , , ...................... (2) 

, C represents a 6 x 6 matrix formed by the cartesian components of th 
secant moduli tensor; C is a function of ~. The form of this function fc 
arbitrary multiaxial deformation paths is difficult to determine. In this 
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regard, we adopt here the following simplifying hypothesis, 
Hypothesis I.-At each point of the material, cracks or microcracks 

are permitted to form only in three mutually orthogonal planes, i.e" no 
other crack directions are permitted. These planes can have any orien
tation; however, this orientation must be kept fixed after deformations 
due to strain softening (cracking) begin. 

This hypothesis, illustrated in Fig. l(b), suffices for many practical sit
uations and simplifies the mathematics because orthogonal cracks do not 
interact. It would, of course, be more realistic to also permit various 
inclined crack orientations, as shown in Fig. l(c). Then, however, all 
cracks forming a skew angle with a certain direction contribute to the 
overall deformation in that direction, i.e., cracks of various orientations 
interact. A mathematical model which takes such interactions into ac
count has been conceived (11), and is planned for investigation later. 

According to Hypothesis I, cracking normal to axis Xl increases the 
overall deformation in the X I direction and has no effect on the defor
mations in other orthogonal directions [Fig. l(b)]. Consequently, matrix 
C should have only the diagonal terms associated with normal strain, 
and all other elements of the matrix should be zero, i.e.: 

Cll 0 0 0 0 0 

Cn 0 0 0 0 

C33 0 0 0 
(3) C= 

0 
............................... 

sym. 0 0 

0 0 

0 

in which C ll = C(~ll); C22 = C(~22); and C 33 = C(~33)' This means that, 
e.g.: 

all = C(~ll )~11 (11 ~ 22 ~ 33) ................ , ................. (4) 

in which subscripts 11 can be permutated with 22 and 33 as indicated. 
According to requirement 3, function C(~ll) must be such that lim C = 
o as ~ll ~ 00. This function may be chosen to describe anyone of the 
diagrams shown in Fig. l(d) (bilinear or smooth, with either inclined or 
vertical initial slope). 

In the step-by-step analysis of structures, the crack orientation can dif
fer from one finite element to the next [Fig. l(e)]. The crack orientation 
is fixed in each finite element at the time the maximum principal stress 
aI first attains a certain given critical value, ai , at which nonlinear de
formation (cracking) begins. If the an-~ll diagram is linear up to the 
peak, then ai = f; = tensile strength. If it is curved before the peak, 
then ai < f; . If it is curved from the origin but the curvature is small 
up to, say, 0.7 j; (Eq. 26a), one may use, as an approximation, ai = 0.7 
f; . 

Next we need to describe the linearly visco-elastic aging creep com
ponent, e. It is usually characterized in terms of the compliance functi?n 
J (t,t /) which can be directly measured or predicted from other propertIes 
(2,4). The constitutive law is then expressed on the basis of the super
position principle by means of a history integral. This form, however, 
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is inconvenient for numerical computations. Fortunately, it is known how 
to convert the most general integral-type creep law, based on the com
pliance function, to a rate-type form defined as a set of first-order or
dinary differential equations in time (2,19). Various rate-type formula
tions are possible, and the one preferred is that visualized by the Maxwell 
chain model [Fig. l(a)]. For this model, we have (2,5,19): 

NIl 
1.1 = f;! a ... , e = E ... (t) Ba ... + 11 ... (t) B'a ............................ (5) 

in which superior dots denote derivates with respect to time t; and E ... 
and 11 ... = the uniaxial spring moduli and dashpot viscosities associated 
with the individual units of the Maxwell chain, labeled by subscript IJ. 
= I, ... N. E ... and 11 ... depend on the age of concrete, t. An effective 
algorithm for determining E ... and 11 ... from given compliance functions 
is available (4). Column matrices 1.1 ... represent the components of the 
stresses in the individual Maxwell chain units, called the partial stresses 
or hidden stresses: 1.1 ... == (IT "'U' IT "'22' •• • )T. Finally, 8 and 8' = constant 
matrices defined as 

1 -v -v 0 0 0 

+1 -v 0 0 0 

8 = 8' == 
1 0 0 0 

l+v 0 0 
............... (6) 

1 + v 0 

sym. 1 + v 

in which v represents the Poisson ratio of concrete (approximately 0.18). 
This ratio happens to be about the same for the elastic deformations and 
for the creep deformations, which is why B' = B. In general, B need 
not be equal to B', and then different values of v would be used for 8 
and B'. 

The structure of the matrix in Eq. 6 is a consequence of isotropy of 
the material. To satisfy isotropy conditions, the differential equations 
corresponding to the Maxwell chain are usually written separately for 
the volumetric and deviatoric components, using volumetric and devia
toric moduli and viscosities (18). By superimposing such equations, one 
obtains Eqs. 5 and 6, which are more convenient for our purpose. 

The constitutive relation is now completely defined by Eqs. I, 2 and 
5. In this formulation, e, ~ and 1.1 ... are quantities which are not directly 
measurable, unlike strain E or stress 1.1. Such quantities are called inter
nal variables (or hidden variables). 

It may be noted that our model, on the whole, uses neither series nor 
parallel coupling of individual components, but a mixture of the two, 
since the units of the Maxwell chain are coupled in parallel. Also note 
that if a generalization permitting inclined crack directions were intro
duced, then a further parallel coupling would have to be imposed on 
the cracking elements. 

The structure of the constitutive equation reflects the different origins 
of inelastic strains. The Maxwell chain model describes the strain of in
tact concrete between the cracks, and the strain-softening elements [Fig. 
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l(a)] describe the additional accumulated macroscopic strain due to the 
progressive formation of cracks. If the cracks are assumed as continuous, 
parallel and planar, the deformation due to the cracks must be added 
to the deformation in intact concrete, and the stress transmitted by both 
should be the same, provided the cracks are restricted to three orthog
onal directions. 

After trying numerous variants of the temporal, numerical, step-by
step integration, it appeared suitable to treat the elastic-creep compo
nent and the strain-softening component separately, as we describe it 
now. 

EXPONENTIAL ALGORITHM FOR STRAIN SOFTENING 

Consider now solely the deforIl).ation~ due to strain softening. Differ
entiating Eq. 4, we get ITll = Cll~ll + Cn~ll . We might be tempted to 
consider the last term as an inelastic stress rate, determined on the basis 
of the stress and strain state in the previous loading step or previous 
iteration of the current step. However, such an approach often appears 
unstable when the stress-strain relation has a negative slope, and, even 
if the computations remain stable, a large error is usually accumulated, 
with the result that the stress is not reduced exactly to zero at very large 
~11 • 

An intuitive analogy with the Maxwell model for stress relaxation now 
appears to be helpful. The stress relaxation equations, as we know, al
ways yield a zero stress value after the lapse of sufficient time. A relation 
which formally looks like th~ equation for the. Max-vyell model may be 
obtained by setting ITl1 = Cn~n + Cn~n = Cl1~n + Cl1(ITn/Cll), which 
may be rewritten as 

. IT 11 . 
ITn + 1311 = Cn'+1I2~l1 ............................................ (7) 

where we introduce the notation l/l3n = -Cn/Cll . In this equation it 
is most accurate to take the value of Cn for the middle of the time step 
(tr ,tr+d in which r is the number of the time step (r = I, ... 2 ... ). Thus, 
Cl1'+1I2 = 1/2(C l1 , + Cn,.l)' in which the subscripts r, r + 1 and r + 1/2 
refer to times tT , tT+1 and the midstep time. Based on increment ~Cn, 
the coefficient I3n may be approximated as 

1 

I3n 
(~t = tr+l - t r ) ••• •••••••••••••••••••••••••••• (8) 

Since the tensile strength f; depends on age t, we have Cn = 
C[~111 f; (t)]. Now there is a question of how to differentiate C, which 
is needed to evaluate I3n . To satisfy requirement 3, we cannot use ~Cn 
= (iJC/iJ~)~~; rather we must use the total difference ~Cn = (iJC/iJ~n)iJ~n 
+ (iJC/iJf!)~f!. Similarly, if Cn = C(~l1,T) in which T = temperature, 
we must use in Eq. 8 ~Cl1 = (iJC/iJ~l1)~~l1 + (iJC/iJT)~T in order to sat
isfy requirement 3 (except for unloading). This means that (for loading) 
the stress must always correspond to a path-independent secant mod
ulus even if C depends on r; or T, or both. 

Eq. 7 looks like an equation for stress relaxation, and we solve it as 
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such, assuming that during the time step Ilt the values of the right-hand 
side .of thi~ equati~n and of ~u are constant, although they may vary 
by dIscontinuous J~mps ~e!Ween the time steps. This approach is the 
same as that used m denvmg the exponential algorithm for rate-type 
creep (2,5,19). The general solution of Eq. 7 is then exactly 
a (t) = Ae -(I-I,)/P11 + C fl i: 11 11,+ 112,",11 <,11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. (9) 

in which A is an integration constant. Fr<;>m the initial condition au = 
a11, at t = tr , we get A = au, - ClIH1I2~1I~1I' from which 
al1(t) = an e-(H,)/Il11 + (1 - e-(I-I,)/Il11)C fl i: (10) 

, l1r -+-1I2 Pl1 ':tIl ..... ........... . 

For the end of the time step, t = tr+l = tr + Ilt, we have 

1 
au, + lla11 = all,e-~Zl1 + Ilzu (1 - e-~11)ClI'+1I21l~1I ................ (11) 

in which we introduced the notation Ilzll = Ilt/fl ll = -IlCll /C Eq 
11 b . . '"' 11,+112 . . 

may e rewrItten m the form of a pseudo-elastic stress-strain relation 
with initial strain 1l~11' i.e., Ilau = 011(1l~1I - 1l~11) or 

Ilau 
1l~11 = -- + ll~ll 

Ou 

in which 

............................................. (12) 

O 1 -~ an 
u = A (1 - e 11)ClI'+1I2' ll~ll = (1 - e-~lI) -0 ' ..... '" ...... (13) 

Zll 11 

0 11 may be regarded as an incremental elastic modulus. 
Eq. 12 may be written as llall = Ila~~ - llaTI , in which Ila~~ = 0 Ill: 

11 cr - 0 AI:" Th . I I' n <,n, a11 -. 11.''''<,n. e mcrementa re ation may then be interpreted as 
shown m FIg" 1(f) and Fig. l(g), in which the increment 13 is the elastic 
stress change at arrested cracking, Ila~~, and the increment 32 is the 
inelastic stress relaxation at fixed deformation, llaTI . 
. Let us now look at the limiting properties of Eq. 12. If the loading step 
IS very small, Il~n ~ 0, the limiting values of Eq. 13 are 

Ou ~ CU '+112' ll~ll ~ a~;IlCu."" .. " .. "" .. " .. " .... " .. " ........ (14) 
11r+1I2 

Now compare this to the central difference approximation of Eq. 7, Ilan 
+ Ilt(an, + llall/2)~n = Oull~I1' in which Ou = Cu (tr+I/2). For very 
smallllt, we have Ilau = ClIll~u - al1llt/~u = ClI(ll~n - 1l~11) with 
1l~11 = allll;/(~u ~u), .and because Ilt/~ll = -IlCn/ClI , we get 1l~11 = 
-al1 IlClI /Cll , ~hlch IS the same as Eq. 14. Therefore, in the-limit for 
very sm~ll loadmg steps, the exponential algorithm is equivalent to the 
central d~ference formulas. Thus, for very short diminishing time steps, 
our algonthm would converge in the same manner as that based on the 
central difference formula. 

However, the foregoing formulas, which we will call the exponential 
formulas, are u~ed because they permit very long time steps Ilzn . If 
Ilzu ~ 00, the nght-hand side of Eq. 11 tends to 0, which guarantees 
that at very large strains the stress will be reduced to exactly zero, even 

397 

if some error is accumulated during previous loading steps. For com
parison, consider again the aforementioned central difference approxi
mation of Eq. 7, for which we have llall = (Ol1ll~U - al1,Ilt/~l1)/(1 + 
Ilt/2~n), in which 0 11 = Cn (tr+l/2)' Now, for very large Ilt, we get Ilan 
= -2all" which means that the stress would overshoot an equal dis
tance into the opposite stress values and would not be reduced to ex
actly zero at very large time steps. By contrast, for the exponential al
gorithm llall = -llaTI = -01l1l~11 = -an" i.e. the stress is reduced to 
exactly zero. Besides, On ~ 0, which means that the stress, once re
duced to zero, will remain zero for further loading [Fig. l(h»). 

Such characteristics of- the solution are important for solving long-time 
creep effects in concrete structures with cracking. For steady loads,· it is 
possible and, in fact, necessary to increase the time step in a geometric 
progression from very small initial values (needed because short relax
ation times are present) to very long time steps (of the order of 1 yr) 
near the end of integration. If it happens that cracking begins after many 
years, suddenly the stresses begin changing rapidly during cracking. Yet 
it would be inconvenient to introduce very small time steps each time 
this happens. The present formulas with their long-term asymptotic 
properties make it possible to let this cracking happen within only a few 
time steps and still maintain reasonable accuracy. 

Combining Eq. 12 with similar incremental relations for directions X2 

and X3' we obtain the matrix incremental relation 

Il~ = BClla + Il~" .............................................. (15) 

OIl 0 0 0 0 0 

0;1 0 0 0 0 

BC = 
03} 0 0 0 

.................. (16) in which 
0 0 0 

sym . 0 0 

0 

Here the expressions for 0 22 and 0 33 are obtained from Eq. 13 by sub
script permutations 11 ~ 22 ~ 33, and the same permutations apply for 
the components of the column matrix Il~" = (1l~~1 ,Il~h ,Il~:n ,O,O,OV. 

An essential aspect for convergence and stability is the use of the se
cant modulus, Cu . If tangential formulas (in which 1l~11 = 0) were used, 
convergence and stability of iterations would not be obtained in the strain
softening region, as numerical experience indicated. 

EXPONENTIAL ALGORITHM FOR RATE-TYPE CREEP 

The preceding formulation of the exponential algorithm for strain soft
ening is patterned after the exponential algOrithm for rate-type aging 
creep developed in 1971 (2,3,5,7,19). For steady loads, this algorithm 
permits increasing the time step to values that are much larger than the 
shortest relaxation time, without any significant loss of accuracy. The 
time-step relations are derived as the exact integrals of the differential 
equations for the Maxwell chain under the assumption that the equa-
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tion's coefficients are constant during the time step and change only by 
discontinuous jumps between the time steps. Taking the equations of 
this algorithm, as stated for the volumetric and deviatoric parts (e.g., on 
page 213 of Ref. 2, or in Ref. 19), and combining them in matrix form, 
we have 

~e = BM~a + ~e" ............................................. (17) 

~e" = BM~aM, M 1 
B = EM B ..................................... (18) 

EM = 2: AI'-E l'-(t r+1/2)' ~aM = 2: al'-,(l- e-dy.) ................... (19) 
I'- I'-

1 ~t T~ = [~:1+1/2 ................. A = - (1 - e -dy.) ~Yl'-=-, (20) 
I'- ~Yl'- ' T* I'-

in which J..l. = 1, 2, ... N; ~e" represents the column matrix of the in
elastic strain increments due to creep, BM is a square matrix of pseudo
elastic incremental compliances; and T~ are called the relaxation times. 
If temperature is constant, the values of T~ may be chosen as constants. 
They may be considered to be spaced in the logarithm of age by decades 
(2,3,5,7,19). The new values of the partial stresses are obtained from the 
relation 

al'-,+' = al'-H,e-dy• + AI'-EI'-(tr+I/2)B-l~e ............................ (21) 

Note that, for very short time steps (~Yl'- - 0), this equation is equivalent 
to a central difference approximation of Eq. 5 for the Maxwell chain, 
while for a very long time step (~Yl'- - 00), Eq. 21 always yields a zero 
stress value. 

The incremental relations for elastic deformation with creep, strain 
softening and shrinkage (or thermal dilatation) may now be combined 
as ~E = ~e + ~~ + ~EO. Substituting Eqs. 15 and 17, we obtain the fol
lowing pseudo-elastic incremental stress-strain relation 

~E = D~a + ~E" ...•••.••..•••..••••.•••••.•••..••••.•.••.•.••• (22) 

in which 0 = BM + B C, ~E" = ~e" + ~~" + ~Eo ..•••...•••..•••• (23) 

o represents the overall incremental compliance matrix, from which the 
incremental stiffness matrix may be obtained by inversion; ~E" repre
sents the column matrix of the total inelastic strain increments; and ~Eo 
is the given increment of shrinkage strain or thermal strain. 

STRAIN-SOFTENING DIAGRAM, UNLOADING, RELOADING 

It is a typical property of fracturing materials that their elastic stiffness 
degrades due to fracturing. If the microcracks were perfectly smooth, 
without interlock and rubble inside the crack space, and if the matrix 
were perfectly elastic with no nonlinear regions at the crack tips, the 
material would have to unload according to the secant elastic moduli all 
the way to the origin of coordinates. Comparison with recent test data 
(28), however, reveals that this is not so. The initial unloading slope is 
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FIG. 2.-Unloadlng and Reloading Behavior Assumed 

much steeper than the secant slope, although often still much smaller 
than the elastic modulus for virgin concrete [Fig. 2(c»). During unload
ing, the material gradually stiffens and eventually regains ~ts original 
elastic stiffness [Fig. 2(c»). This happens at very large compreSSIve stresses 
rather than at zero stress. The stiffening of the material is obviously due 
to the fact that cracks, once formed, cannot close completely, partly be
cause of rubble and interlocking fragments within the crack space, and 
partly because of irreversible deformations in the nonlinear crack-tip re
gions. 

Although more realistic (and more complicated) diagrams for unload
ing could be derived, it seems that the following simple rule works ad
equately for unloading: 

~fll = 0 if ~~11 s; 0 (11 - 22 - 33) .......................... (24) 

i.e., the increments of the fracturing strains ~1I' given for loading by 
Eq. 13, are set equal to zero in the case of unl?adi~g. By virtue of ~he 
fact that we have only three possible crack dIrections, the unload~ng 
condition can be checked independently for each of the fractunng 
strains, ~1I' ~22 and ~33 . The elastic moduli elI (~1I), etc., as well as the 
moduli DlI , etc., in Eq. 13, for finite loading steps, are left unaffected 
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by ~nloading. !hey are evaluated from the current values of fracturing 
strams ~ll' ... m the same manner as for loading, and due to finite steps 
the central difference formula is used, i.e., Cll = Cll'+l12 = [Cll (~,) + 
Cl1 (~,+r»)/2. 
. T~e rule for generating the unloading diagram is shown geometrically 
m Figs. 2(a) and 2(b), for both the cases when the initial slope of the 
<1U-~1l diagram is finite and infinite. The slope of the tangent of the un
loading diagram at fracturing strain ~ll is equal to the secant modulus 
of the l~adi~g diagram at the same value of ~ll' i.e., the straight lines 
marked m Figs. 2(a) and 2(b) are parallel. It is easy to construct the un
lo~din~ dia~am geom~trically according to this rule. The diagram ob
tamed m this manner IS, at the start of unloading, less steep than the 
te~t data indicate, but after some small unloading the slope roughly agrees 
with tests of unloading after tensile strain softening (28). 

In a perfect elastic material without rubble and interlock in the cracks 
and without nonlinear crack-tip regions, the reloading would have to 
proceed al~ng. the same lin.e as unloa~ing, but this is not true in reality. 
At the begmmng of reloadmg, the stiffness tends to be higher than the 
unloading stiffness at the same stress, but not higher than the initial 
slope of the virgin diagram. This is true as long as there is compression 
across. the c~acks. When reloading reaches the tensile region, then the 
reloadmg stiffness becomes smaller than the unloading stiffness at the 
same stress. This is true, however, only if the previous unloading reached 
compressive strains. The following simple empirical rule, which can again 
be implemented separately for each of the components ~ll' ~22 and ~33 , 
appears to work acceptably: 

CJ!(~) = aOCll(~Il) + (1 - ao)Cll(O) for <111 < 0 

CJ!m = a!Cl1(~Il) + (1 - ar)Cl1(~l1m.,J for <111 > 0 

(11 ~ 22 ~ 33) ................................... (25) 

in which superscripts r refer to reloading, and ao and a! are reloading 
coefficients between 0 and 1 (typically ao = a! = 0.5). ~11 denotes the 
valu~ of ~11 w~en u~loading began. After ~ll reaches ~!;:, the virgin 
loadmg curve IS agam followed. When the unloading does not reach 
compressive strains, the reloading curve is assumed to coincide with the 
unload~ng curve, although in reality it lies higher, exhibiting a hysteresis 
loop [Fig. 2(d»). The reloading diagram obtained according to these rules 
is exemplified in Fig. 2(c). 

ALGORITHM FOR COMBINED STRAIN SOFTENING, CREEP AND SHRINKAGE 

S~ce the incremental stress-strain relation (Eq. 22) is of an elastic form, 
the mcrem~n~al problem repre~ents an elasticity problem, which may be 
solved by fimte elements. To Improve accuracy, iterations of each time 
step are desirable. The computation may proceed in each time step as 
follows. 

. 1. As~ume ~uitable values for .:l~ for every finite element and every 
mtegration pomt. One may use the same values as obtained in the pre-
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vious step; however, if loading reverses to unloading, then it is better 
to assume zero values. 

2. After checking the loading-unloading-reloading criterion, compute 
>"""+112' ~ll' ~22' ••• D ll , ..• EM, .:lEI!, ... , and .:l~I!, ... for every finite 
element and every integration point, using the stress values for the be
ginning of the time step, t,. For loading, use Eqs. 8, 13, 19 and 20; for 
unloading, use Eqs. 8, 19, 20 and 24; and for reloading, use Eqs. 8, 19, 
20 and 25. 

3. Solve the elastic problem and obtain the increments of a and E for 
every finite element and every integration point (Eqs. 22 and 23). Then 
find .:l~ from .:la, .:If' and Dl1 (Eq. 15). 

4. Check if the differences of .:l~ values from its values in the previ
ous iterations satisfy a given tolerance and, if they do not, iterate steps 
1-4. 

5. After terminating the iterations, compute the values of a,.. for the 
end of the step (Eq. 2). Discard the values of a, and a,.." etc., for the 
beginning of the step and proceed to the next step. Also, update the 
maximum strain values achieved so far (for later use in the unloading 
criterion). 

Numerical studies confirmed that this algorithm is highly efficient and 
accurate, even for very large time steps. This is particularly so if the 
strain-softening curve is smooth. For a strain-softening diagram with 
sudden changes of slope, and especially for the case of a sudden stress 
drop, the convergence of the algorithm is poor and good accuracy then 
requires small time steps. However, the algorithm still converges. The 
purpose of the exponential formulas (Eqs. 11, 13, 19-21) is not to im
prove convergence at diminishing time steps, but to achieve very good 
accuracy at long time steps. For very short time steps, these formulas 
are equivalent to central difference formulas, and the convergence char
acteristics are then the same. 

As far as strain softening is concerned, the use of the secant modulus 
C and initial strain .:l~I! appears to be essential for convergence. Tangent 
incremental formulas (in which .:l~I! = 0) can be set up for strain soft
ening; however, the solution then does not converge. 

NUMERICAL STUDIES AND COMPARISON WITH TEST DATA 

The uniaxial tensile strain-softening diagram [Figs. 2(a) and 2(b») has 
been described earlier as <111 = ES~l1 exp (-c~h) or as <111 = Bs~1! 
exp (-c~h). For these expressions, the secant modulus is 

(26a) 

(11 ~ 22 ~ 33) 

(26b) 

in which c, s, q, Es and Bs are empirical constants. The first equation, for 
which the initial tangent is inclined, includes a part of the elastic re
sponse together with the strain-softening diagram [the other part of the 
elastic response being given by the Maxwell chain model, Fig. 1(f»). The 
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second equation, for which the initial tangent is vertical, includes no 
elastic response since the initial slope is infinite [Fig. leg)], and in this 
case the elastic response is totally represented by the Maxwell chain model. 
The existing test data are not sufficient to decide which of these two 
formulas should be used, and so the computer program has been writ
ten for both. From the viewpoint of convergence and accuracy, Eqs. 26a 
and 26b appear to work equally well if the exponential algorithm is used. 

The empirical parameters in these formulas may be determined from 
the value of the peak stress!; (the tensile strength) and the correspond
ing value ~ll = ~p [Fig. l(!)]. Setting the derivative of the curve (J"ll(~ll) 
to zero, we find 

I 
c = - ~;', 

5 
E, = tJ. ecE~ •••••••••••••••••••••••••••••••••••••••• (27a) 

~p 

-q/:-, B -!,/:-q cE~ (27b) c - "'p' ,- t."p e ..................................... . 
5 

Alternatively, parameters e and 5 for known (or chosen) E, (or Band q) 
may also be determined by linear regression, plotting (for Eq. 26a) 
log [log (E'~Il/(J"!1)] versus log ~ll' or (for Eq. 26b) log [log (E,~11/(J"Il)] 
versus log ~ll . 

In the case that ~ll includes a part of the elastic strain (Eq. 26a) equal 
to (J"ll/Es , one must subtract this value from the elastic deformation to 
be represented by the Maxwell chain model. Thus, the Maxwell chain 
parameters are calculated from the modified compliance function: 

I 
JM(t,t') = /(t,t') - - ........................................... (28) 

Es 

as shown in Fig. 3(b). The algorithm for determining the Maxwell chain 
parameters from JM(t,t') is the same as that used for the actual compli
ance function /(t,t') and published in Refs. 4 and 7. 

It is also possible to use a bilinear stress-strain diagram with a dis
continuous slope, but convergence at slope change is then poorer. 

In typical practical creep problems, the time integration has to be car
ried out to very long times, e.g., 50 yr. The time step, therefore, is grad
ually increased in a geometric progression (2). Despite strain softening, 

( a ) 

J(t,t') t' =a/ 
~=b 

( b ) 
J(t,t' ) 

J(t,a) 

llEo liE. 

log(t-t' ) log(t-t' ) 

FIG. 3.-Compllance Functions and Its Modification with Reduced Instantaneous 
Deformation 
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the same time-stepping procedure as that explained in Refs. 2-6 has 
been u~ed in co~putations, made possible by the exponential algorithm 
fo~ st.raIn softenIng. Generally,S time steps per decade in the logarith
nuc ti~e s~ale have been used; the first time step was about 0.01 day. 
. Apphcation of the present model in finite element analysis is described 
In a subsequent work (7). Here we describe various checks and numer
i~al studies of !he response obtai~ed .from the present constitutive equa
tion for prescnbed stress or straIn hIstories. 

First, the integration of the strain-softening curve <Tn (~I1) has been 
che~ked, settin~ EM ~n~ TIL for the Maxwell chain at yery large numbers 
(10. ). T~e straIn ~11 IS Increased at a constant rate, ~11 = 1O-4/sec, and 
~a~o~s tlJ:ne steps, I1t, are used. The computed points are graphically 
Indlstingwshable from the specified curve <T11 (~I1)' even though the steps 
are as. large as those. indicated by the points in the figure. Second, the 
behaVIOr of the solution has ~een checked for finite TIL and EM, i.e., with 
creep and aging (at constant ~11)' and the response has been found again 
to be stable and accurate, even for large steps [Figs. 4(a), 4(b) and 4(c)J. 

Next, the effect of creep, a~ represented by the Maxwell chain, is ex
plored. Different strain rates, ~ = 1.38, 10-4 and 1O-6/day, are now used, 
and the resJ;'0nse is seen to be strain-rate dependent, although the peak 
stress remaInS constant. (In order to obtain a strain-rate effect on the 
pea~ stress, the value of f i would have to be adjusted according to the 
straIn rate.) The computations are done by controlling the strain incre
m~nts and solving for the stress increments. For a very viscous material, 
WIth TIL = 0.333 day, the creep response prevails and strain softening 
need not develop [Fig. 4(d)]. The unloading response shows then a sig
nificant hysteresis, due mostly to creep from the Maxwell chain. 
Th~ constitutive model must also be capable of representing stress re

laxa.tion due .to creep. The response then differs, depending on whether 
straIn softenIng has or has not been reached [Fig. 4(f)]. In these cal-

800~------------____________ -, 

( c ) Reinhardt, 1983 
t' -28 d_Y" .--.-
opt. fit 

800,-------------------, 
( d ) Gopaloratnam. 

Shah. 1984 

t' -28 daY" ----
OpUmun flt-

07---~--_7---4~--~ 
.0 .2 .• .8 .8 

strain (XI0-,) 

(J11-~11 Curves with Vertical Initial Slope 
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TABLE 1.-Materlal 

Age of 
Softening Parameters 

f!, in Dynamic 
loading, pounds per modulus 

Data set t', in days B, e q 5 IjI square inch (106 psi) 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 

Petersson 1981 7 24,515 220 0.333 0.6 0.465 507 5.8 
wle = 0.5 (a) 28 29,815 184.5 0.333 0.6 0.465 680 

Petersson 1981 
wle = 0.7 (b) 28 27,057.3 95.62 0.333 0.5 0.42 507 5.22 

Reinhardt 
1983 (e) 28 21,378.7 81.55 0.333 0.48 0.55 390 

Gopalaratnam, 
Shah 1984 (d) 28 21,780.0 1,286 0.333 0.75 0.40 505 

culations, the strain is first rapidly increased and is then held constant, 
and the stress increment is solved in each time step. 

The aging effect on the strain-softening diagram is checked in Fig. 
5(b). The strength, f;, increases with age due to the hydration of ce
ment. In the present model, however, we get an age effect on the peak 
stress even if f; is constant. This is due to the increase of the elastic 
moduli ElL of the Maxwell chain units with age t. Fig. 5(b) shows the 
response curves at different ages of concrete. These curves are reason
able. 

The effect of the strain rate obtained from the model [Fig. 5(e)] can be 
checked against various test data. The fact that about the same peak 

TABLE 2.-Modull (10' psi) and Relaxation Times (Days) for Maxwell Chain Units 

Data 
set, from 'T~ 

Table 1 t' t' 0.33 3.33 33.3 333 3,333 3.3 x 10' 1 X 1030 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

(a) 7 or 28 8 1.01 0.871 0.849 1.01 1.24 1.48 -2.29 
25 1.11 0.958 0.871 0.954 1.16 1.37 -1.43 
80 1.16 1.04 0.927 0.931 1.08 1.25 -0.951 

253 1.14 1.08 0.997 0.945 1.01 1.12 0.210 
800 1.07 1.09 1.05 0.986 0.983 1.01 0.935 

2,529 0.976 1.05 1.08 0.104 0.985 0.950 0.155 
(b) 28 8 0.836 0.730 0.735 0.933 1.24 1.55 -2.48 

25 0.938 0.814 0.756 0.877 1.14 1.42 -1.600 
80 0.975 0.886 0.806 0.848 1.05 1.27 -0.704 

253 0.941 0.918 0.864 0.853 0.969 1.12 0.164 
800 0.859 0.902 0.903 0.879 0.923 0.997 0.956 

2,529 0.758 0.852 0.907 0.906 0.908 0.923 0.163 

(e) 28 0.629 for any t' and T~ 

(d) 28 0.664 for any t' and 'T~ 

Note: Measured from stress-strain diagram, no aging involved; 1 ksi = 6.89 
MPa; 1 lb/ftl = 16.01 kg/m3

• 
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Parameters for Fig. 5 

Density /;28, in 
E28 (from Strain of con- kips per 

Coefficients of Double Power Law 
MATPAR, rate crete, square 
106 psi) (day-') p (lb/ft3

) inch Mix, w:c:s:q Eo m n '" <1>1 
(10) (11) (12) (13) (14) (15) (16) (17) (18) (19) 

5.03 0.72 142.8 7.687 0.5:1:2:2.71 1.033E7 0.297 0.179 0.05 4.083 

4.38 0.72 139.56 4.35 0.7:1 :2.55:3.38 8.929E6 0.333 0.175 0.036 4.575 

4.4 1.382 

4.64 0.0864 Mortar 

stresses are obtained for tensile loadings at various strain rates is con
firmed by the tests of Suaris and Shah (32) and Takeda (33). However, 
it may be that the present model, in which the strain-rate effect is totally 
due to visco-elastic creep (as in the work of Bazant and Oh, Ref. 14), 
does not work for very high strain rates for which a solid friction mech
anism may prevail (27). 

The present model can be compared with the existing experimental 
data for the complete tensile stress-strain curve of concrete in direct ten
sion (21,26,28), which were obtained with an accurate electronic control 
and monitoring system. The fits of these data are shown in Figs. 5 and 
6, and the corresponding values of the material parameters are indicated 
in the figures and in Tables 1-4. 

TABLE 3.-Materlal Parameters for Fig 6 

MODULI (106 PSI) AND RELAXATION TIMES (DAY) 
FOR MAXWELL CHAIN UNITS 

II. 

Data 1 2 3 4 5 6 7 

I~ set t' 0.33 3.33 33.3 333 3,333 3.3 x 10' 1 X 1030 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) 

(a) 8 1.03 0.889 0.863 1.02 1.26 1.49 -2.32 
25 1.15 0.982 0.888 0.970 1.17 1.39 -1.47 
80 1.20 1.07 0.948 0.949 1.09 1.26 -0.618 

253 1.19 1.12 1.02 0.965 1.03 1.14 0.193 
800 1.12 1.13 1.09 1.01 1.00 1.03 0.929 

2,529 1.03 1.10 1.12 1.07 1.01 0.996 1.55 
(b) 8 0.848 0.738 0.742 0.940 1.25 1.56 -2.51 

25 0.955 0.826 0.764 0.885 1.15 1.43 -1.62 
80 0.996 0.901 0.817 0.857 1.06 1.28 -0.722 

252 0.965 0.937 0.879 0.863 0.980 1.13 0.152 
800 0.884 0.924 0.921 0.892 0.934 1.01 0.951 

2,529 0.782 0.874 0.928 0.923 0.921 0.933 0.163 

(c) 0.630 for any t' and 'T~ 
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TABLE 4 -Material Parameters for Fig. 6 

Age at loading, 
Softening Parameters 

Data set t', in days E, c s iii 
(1 ) (2) (3) (4) (5) (6) 

(a) 7 2.87 x 108 65.23 0.30 0.50 
28 2.71 x 108 58.71 0.30 0.50 

(b) 28 4.35 x 108 44.79 0.25 0.55 

(c) 28 2.37 x 109 33.99 0.18 0.55 

To fit the measured strain-softening curves, first the values of the ten
sile and compressive strengths and of the composition of concrete are 
used to predict, with the help of the BP model (15,16), the parameters 
of the creep law (the double power law), and then program MATPAR 
(4) is used to determine the elastic moduli and relaxation times for the 
Maxwell chain units. Next, the elastic and creep properties being fixed, 
various values of parameters 5, q and ~p are tried, along with the cor
responding value of Bs (Eq. 27b), until the best fit of the measured tensile 
stress-strain diagram is obtained. 

If the curve <T11 (~11) with a finite initial slope (Eq. 26a) is used, deter
mination of the compliance function from the given tensile and com
pressive strengths and concrete composition must be followed by a choice 
of modulus Es for Eq. 26a. To obtain parameters of the Maxwell chain, 
the modified compliance function JM(t,t') and program MATPAR (4) are 
used. Then, various values of 5 or ~p, with the corresponding value of 
c determined from Eq. 27a, are tried until the best fit of the tensile stress
strain curve is found. 

Fig. 7 shows the effect of exponent 5 on the shape of the tensile stress
strain curve (Eq. 27b). This knowledge is useful for data fitting. For large 
exponents, such as 5 ;;:: 2, the tensile strain curve exhibits a nearly ver
tical stress drop. The solution converges even then, although the ac
curacy is poorer (but still acceptable). 

By analysis of the existing test d (10,26,28), approximate empirical 
formulas to predict the values of tl laterial parameters for the strain-
softening curve have been found. the curve <T11(~11) with initial ver-
tical tangent, these formulas are 

f; (E28 
5 = 0.55, ~p = -, c = 0.89 -f' 

2E28 t 

in which E28 is the conventional s\ 
For the curve <T11(~11) with an initia. 

1 0.55f; (E28)O. 
5 = - I:. = -- C = 4.645 -

4'''P E28 ' f; 

(
E28)q 1 

E = 2.3f' - q = -
s t f;' 3 

(29) 

~lastic modulus at age 28 days. 
'ent of finite slope (Eq. 26a) 

'" 99.27E28 ............ (30) 

The tensile stress-strain curve predicted u 
Figs. 8 and 9. Alternatively, a previousl} 
dicting fracture energy Gf (14) may be u 
expressions for 5 should be deleted and 5 n 

these values is plotted in 
~loped formula for pre

i.. Then the foregoing 
~ found from the con-

408 



600,---------- ---------, 

]400 
III 
III 
Q) 

.!l 200 
CIl 

( a ) Petersson, 1981 
w/c=0.7 
t =28 days -----
opt. fit 

o+--~-~--+_-~-~--+_-~ 
.0 .2 .4 6 .8 1.0 1.2 

Strain (x 1 0-3) 

800~------

~600 

~ 
:l 400 
Q) 

il 
200 

Petersson, 1981 
w/c=0.5 
t' =28 days -----
t= 7 days --
opt. fit 

1.4 

O+--~-~~-+--~-~~-+--~ 
~ ~ A • R 1~ 1~ lA 

Strain (dO-3
) 

600T--------

~ 

]'400 

:l 
Q) 

.!l200 
CIl 

( c ) Reinhardt, 1983 
t' =28 days ----
opt. fit 

O+--~-~~-+--~-~~-+--~ 
.0 .2 .4 .6 .8 1.0 1.2 1.4 

Strain (xlO-3
) 

FIG. 6.-0ptlmal Fits of Test Data Using <111-~11 Curves with Finite Initial Slope 

800.-------------------

i' 600 

..e 
:: 400 

~ 
200 

.2 .4 

Petersson, 1981 
w/C=0.5 
t =28 days 
f; =680 psi 

.6 .8 1.0 1.2 
Strain (.10-3) 

1.4 

FIG. 7.-Effect of Exponent 5 on Tensile Stress-Strain Curve (Eq. 26a) 

409 

600 

~400 
• • 
" b200 

'" 
0 

800 

~600 
'il .e 
:400 
" ~ 

200 

( a ) 

.0 .2 .4 

Petersson, 1981 
w/c~0.7 

t' =26 days ----
prediction --

.6 .6 1.0 1.2 
Strain (>10-3 ) 

Petersson, 1981 
w/c=0.5 
t' =26 days -----
t'= 7 days --
predicUoD 

O~--~--+-~--r_-+_-~-~ 
.0 .2 .4 .6 .6 1.0 1.2 

Strain (.10-3) 

FIG. S.-Predlctlons Compared with Test Data 

600~------------------_~ 

Peters.on, 1981 
w/c=0.7 
t' -26 days -----
predicUon --

O+--~--+-_+-~--r_-+_~ 
.0 .2 .4 .6 .8 1.0 1.2 1.4 

Strain (xl0-3) 

600~-----------------~ 

( b ) 

200 

Petersson, 1981 
w/c=0.5 
t' =28 days -----
t'- 7 days --
prediction --

O+--~--+-_+-~~-r_-+_~ 
.0 .2 .4 .8 .6 1.0 1.2 1.4 

Strain (.10- 3) 

600~----------------------------~ 

( c ) 

,],.00 
II 

Reinhardt, 1983 
t' =28 days ----
predicUon --

" b200 

'" 
O+--~-~--+-~--~-+-~ 

.0 .2 .4 .6 .8 1.0 1.2 1.4 
Strain (xlO-,,) 

FIG. 9.-Predlctlons Compared with Test Data for <111-~11 Curves with Finite Initial 
Slope 

410 



800,------------------, 

( c ) Reinhardt. 1983 
t' =28 dayo -----
prediction 

------------
o+--+--+--~-~~~~~~ 

.0 .2 .4 .8 .8 1.0 1.2 1.4 
Strain (x 10-3) 

800,--------------------, 
( d ) Gopalaratnam, 

Shah. 1984 

t' =28 dayo ----
prediction -

-.. 

for au-E11 Curves with Vertical Initial Slope 

dition that the area under the (111 (~11) curve equals Gf/wCI in which We 

= 3d. and d. = maximum aggregate size (14). 

CONCLUSIONS 

1. The condition that, for any loading path, strain softening must lead 
at large strains to a reduction of stress to exactly zero is easily satisfied 
by using an algebraic relation between the stress and the strain associ
ated with microcracking. 

2. To assure that, for compressive or small tensile strains, the consti
tutive model reduces to a simple model for creep with elastic defor
mation, and that, at sufficiently large tensile strain, the stress is reduced 
to exactly zero, regardless of creep or shrinkage, strain softening may 
be represented as an additional strain caused by the same stress as creep. 
In a rheologic model, this is visualized by a strain-softening element cou
pled in series with the element that describes creep with elastic defor
mation and shrinkage. 

3. If microcracking is restricted to occur only in three orthogonal planes, 
strain softening may be described independently for each of three or
thogonal directions, and the loading and unloading criteria may also be 
considered independent for each of these three directions. 

4. Realistic unloading curves are obtained by assuming that the tan
gent of the unloading curve has the same slope as the secant of the 
loading curve for the same value of the strain. In the differentiated form 
of the stress-strain relation, this simply corresponds to dropping the in
elastic stress increment when unloading takes place. The exponential al
gorithm has a self-correcting property in that the stress is reduced at 
very large strain exactly to zero, even if a numerical error is previously 
accumulated. 
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5. An efficient step-by-step integration is made possible by the ex
ponential algorithm, which uses within each tin:'-e step an exact s?l~tion 
of the differentiated stress-strain relation consIdered as a quasI-vIsCO
elastic first-order linear differential equation for stress with constant co
efficients. The values of the coefficients are assumed to change discon
tinuously between the time steps. 

6. The exponential algorithm, in a manner similar to other algorithms, 
can be formulated in terms of a pseudo-elastic incremental stress-strain 
relation for the strain-softening part of strain and, in this form, can be 
combined with the previously developed exponential algorithm for a lin
ear, aging, rate-type creep law. This algorithm is not only accurate for 
very large time steps, but also assures that stress approache.s exactly 
zero as the tensile strain increases to large values for any loadmg path, 
regardless of creep and shrinkage. For very small ~me steps, the ex
ponential algorithm is equivalent to sec~nt central dIffer.enc~ formulas, 
which, however, do not work for large time steps. SolutIon IS also pos
sible with tangential incremental pseudo-elastic relations for strain soft
ening; however, the loading steps must be extremely short .. 

7. The combined strain-softening creep model seems to gIve reason
able strain-rate and aging effects for the complete tensile stress-strain 
curves, and also to yield reasonable creep curves, stress relaxation and 
creep recovery. However, precise test data are lacking to verify this. 

8. The tensile strain-softening data available in the literature can be 
well-represented with the present model. 
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ApPENDIX I.-STRAIN-SOFTENING MODEL FOR CRACKING IN ALL 

DIRECTIONS 

It is possible to generalize the present. ~odel so that cra.c~ng of any 
orientation will be permitted. The condItion that, for suffIcIently large 
normal strains of any direction, the associated normal s~ess m';!st red~ce 
exactly to zero can be easiest satisfied if the sn:ess-~tram relatio~ wh!ch 
governs strain softening is path-independent, I.e., If a deformation po
tential, <I>(~), exists and the stress is expressed as 

(1ij = a<l>(~) .................................................... (32) 
a~ij 

The uniaxial strain-softening diagrams are then of the same type as con
sidered before if the potential function is expressed as 

<I>(~) = -kle-ko(~I+Q+b)S - k2(e-k~\ + e-k~~ + e-kt~) (s s 2) ........... (33) 

in which k, ko, kl' k2 and s are empirical constants; and ~l' ~2 and ~3 
are the principal values of tensor ~ij. Eq. 33 satisfies the condition of 
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isotropy. In a manner equivalent to Eq. 32, the constitutive relation can 
be described by secant moduli Cijlcm : 

fIij = Cijlcm(~)~km' Cijkmm = (a<l> ~pq)-l a<l> a<l> ................... (34) 
a~pq a~ij a~km 

If unloading is assumed to be governed by tangential moduli that equal 
the secant moduli for loading, then dfIij = Cijkm(~)d~. 

The condition of path independence of the foregoing relations means, 
from the physical viewpoint, that the opening, density and orientation 
of microcracks uniquely characterize the overall stress in the material. 
This is no doubt a simplification. From the numerical viewpoint, Eq. 32 
has the disadvantage that an efficient time-step algorithm cannot be eas
ily formulated. Furthermore, the transition from loading to unloading 
has an undesirable property-the dependence of incremental stiffness 
of the load increment direction if the stress space is not continuous in 
regard to the orientation of this increment. The unloading condition can 
no longer be treated separately for various directions. 
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