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ABSTRACT: The spectral method, previously generalized for aging linear sys
tems, is applied in conjunction with the finite element method to an~lyze 
shrinkage stresses in aging viscoelastic structures exposed to random enVIron
mental humidity. The age-dependence of both drying diffusivity and creep 
properties are taken into account. The solution of pore humidity is obtained 
from a matrix differential equation in time, with complex-valued matrices. Elas
tic shrinkage stresses are then obtained from the matrix equations of the finite 
element method, in which the matrices are also complex-valued. The stresses 
in presence of aging creep are detennined by a sllperposition integral in time 
based on the relaxation function. Numerical examples concerning a long cylin
drical vessel exposed at the outer surface are given. The standard deviations 
of pore humidity and of stresses significantly vary with time, and their stan
dard deviation exhibits fluctuations about a drifting mean. The solution is prac
tically meaningful only if concrete does not crack, e.g., when a prestress suf
ficient to prevent cracking is introduced. For environmental fluctuations of long 
periods, such as one year, the computation is quite efficient; however, if short
time fluctuations are considered, the computing time becomes very large. 

INTRODUCTION 

Shrinkage and creep of concrete exhibit greater random variability than 
any other mechanical property of concrete. Clearly, a probabilistic de
sign approach which takes into account not only the mean effects of 
shrinkage and creep, but also their variance, must be developed in order 
to improve long-term serviceability and, for structures such as nuclear 
reactors, safety as well. One major factor causing random variability is 
the random fluctuation of the environment, particularly its relative hu
midity and temperature. This random fluctuation produces random 
shrinkage stresses and thermal stresses, which are significantly reduced 
by creep. 

Under the assumption of linearity of all governing equations, the 
problems of shrinkage stresses and thermal stresses can be treated sep
arately and, at the end of analysis, superimposed. Mathematically, both 
problems lead to the same type of equations, and so only the problem 
of shrinkage stresses will be studied in detail here. For the sake of sim
plicity, the random variability of material properties will be neglected, 
i.e., the constitutive law will be considered as deterministic. 

When the material does not age, shrinkage stresses as well as thermal 
stresses caused by a random stationary environment represent a sta
tionary random process in time. Solution of a typical problem of this 
kind, concerned with random thermal stresses in an infinitely long cy-

1 Prof. of Civ. Engrg. and Dir., Center for Concrete and Geomaterials, The 
Technological Inst., Northwestern Univ., Evanston, Ill. 60201. 

2Visiting Scholar, Northwestern Univ.; on leave from the Huai River Com
mission, Bangbu, Anhui, China. 

Note.-Discussion open until February 1, 1985. To extend the closing date one 
month, a written request must be filed with the ASCE Manager of Technical and 
Professional Publications. The manuscript for this paper was submitted for re
view and possible publication on September 7, 1983. This paper is part of the 
Journal of Structural Engineering, Vol. 110, No.9, September, 1984. ©ASCE, ISSN 
0733-9445/84/0009-2196/$01.00. Paper No. 19146. 

2196 

lindrical elastic vessel, was pioneered by Heller with co-workers (16-
20,23) who applied the spectral method (method of power response 
spectra). His analytical solution is, however, inapplicable to concrete, 
because the drying diffusivity and creep strongly depend on age. This 
causes the response to be a nonstationary random process in time. A 
soluti~:m of this problem for an aging viscoelastic vessel (e.g., a nuclear 
contamment) ~as obtained in Ref. 24, in which the method of impulse 
response functions was used and only creep, but not the drying diffu
sivity, was considered to exhibit aging. The solution was analytic, based 
on Bessel and Kelvin functions. 
~he met.hod .O! impulse response functions (24) is, however, compu

tatlOnally meffICIent. Even though, in contrast to nonaging structures, 
the frequency response function of an aging structure must be deter
mine.d. by so~ving differential or integral equations in time, the spectral 
densIties of mput and response remain related algebraically, the same 
as for nonaging structures (5,11). On the other hand, the autocorrelation 
funct~ons of the i~put and the response, on which the impulse response 
function method IS based, are related by integrals. Another reason for 
the efficacy of the spectral approach is the fact that the environment can 
usually be well described by only a few periodic components. 

Therefore, the spectral method was generalized for aging systems (5,6), 
a~d its a~plication was demonstrated for shrinkage stresses in an aging 
vIscoelastic halfspace (11). The last formulation was, however, limited 
in its solution of the spatial problem, which was carried out for a half
space by numeric.al i~tegration of certain explicit integrals. This ap
proach IS ~ot possIble m general, and the objective of the present study 
IS to comb me the spectral approach to aging linear systems with a finite 
element solution in space. This will obviously extend the applicability 
of the spectral approach to any concrete structure. 

SPECTRAL DETERMINATION OF VARIANCE 

For a nonaging structure subjected to a stationary random environ
m~nt (o~ I~ading), the statistical characteristics of the response at a given 
pomt wIthm the structure are those of the random time variation of the 
~esponse at that point. This concept is, however, inapplicable to an ag
mg structure. In that case we must imagine an ensemble of a great num
ber of identical structures exposed to different realizations of the same 
environment, to which each structure is exposed at the same age, to 
(5,6). The statistical characteristics of the response at certain age, t, and 
location, x, are then those of the ensemble of the response values for 
all these structures at age t and location x. Actual calculation of the re
~I:'0nses f~r all stru~tures in this ensemble would, however, be prohib
Itively tedlOus. In VIew of the ergodic property of the environment, one 
may consider a single structure instead of an ensemble of many struc
tures, and imagine that this structure is exposed to the same random 
e,:vironment at v~rious times, provided that the age, to, at the begin
mng of exposure IS the same for all cases. This means that we imagine 
the random environmental history to be shifted in time relative to the 
instant the structure is built (5,6), and analyze the statistical properties 
as a function of the time shift. 
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Let a denote time (the actual time) measured, e.g., from the Creation 
or the Big Bang, and let T be the time when the concrete was cast. Then 
t = a - T represents the age of concrete. Determination of the statistical 
characteristics of the response now requires finding the response, 
g(x, t, to, T), and considering its random variation as a function of the 
shift, T, at fixed current age, t, fixed to, and fixed location, x. A rigorous 
derivation of the spectral approach based on this concept was given in 
Refs. 5-6. We will now indicate a simplified argument which suffices 
for determining the relationship between the variances of input and 
response. 

In the spectral approach, the response to each periodic component of 
the environmental spectrum is calculated separately, and the responses 
for all periodic components are then superimposed. We may, therefore, 
restrict attention to a single periodic component of the environment (in
put), f(t) = soe iwt, in which w is the circular frequency (a real number); 
and So may be regarded as the standard deviation (a real number). By 
an appropriate method of structural creep analysis, one can find the re
sponse, g(Xk' t, to), at a location defined by Cartesian coordinates xk(k = 
1,2,3). Introducing the notation Y(W,Xbt,tO) = e-,wt g(Xbt,tO)/so, in 
which Y( ... ) is a complex function called the frequency response func
tion, the response (a complex-valued function) may be expressed as 

g(Xbt,tO) = soeiwtY(w,xk,t,tO) ................................... (1) 

As argued before, determination of statistical characteristics of the re
sponse requires considering the environmental history as a function of 
the actual time, a = t + T, rather than concrete age, t. Thus, we consider 
the environmental history soe

iwe which can be also written as soe'wte'WT, 
and according to Eq. 1 the response is soe,weY(w,Xbt,tO) e'WT. Now the 
variance of the response may be calculated as the variance of all re
sponse values for all possible time shifts T at fixed t, to, and Xk : 

S5 =VarT[soeiwtY(w,xbt,to)eiwTj .......................... ..... (2a) 
g 

= ET[soeiwtY(w,Xk,t,tO) eiWTsoe-iwtY*(W,xbt,tO) e-iWTj ............ (2b) 

= s5IY(w,Xbt,tOW ............................................ (2c) 

in which ET denotes the expectation based on averaging over all T; and 
Y* is the complex conjugate of Y. The standard deviation of the re
sponse is 

SOg = soIY(W,Xbt'to)I ................................... ········· (3) 

The environmental history may be approximately characterized as a 
superposition of several periodic components of frequencies, Wj' and 
standard deviations, sO(j); j = 1, 2, ... N. Then the standard deviations 
of the given environment and of the response are given as 

[ 

N ] 1/2 

= ~ s5(j)IY(wj,Xbt,toW ................................... (4) 

2198 

Eq. 4 results from the relation 
N N 

2 - E ~ i(wjt+c!>j) ~ -i(w,t+c!>,) (5 ) 
So - L.J sOIj)e L.J so,,)e . . . . . . . . . . . . . . . . . . . . . . . . . . . . a 

j~l k~l 

2 - E ~ ~ i(w,-w,)t i(c!>j-c!>') - ~ 2 (5b) so- L.JL.Jso,j)so,,)e e - L.Jso,J} ..................... . 
j k j 

(in which <Vj = phase angles) if one uses the fact that E(e iwt ) = 0 if w # 
0; and 1 if w = O. Alternatively, Eq. 4 may be obtained from relations 
g(t) = gl(t) + g2(t) + ... + gN(t) and 

Rgg (t 1,t2) = E{[gl(td + g2(t2) + ···][gl(t2) + g2(t2) + ... J} ........ (6a) 

Rgg(t1' t 2) = Rn (t1, t 2) + R 22 (t1, t 2) + ... + RNN(t1, t 2) 

(6b) 

Rgg(t1 ,t2) = Rn(t1 ,t2) + R 22 (t1 ,t2) + ... + RNN(t1 ,t2)· .... ···· ... (6c) 
N N 

S5g = Rgg(t,t) = 2: Rjj(t,t) = 2: S5g(j) ............................ (6d) 
j~l j~l 

in which Rjj = the autocorrelation function; and Rjk = the cross-corre
lation functions. 

In earlier works (5,6), it was shown that an equation similar to Eq. 2 
holds in general for the spectral densities,S, and 5 g' of the environment 
(input) and the response 

Sg(w,x,t,to) = S,(w)IY(w,x,t,toW ................................. (7) 

Function Sg completely defines the second-moment statistical character
istics of the response. 

The spectral approach reduces the stochastic problem to the deter
mination of the complex-valued frequency response function Y( .. . ). This 
subject occupies us next. 

FINITE ELEMENT ANALYSIS OF FREQUENCY RESPONSE FOR HUMIDITY 

Drying of concrete may be described by a diffusion equation, which 
is known to be nonlinear (3,9,12). However, the spectral analysis is fea
sible only for linear systems, and so this equation must be linearized. 
This is acceptable as an approximation if the value of drying diffusivity, 
C, is selected as the mean value of diffusivity for the anticipated range 
of humidity variation. Neglecting the direct effect of hydration on pore 
humidity h, the diffusion equation for concrete may be written as (9) 

ah 2 
-=C(t)Vh .................................................. (8) 
at 

in which V 2 is the Laplacian; h is the relative vapor pressure in the pores 
of concrete; and C(t) is the diffusivity. The value of diffusivity strongly 
depends on the age, t, of concrete, as experimentally demonstrated by 
Wierig (25) and others. 
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Eq. 8 must further be supplemented by initial conditions, consisting 
in specified values of h at t = to, and the boundary conditions, con
sisting in either specified values of h (exposed surface), or a zero gra
dient ofh in the normal direction (sealed surface). 

For finite element analysis, one introduces the column matrix h = (h 1 , 
h2' ... hN)T of the nodal values of h (T = transpose). Within individual 
finite elements, h is approximated as h (x, t) = N (x) h (t), in which x = 
coordinate vector; and N (x) = real-valued matrix of given shape func
tions of the finite element (distribution functions). Introducing this 
expression for h into Eq. 8, writing for Eq. 8 the Galerkin variational 
equation, and applying Green's integral theorem, one then obtains the 
following matrix equation: 

ah 
K1 - + C(t) K2h = 0 ........................................... (9) 

at 

in which K1 and K2 = (N x N) square matrices given as 

K1 = 2: f NTN dA, K2 = 2: f N~N,idA ...................... (10) 
el el el el 

Here "el" refers to integration over the element area, A, and to the sum
mation over all finite elements; the subscript preceded by a comma de
notes partial differentiation; and repetition of subSCripts implies sum
mation. Matrices K1 and K2 are real but h is complex-valued. 

Matrices K1 and K2 are set up without regard to the boundary con
ditions. Subsequently, the boundary conditions of prescribed surface 
humidity, eiwt, are introduced by replacing in Eq. 9 the rows for the 
exposed surface nodes with the relations hb = e'wt in which hb = hu
midity at exposed surface nodes. To implement these boundary condi
tions, it suffices to multiply those diagonal terms of matrix K2 which 
correspond to the exposed surface nodes by some very large number, 
e.g., 10 30

, and to replace Eq. 9 by the matrix equation 

ah - . t 
K1 - + C(t) K2h = b e'w ...................................... (11) 

at 

in which matrix K2 results from K2 as described; and b = a column 
matrix in which those elements which correspond to the exposed surface 
nodes are 10 30

, and all remaining ones are zero. Eq. 11 represents a sys
tem of N nonhomogeneous first-order linear differential equations in time. 

It is now convenient to set h(Xbt) = H(w,xbt,to) e'wt in which H( ... ) 
represents the frequency response function of pore hUmidity. Thus, the 
column matrix of nodal h-values may be expressed as 

h = H(W,Xbt,tO)eiwt .......................................... (12) 

in which H( ... ) is the column matrix of frequency response functions 
for pore humidities in the nodes (complex-valued). Substitution of Eq. 
12 into Eq. 11 yields the following equation for the evolution of H: 

aH _ 
K1 - + [C(t) K2 + iwK.] H = b 

at 
(13) 
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Because of the dependence of diffusivity C on time, the solution needs 
to be carried out numerically, in time steps !1t. The most efficient method 
for this purpose is the Crank-Nicolson algorithm, for which the values 
of H at time tr+1 are solved from the following linear matrix equation: 

Ka H r+1 = KbHr + b .......................................... . (14) 

in which subscript r refers to discrete time, t r, and 

1 _ 1 
Ka = - [C(tr+1/2) K2 + iwKd + - K 1, 

2 !1t 

1 _ 1 
Kb = '2 [C(tr+1/2) K2 + iwKd - !1t K1 . " ......................... (15) 

Repeated solutions of Eq. 15 yield the discrete values of the response to 
a periodic surface humidity of zero mean. 

In g~neral, the surface humidity variation <;onsists of a deterministic 
part, .h: and a I:'eriodic.(o~ stochastic) part, h. The deterministic part, 
descnb~n? !he hme van,ahon of the mean surface humidity, produces 
determimstic response h (Xb t, to). This deterministic solution must be 
superimposed on the solution for the periodic surface humidity deter
Ipined as described previously for the boundary conditions of the type 
h = soe'wo(t-to). 

FINITE ELEMENT ANALYSIS OF FREQUENCY RESPONSE OF STRESS 

Pore humidity changes cause local shrinkage strains, Esh(X, t). Al
though the dependence of Esh on h is nonlinear (3), it needs to be lin
earized to make an analytical solution feasible. This linearization is char
acte~zed by a constant shrinkage coefficient, Ksh (a real number), repre
~enting the mean slope of the curve of Esh versus h over the region of 
mterest. Thus, Esh(X, t) = Ksh [h (x, t) - 1]. Since, however, we assume for 
the purpose of calculating the frequency response function that the ini
tial value of h is 0 rather than 1, we use 

Esh(X,t) = Kshh(x,t) ............................................ (16) 

The shrinkage coefficient depends on age, t. However, this dependence 
is not strong and has been neglected in numerical calculations, although 
the same type of solution would be possible even if the dependence of 
Ksh on t were considered. 

Since the shrinkage strains are generally incompatible, they produce 
shrinkage stresses. These are strongly reduced by creep. The shrinkage 
stresses may be conveniently calculated on the basis of McHenry's anal
ogy (3,21). First, one obtains the elastic solution of shrinkage stresses, 
upon which the solution in the presence of creep may be obtained from 
a history integral of the elastic shrinkage stresses involving the relaxa
tion function of concrete (3,4). 

As is well known, the elastic solution may be obtained, according to 
the finite element method, from the matrix equation 

Ku = F sh; (J'e = DBu - DEsh ••••..•........•.••..•........•.... (17) 
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in which u is the column matrix of nodal displacements at any time, t r; 
D is the matrix of elastic constants of concrete based on Young's elastic 
modulus, ECI at age 28 days; B is the geometric matrix; K is the struc
tural stiffness matrix; and 

Fsh = 2: f BTDEsh dA ; Esh = (Esh,Esh,Esh,O,O,O)T •.............•. (18) 
el el 

in which E sh = the column matrix of shrinkage strains at time t r; and a e 

= the matrix of elastic stresses. Note that matrices a e
, u, Esh' and Fsh 

are complex-valued, while B, D, and K are real. Matrix Fsh represents 
the matrix of nodal forces equivalent to shrinkage strains. For fluctuating 
humidity given by Eq. 12, the shrinkage strain variation is in the form 
Esh = Ksh H(w,xkJt,to)e''''t. Solving Eqs. 17 successively for all discrete 
times, tr (r = 1, 2, 3 ... ), one obtains the elastic stress column matrices 
a(r) for all discrete times, t r . 

According to McHenry's analogy (3,21), the stresses in presence of 
creep may be calculated as 

a(t) = L Ri:~\) dae(t') ....................................... (19) 

in which R (t, t') is the relaxation function of concrete, representing the 
stress at age t caused by a unit constant strain imposed at age t'. The 
relaxation function may be easily determined from any given compliance 
function, J(t, t'), either numerically, to a high degree of accuracy, or, 
somewhat less accurately, from an approximate algebraic formula (4). In 
numerical step-by-step analysis considered here, the integral in Eq. 19 
may be approximated by the sum 

1 r-I 
a(r) = -- 2: R(t"t s+I/2)(a(s+l) - a(s» ............................ (20) 

Ee s~1 

in which the subscript s + 1/2 refers to the middle of the time interval 
(t" tS+I)' These sums must be evaluated for each stress component at 
each finite element of the structure in order to obtain the complete so
lution. When periodic surface humidity is used in the input, the solution 
a (r) represents the frequency response function of stress. 

Due to the presence of periodic components, the time step must not 
exceed approximately 1/16 of the shortest period involved. This could 
be quite demanding for computer time, since in the present approach it 
is not possible to choose time intervals, At = ts+1 - t s , increasing with 
time in a geometric progression, as is usual in creep structural analysis 
for steady loads. However, it is possible to develop a different algorithm 
which permits the time step to be increased and reach values much larger 
than the fluctuation period (10). 

ApPLICATION TO CYLINDRICAL VESSEL 

Although the finite element aspect of the present solution is routine, 
we should indicate the detailed form of the matrices involved so that 
the subsequent example, concerning a cylindrical vessel, could be re-
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FIG. 1.-(a) Cylindrical Vessel and Random Variation of Surface Humidity h; and 
(b) One-Dimensional Discretization of Cylindrical Wall 

produced and checked. We now consider a homogeneous, infinitely long 
cylindrical vessel (Fig. 1). The random surface humidity is prescribed on 
the outer surface and is the same everywhere. The internal surface is 
sealed by a steel liner whose stiffness is negligible. 

The finite elements consist of concentric rings between the nodal points 
of radius coordinates r; [Fig. l(b»). The shape functions for the diffusion 
problem, N, are chosen as linear in the radius coordinate, r, between 
the adjacent nodes, i.e., N = (N; ,Ni+!) = (1 - TJ, TJ) in which TJ == (r -
r;)/Ar, Ar = ri+1 - r;. Thus, the finite element equations from which 
Eq. 9 is assembled are as follows (2): 

Ar [4r; + Ar, 2r; + Ar]{ H; + iwH; } 
12 2r; + Ar, 4r; + 3Ar Hi+1 + iwH;+1 

+ C(t) ~~ [_~: -n{:~J = {~} ............................. (21) 

in which f; = (r; + r;+d/2; and a superimposed dot denotes the time 
derivative. After assembling Eq. 9 from these equations, the last row 
must be replaced by the equation H b = 1 in which H b = value of H at 
the node at the outer surface. 
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The column matrix of stresses is 0' = «(J' r , (J' e , (J' z) T, and the strain-nodal 
displacement relation is introduced as E = (E" Ee, E z ) T = B (Uj, Uj+1, u z ), 

in which the geometric matrix is 

[ 

-(Ar) -1, (Ar) -I, O~] 
B = -(2Af j)-l, (2rj)-l, ................................. (22) 

0, 0, 

Here subscripts r, 6, and z refer to the components in the radial, cir
cumferential, and axial directions; and U j are the radial nodal displace
ments. The cross sections are assumed to remain plane, and so the axial 
displacement, u z , accumulated over a unit axial distance, is uniform 
throughout the cross section. 

The finite element stiffness matrices from which Eq. 17 is assembled 
may then be calculated as K = BTO B rjAr, in which 0 is the elastic 
stiffness matrix of the material corresponding to Young's modulus, Ee , 

and Poisson ratio v. The column matrix of nodal forces equivalent to 
shrinkage strains is calculated as Fsh = BTOEsh rjAr, in which Esh 

(Esh' Esh, Esh ,0,0,0) T. The detailed forms of the matrices are 

0- 1 0 
-(J'rr; + 2: (J'e Ar 

Ee(1 - V) [AI' A 2, 
K = A 2, AI, 

(1 + v)(l - 2v) A A 
3, 4, 

Fsh = 

in which Al = (rJAr) + (Ar/4rj) - v/(l - V); A2 = (Ar/4r;) - (rJAr); A3 
= -rjv/(l - V); A4 = -rj+1 v/(l - V); and (J'?, (J'~, (J'~ = the components 
of the column matrix 0'0 = 0 Esh • 

NUMERICAL EXAMPLES 

For illustration, two examples with different values of internal radius, 
a, and external radius b, are solved: (1) a = 20 m, b = 21 m; and (2) a 
= 10 m, b = 10.1 m (Fig. 1); in both examples, based on Wierig's data 
(25), C(t) = (0.3 + 3.6t-l (2) 3 cm2/day, in which t must be given in days. 
The Poisson ratio is V = 0.18, and the shrinkage coefficient is Ksh = 0.0008. 
The environmental relative humidity varies sinusoidally with the period 
T = 365 days; h = h m + So cos w(t - to) = 0.7 + 0.2 cos [21T(t - 28)/ 
365], i.e., the mean annual value of h is 0.7, its standard deviation is So 

= 0.2, its circular frequency is w = 21T /365, and the age of concrete at 
the beginning of exposure to the environment is to = 28 days. The initial 
pore humidity of concrete is ho = 1. However, for the purpose of c~l
culating the frequency response, we use ho = 0 and h = 0.2 exp (21Tlt/ 
365) at the surface. The surface humidity after exposure is assumed to 
be equal to the environmental humidity. Although it is no problem to 
run the computer program for an environmental humidity consisting of 
several periodic components, we present here only the solution for a 
single periodic component since it is more easily understood and inter
preted. 
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FIG. 2.-(a-b) Time Evolution of Standard Deviation of Pore Humidity and of Its 
Deterministic Part (at 5 cm below Exposed Surface) 

The relaxation function R(t,t') of concrete is taken from Ref. 12 as 
determined from the test data for Ross Dam Concrete. The effect of pore 
humidity variation on the creep law is neglected; so is the tensile crack
ing due to shrinkage stresses. This means that the present calculation is 
valid only if the vessel is prestressed and the prestress is sufficient to 
make the maximum tensile stress less than the tensile strength of concrete. 

A computer program to implement the present solution was written 
in complex arithmetic. Two solutions were run: one for the mean en
vironmental humidity, and one for its fluctuating component. In the for
mer solution, the time step was increased in a geometric progression, 
while in the latter situation it could not be increased. Thus, the solution 
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of the fluctuating component required far more computing time. The 
number of time steps for the fluctuating component was 16 (tn - to)w/ 
21f in which t n = the given final age of computation (50 yr). The element 
subdivision of the wall, 1 m thick, consisted of 7 elements of 0.1 m, 5 
elements of 0.04 m and 5 elements of 0.02 m. 

The numerical results are plotted in Figs. 2-6. All plots of time vari
ation are given for the points located at 5 cm from the outer surface. All 
the spatial distribution diagrams are plotted for the age t = 10 yr. 

Fig. 2(a) shows that the history of standard deviation of pore humidity 
oscillates significantly up to about t = 10 yr. The solutions have been 
obtained both for the age-dependent humidity given above and for a 
constant diffusivity, C, which equals the value of C(t) at 28 days. Fig. 
2(b) shows that the decrease of diffusivity with age causes an increase 
in the mean level of humidity. The opposite happens with the standard 
deviation of humidity, SOh. While SOh for the case of constant C reaches 
a stationary value at the age of 10 yr, the plot of SOh continues declining 
with age. The stresses are shown in Figs. 4-6. Because of the high value 
of ratio a/(b - a), the values of <18 and <1 z are so close that they cannot 
be distinguished graphically. 
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The time variations of the standard deviations of stresses, SOa" SOa" 

and SOa" are shown in Figs. 4(a) and 5(a). It is noteworthy that they 
oscillate except for the first few months. The same observation has been 
made from the analytical solution of a halfspace in Ref. 11. The ampli
tudes A r , A o , A z , and the averages M r , M o , M z of the time variation 
of these standard deviations' of stresses, which were determined in the 
manner shown in Fig. 4(b), are plotted in Fig. 4(c-d), and Fig. 5(b-c). 
The values of these averages increase with time. Most of them reach 
their maximum between 20 and 30 yr, and then they slightly decrease. 
The amplitudes of the oscillations of the standard deviations of stresses 
monotonically decrease with time except for the first two years. 

For constant diffusivity, C, the solution has been obtained in Ref. 24 
with the help of Bessel and Kelvin functions. The fluctuations of the 
standard deviations of the stresses were, however, missed in Ref. 24, 
not because of the solution method, but because the values of the three 
standard deviations were evaluated only at points spaced too far apart 
in time . 

CONCLUSIONS 

1. The spectral method, which has been previously generalized for 
aging linear systems (5,6), can be applied in conjunction with the finite 
element method to allow analysis of linearly viscoelastic structures of 
arbitrary geometry which undergo aging. 

2. The response stresses represent a random process that is nonsta
tionary, for two reasons: (a) The initial condition; and (b) the age de
pendences of the drying diffusivity and of the creep properties. The ef
fect of aging is very significant. 

3. The standard deviation of the response humidity or shrinkage stress 
exhibits oscillations about a drifting mean. 

4. Since the stresses are computed in the present method by a su
perposition integral based on the relaxation function, the time steps must 
be small compared to the shortest oscillation period involved. Thus, the 
computing time can be quite large when short periods are considered to 
be present in the environment. (For a more sophisticated method which 
avoids that see Ref. 10.) 
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