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STRAIN-RATE EFFECT IN RAPID TRIAXIAL 

LOADING OF CONCRETE 

By Zden~k P. Baiant, I F. ASCE and Byung H. Ohl 

A_TRAcr: Presented is a generalization of time-independent nonlinear triaxial 
constitutive relations for concrete to model short-time viscoelastic effects. The 
effect of strain-rate magnitude upon the initial elastic modulus. the peak stress, 
and the sha.rP.ness of the stress peak is taken into account. To obtain a model 
that also exhibits short-time rapid creep and stress relaxation, the incrementally 
linear constitutive law fully charactenzed by tangential moduli is replaced by 
a nonlinear first-order differential equation in stress, strain, stress rate and 
strain rate. This requires introduction of the (apparent) instantaneous modulus. 
the relaxation time and retardation time. The irreversibility at unloading, 
caused by the short-time viscoelastic effects. is also analyzed. The model al
lows more realistic dynamic finite element analysis of concrete structures. 

INTRODUCllON 

EMS 

In dynamic finite element analysis of concrete structures subjected to blast. 
impact. earthquake. or nuclear accident loading. the stiffness of material may 
significantly depend on the strain rate. This effect has been studied extensively 
0.2.20.21.23-25.27.28-39,41-43,46-53.55-64}. However. most studies have 
been limited to uniaxial dynamic behavior, and a realistic triaxial constitutive 
model is unavailable at present. We set it, therefore, as our objective to develop 
such a model by generalizing an existing rate-independent (or time-independent) 
nonlinear triaxial constitutive model for concrete, such as the plastic-fracturing 
theory (7,12) or the endochronic theory (6,9,10,18,19). 

In diverse practical applications, the strain rates can be of rather different or
ders of magnitudes, as, e.g., for impact compared with earthquake. To cover 
all these applications, the usual approach of viscoelasticity would call for a rheo
logic model (such as the Maxwell or Kelvin chain) with a very broad relaxation 
or retardation spectrum. This would, however. force us to consider for each 
material point a number of internal variables (e.g., the partial stresses of Maxwell 
chain or the partial strains of Kelvin chain). Such an approach, which was ac
tually taken for the endochronic theory in Ref. 8, is, however, rather inconven-
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ient in case of a large finite element program, since the number of variables 
increases many times. Therefore. we will try to develop here a constitutive model 
that is applicable for many different orders of strain-rate magnitude, yet does 
not employ any internal variables. 

ADJUSnNG TRIAXIAL CoNSnTUTIVE RELAnoN TO UNIAXIAL DATA 

The parameters in the recently developed endochronic (6,7,9,10,18,19) and 
plastic-fracturing (12) constitutive equations for concrete were expressed as func
tions of a single characteristic of the mate.rial, the standard cylinder strength, f;. 
In general, these constitutive equations may be written as 

cJ>ij[a(z), E(Z); f:1 = 0 .......................................... (I) 

in which a = stress tensor; E = strain tensor (only small strains are considered 
here); cJ>ij = a tensor-valued functional of the histories a(z) and E(Z) from the 
moment of first loading to the current state; lower case latin subscripts refer to 
cartesian coordinates xl; = I, 2, 3); and z = the history parameter. For time 
and rate-independent behavior, z, for example. may be considered as the length 
of the path traced in the strain space. The endochronic theory (6.9.10.18,19) 
and the plastic-fracturing theory (12) are two examples which are covered by 
Eq. I. In particular. for the plastic-fracturing theory, the constitutive relation can 
be reduced to the incrementally linear history-independent form (12): 

dUij = Cijkm(a. E; f:) dEkm ....................................... (2) 

in which uij and Ekm = the components of tensors a and E; repetition of subscripts 
implies summation; and Cijkm = the fourth-rank tensor of tangential modUli which 
differ for loading and unloading. depend on the current values of a and E. and 
may be determined on the basis of Eqs. 21,22, and 30-34 of Ref. 12. Note 
that the endochronic theory can also be linearized (6) to reduce it to Eq. 2. but 
only for a limited range of loading directions in the strain space. 

The shape of the uniaxial stress-strain curve of concrete depends on the 
strength. f;. Generally. for a lower strength, the inelastic strains at the same 
stress-strength ratio are larger. and the peak portion of the curve is flatter and 
more extended. For a higher strength. the peak becomes sharper. These features 
may be characterized by the parameter (Fig. I(a» 

EEp 
p = - ....................................................... (3) 

up 

in which E = initial elastic modulus (slope of the initial tangent); up = peak 
stress (which coincides with f; in case of a static test); and Ep = strain at peak 
stress. Parameter p represents the ratio of strain at peak stress to the elastic strain. 
Up/E. for this stress and characterizes the offset of the stress peak point from 
the initial tangent. The constitutive relation in Eq. 1 or 2 yields a uniaxial stress
strain curve which is characterized by three basic parameters: peak stress. up 
= f:. initial elastic modulus. E. and parameter p. i.e. 

E. up.P ....................................................... (4) 
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We will now study the following problem: How should we transform Eq. 
or Eq. 2 to yield certain required values 

E*. u;. p* ..................................................... (5) 

of these three parameters? We will need this to determine the changes in these 
parameters caused by a change in the strain rate. 

The existing endochronic and plastic-fracturing formulations for concrete do 
not involve parameter p and yield no closed-form expression for the uniaxial 
stress-strain curve. Thus. to obtain the dependence of parameter p on/:'. we may 
consider various values of I;. and for each we may run a computer program (12) 
to obtain the uniaxial stress-strain curve. from which we evaluate p. Then we 
may plot all the points U;.p) (Fig. I(e». and by fitting an empirical expression 
to the points (see Eq. 19 in the sequel). we may obtain the function 

I: = I.(p) ...................................................... (6) 

By a similar process or by using the expression for E given in Eq. 20 of Ref. 
9 or Eq. 34 of Ref. 12, we may obtain the relation E = EU;) from which, by 
using Eq. 6. we get the function (see Eq. 20 in the sequel): 

E=Hp) ...................................................... (7) 

Consider now that the value p*. which characterizes the desired shape of the 
uniaxial stress-strain curve and generally differs from the value p for the static 
uniaxial test. is given. Substituting Eqs. 6 and 7 into Eqs. I and 2. we have 

<Jlijla(z). E(Z); J.(p*») = 0 ....................................... (8) 

and dUij = Cijkmla. E; J.(p*») dEkm ............................... (9) 

These constitutive relations will yield the peak stress. I.(p*). and initial tangent 
modulus, Hp*). 

We will now seek a transformation that preserves the value p* but changes 
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the peak stress and the initial tangent modulus. This may be achieved by affinity 
transformations (Fig. I(b.c». in which the strain values are multiplied by con
stant I/a. and the stress values by constant lib. i.e .• E and a are replaced by 
a E and b a: 

(10) 

and bduij = Cijk .. lba.aE; 1.(p*)]adEkm ......................... (II) 

Note that parameter p is independent of such transformations. while the peak 
stress./.(p*). and the initial tangent modulus. 12(P*), get transformed to the 
values 

1 a 
u~ = 'bJ.(p*); E* = 'bHp*) .................................... (12) 

in which. for the static test. up = I; = I.(p). From these relations. we determine 
the tranformation coefficients. a and b. needed to get the desired values U* and • p 

E*. at prescribed peak stress offset. p*: 

E* 
a = Hp*) b ........................................ (13) 

TRIAXIAL STRESS-STRAIN RELATION WITH STRAIN-RATE EFFECT 

When measurements are conducted at various constant strain rates. the ob
served stress-strain relations are similar in shape and the effect of the strain rate 
is manifested mainly in the value of the peak stress (strength), u~, the initial 
elastic modulus. and the sharpness of the peak. as characterized by parameter 
p* (l,2.23.27,28,3G-39,41.42,49,5I,52.57-64). Concerning the dependence of 
the triaxial aspects of the deformation (e.g .. inelastic dilatancy, shear compac
tion. lateral strain ratio) on the strain rate. no experimental information seems 
to exist and it is reasonable to assume at present that these aspects are approx
imately independent of the strain rate. We will. therefore. assume that the effect 
of various constant strain rates in triaxial behavior is adequately described by 
adjusting the values of u~. p*. and E*. This can be done on the basis of uniaxial 
tests alone. 

In presence of viscoelastic effects, the meaning of the initial elastic modulus 
requires closer examination. At first, we might be tempted to interpret E (or E*) 
as the instantaneous modulus. which corresponds to an instantaneous load ap
plication. Such a definition of E would. however. cause unnecessary compli
cations. It would force us to calculate the viscoelastic effects for times that are 
orders of magnitude shorter than the time to reach the peak stress. This is because 
concrete does not have a narrow relaxation spectrum and exhibits viscoelastic 
response for load durations much less than I I 10 of the time to reach the peak 
stress. However. when we consider a stress-strain curve with strain Ep at peak 
stress, we do not need to describe the viscoelastic effects accurately for very 
small strains, e.g .• for 0.001 Ep. It is sufficient to describe them well for strains 
larger than about 0.05 Ep. Therefore. we propose to define approximately the 
initial tangent modulus as the secant modulus for strain 0.05 Ep' 
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If we consider the strains less than 0.05 Ep, we may treat concrete as linearly 
viscoelastic. It is then characterized by the compliance function, J(I,I'), (also 
called the creep function), which is defined as the strain at time I produced by 
a constant unit stress of duration I - I' (3,4,5,8,11,13-17). The behavior of 
concrete is rather well represented by 

I 
J(I,t') = -[I + cIJo(t - t')"]; cIJo = c1J.<t'-.. + a) .................... (14) 

Eo 

called the double power law (5,16,17), in which I' = age of concrete at time 
of loading, and Eo = asymptotic modulus (limit value for instantaneous loading). 
The values of material parameters cIJl' n, m, a, and Eo are indicated in Ref. 17; 
typical values are m = 1/3, n = O. 135, a = 0.05, cIJl = 2-8 (approx), if times 
are given in days; Eo = 1.5 E28; E28 = standard 2S-day elastic modulus. Although 
Eq. 14 was determined primarily from long-time creep data, it was shown that 
it gives roughly correct values also for rapid creep (load durations from I sec 
up) and even for the dynamic modulus (16,17). This permits us to use Eq. 14 
for our purpose, and an independent determination of E from Eqs. 7, 17, and 
20 will later confirm that the results are correct. 

Since the aging of concrete during rapid loading is negligible, the response 
to a variable stress may be quite well approximated by the effective modulus, 
defined as Eeff = I/J(t,I') (6,7,13). Therefore, we may take the initial tangent 
modulus, E*, as the effective modulus for load duration equal to the time to 
reach strain 0.05 E,. For a uniaxial test, this time is t - t' = 0.05 Eple, in which 
e is the absolute value of the uniaxial strain rate. For simplicity, we may assume 
here the value of Ep for the static test, for which Ep == 0.002 is an adequate 
approximation for most concretes. Substituting for t - t' in Eq. 14, we get t 
- " == (104 e)-I (days), and converting this from days to seconds, we obtain 

~* == J(,' + I:, I) = ~o [I + cIJo(O.1 e)-oJ ......................... (15) 

For the static uniaxial test, which is normally conducted roughly at the rate e 
== 3.3 x 10 ~/sec (1,27), we get I/E = II + (3.3 x 10-6

)-" cIJoJIEo. and so, 
the relative change of initial tangent modulus E* for strain rate E, compared with 
the static test, is 

E* 

E 

I + (3.3 x 10-6
)-. cIJo 

----.--~ " ..................... " .......... , .. (16) 
I + (O.le)-· cIJo 

in which the strain rate must be given as the strain per second. 
The following formulas have been established by fitting the available test data 

(1,2,23,27,35,41,42,51,63,64): 

I - el/8 

p* = 2.09 - 0.00015 Upo + !J(e); !J(e) = I.S4 + 3.2 el/8 ••••••••••••• (17) 

u: = u",J 1.4 - 1.51M)) ......................................... (IS) 

in which Upo = the uniaxial strength in a normal static test, given in pounds per 
square inch (l psi = 6,895 N/m2

). These expressions have been verified for e 
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ranging from 1O-5/sec to I/sec, but they give reasonable values even for the 
limits e -+ 0 and e -+ 00 (e.g., Eq. 18 gives u: = O.S Upo for a constant e test 
that reaches failure strain within a few days, and 0.73 u

po 
for e -+ 0). Within 

the range IO- s/sec to I/sec, nearly exactly the same values could be obtained 
with the simpler expression, flee) = -0.06 log e, but the limits for e -+ 0 and 
e -+ 00 would then be unreasonable, yielding ±oo for p* and u:. The limit for 
e -+ 0 is not unimportant for a step-by-step computer program which uses the 
current value of e; this is because e = 0 can be obtained in some time step even 
for dynamic loading (at extreme displacements of oscillatory motion). 

By making computer runs of the uniaxial stress-strain curves for various 
strengths, up (= 1;), and using the plastic-fracturing theory (12), the following 
empirical expressions have been obtained for the functions in Eqs. 6 and 7 (see 
Fig. J(e»: 

J.(p*) = (15,610 - 6,560p*) .................................... (19) 

12(P*) = [0.9 + O.OOOO6J.(p*)] 57,000 V/I(p*) ..................... (20) 

(These expressions could also be used for other constitutive models, e.g., the 
endochronic theory.) 

Since E* = 12(P*) (Eq. 7), we may obtain the dependence of clastic modulus 
E upon e by substituting Eq. 17 into Eq. 20. However, this same dependence 
alternatively may also be obtained from Eq. 16 based on the creep law (Eq. 14). 
These two independent alternatives give almost the same results for E*. as dem
onstrated in Fig. I(d). This agreement strengthens the argument for our 
formulation. 

One might now wonder why the relation of E to e has not been determined 
directly from the test data on which Eq. 17 is based. The test data, however, 
do not indicate E* with sufficient accuracy because the strain, 0.05 E". used to 
define E* is too small. causing too much scatter in the slope of the secant at 
0.05 E,. One needs a formula for the entire curve in order to reduce the scatter 
of the initial secant slope. 

An increase in e is known also to cause an increase in energy absorption (2). 

which is characterized by the area under the complete stress-strain curve. In our 
formulation, this effect is obtained as a consequence of the increase of peak 
stress. However, since a decrease in p* causes a decrease in the area under the 
curve, our theory predicts the area to increase in a smaller ratio than does the 
peak stress. Available dynamic test data on energy absorption are insufficient 
to confirm it at present; this is because, in such tests (2), the complete stress
strain curve has not been observed and the location of the terminal point on the 
curve apparently varied as a function of the test method. It must be admitted, 
however, that the experimental evidence (27,51) that a higher e results in a 
smaller p* (sharper peak, steeper declining slope) is not very consistent. 

One question which remains to be settled is that of the equivalent strain-rate 
magnitude to be substituted in the foregoing equations in case of triaxial rather 
than uniaxial behavior. The equivalent strain-rate magnitude, e, must be given 
in terms of strain-rate invariants and must be always nonnegative. There are two 
possibilities, namely to take e as the rate of the strain invariant or as the invariant 
of the strain rate. The former possibility does not appear to be reasonable when 
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we consider changes of strain at a constant value of the strain invariant. This 
is because the strain components could vary at consistent e. Moreover, the rate 
of an invariant can be negative, while- our previous equations allow only non
negative values of e. So we must adopt the second possibility. 

Because concrete exhibits deviatoric as well as volumetric creep, e should 
depend on both the first and second invariants of Eij • Then, neglecting the pos
sible influence of the third invariant of Eli' we may define the strain-rate mag
nitude as 

e= [AGe,je li ) +B(Eu )2J

/

2 .................................... (21) 

in which eij = deviator of strain-rate tensor Eij' Note that the expression e = 
A(elj el/2)1/2 + B Eu would be inappropriate because, unlike Eq. 21, it could 
have negative values. Replacing here Eu by IEul would guarantee positive e, but 
the expression for e would not be continuously differentiable at e = 0, which 
we want to avoid. This leaves us with Eq. 21 as the most reasonable choice. 

In the absence of experimental information, we will choose A and B such that 
Eq. 21 simplifies to e = (A EIIE;//2; this happens for B/A = 2/3. Coefficient 
A should further be chosen such that e reduces to IE III for the uniaxial test. Noting 
that only rather crude values of e, correct merely in their order of magnitude, 
need be known for practical purposes, it seems sufficient for us to assume that 
the lateral strain rates in the uniaxial test are constant and given by E22 = E33 
= -Ell /3. This is a compromise between the value -E 2z/E II "" 0.2 applicable 
in the elastic range, and values over 0.5 when {Tp is approached. Evaluating Eq. 
21 for these values orE II' E22' EH we find that e is equal to E II when A = 0.9042

• 

Therefore, it is reasonable to define the strain-rate magnitude as 

e=0.9~ ................................................ (22) 

However, coefficients A and Bin Eq. 21, especially their possible dependence 
on the stress and strain invariants, should be re-examined when triaxial tests 
become available. 

The triaxial constitutive relation at constant strain rate is now defined by Eqs. 
to or II with a, b, and p* given by Eqs. 13, and 16-20, and the equivalent 
strain rate by Eq. 22. For the plastic-fracturing theory, the constitutive relation 
(Eq. 2) thus assumes the general form 

alj = Ci1km(a,E,e) Ekm .•.•..•.••••..•••.••••••.•••••••••••••••••• (23) 

Comparison with Tests.-The rate-independent stress-strain relation for plas
tic-fracturing theory (Eq. 2) was determined (12) from test data that had been 
obtained at strain rates of one and the same order of magnitude, roughly 10-5

/ 

sec. The present rate-dependent generalization enabled us to fit the existing test 
data, as shown by the solid curves in Figs. 3-5. These curves were calculated 
by a computer program based on Ref. 12, which integrates the three-dimensional 
constitutive equations of plastic-fracturing theory in an incremental manner. The 
values of strength have been obtained as the peak points of the calculated curves. 
Instead of replacing Eij and {Tlj with a Eij and b {Tij wherever Elj and {Tij appear 
in the program, the coefficients a and b have been combined with the material 
parameters as described in Appendix l. 
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About an equally good description of the test data in Figs. 3-5 could be ob
tained by introducing parameters a, b, and p* into the endochronic theory 
(6,9,10,18, (9). 

Fig. 2(a) shows the fits of the complete uniaxial stress-strain curves obtained 
for different strain rates by Dilger (27). It shows that a higher strain rate, the 
peak of stress becomes sharper. Fig. 2(b) gives the effect of strain rate on the 
strain at peak stress according to different investigators. Although this effect is 
quite mild, the experimental results obtained by different authors are contradic
tory; some indicate an increase of the strain, Ep ' at peak stress and some a de
crease as e increases. Our theory gives a slight increase of Ep with increasing 
strain rate. Fig. 2(e) displays the measurements of the strength gain due to an 
increase of the strain rate, as obtained by various investigators, and Fig. 2(d) 
shows similar data for the increase of secant elastic modulus. 

Fig. 3(a-c) shows the effect of strain rate on the stress at various strains. Fig. 
3(d-f) shows that the effect of confinement due to transverse reinforcement is 
about the same for various strain rates. This effect was calculated by imposing 
the conditions of compatibility between the triaxial nonlinear deformation of 
concrete and the elastic-plastic deformation of reinforcement. The calculation 
was made in the same manner as described in Ref. 12. 

Applicability in Dynamic Problems.-Although the formulation in Eq. 23 
(or Eqs. II and 16-20) has been derived on the basis of test results at constant 
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strain rate, it may be applied in a computer program for dynamic structural anal
ysis in which the strain rate varies. In such a case, one substitutes for e in Eq. 
23 a certain characteristic value of strain rate estimated in advance, eventually 
iterating the analysis with improved estimates of e. This is in accordance with 
the widespread and well established practice for metals (45). 

Alternatively, one might be tempted to substitute in Eq. 23 the current value 
of e; this, however, makes the incremental stress-strain relation nonlinear. If one 
tries to avoid this nonlinearity by substituting the value of e from the preceding 
step, the solution may become numerically unstable. 

The use of Eq. 23 for dynamic problems with variable strain rate is, however, 
only approximate. The error seems to be acceptable when dealing with situations 
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where the structure is constantly in motion. as in vibrations. blast, impact. or 
seismic loading. However. the method becomes inapplicable when the order of 
magnitude of strain rate greatly differs for various time intervals. For example. 
when the strain is rapidly applied and is then held constant for a long time (E lj 

= 0), as in relaxation tests, Eq. 23 yields constant stress (cr l) = 0). Conversely. 
when the stress is rapidly applied and is then held constant for a long time 
(crij = 0). Eq. 23. in general. yields a constant strain (E i) = 0). 

So we see that our model is incapable of representing stress relaxation and 
creep. This limitation is not insignificant for all dynamic loads (7.8.11.14.15, 
22,43.44.47), since measurements indicate significant rapid creep even for load 
durations under 1 sec (29.64). Therefore, we will now propose a generalization 
that is capable of exhibiting all important viscoelastic phenomena . 

INCORPORATION OF VISCOElAS11C EFFECTS 

We will now seek to generalize Eq. 23 so as to model the basic viscoelastic 
effects such as creep and stress relaxation. First we consider the simplest. uni
axial case. The uniaxial elastic relation cr = EE. has. as its most general vis
coelastic counterpart, the relations I!J'(J = E~E. in which I!J' and ~ are differ
ential operators. and I!J' = 1 + PIa/at + pziP/ar + P3 a3 /ar + .... ~ "" 
1 + QI a / at + Qz a2 

/ ar + .... To keep practical applications simple. we will 
consider only differential operators of the first order; I!J' = I + PI a / at, and ~ 
= 1 + Qla/at. For these 

cri) + ..!.. (Jij = Cljlm(Elm + ..!.. Elm) ., ................................ (24) 
TI T2 

in which, in contrast to Eq. 23. moduli Cijkm are independent of the strain rate. 
and coefficients TI and T2 have dimensions of time and may be called the relax-
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ation time and the retardation time. respectively. In Eq. 24. we assume that TI 
as well as T2 is the same for all tensorial components. Possibly. one value of 
T, might apply for the deviatoric deformation and another one for the volumetric 
deformation. However. no test data are available in this regard for rapid loading. 
For low-stress long-time creep. though. the test data show that creep Poisson 
ratio is constant. and thus they lend support to this assumption. 

In determining the coefficients in Eq. 24. we must replace the current strain
rate magnitude. e. with some fixed value. (e). characteristic of the given struc
tural dynamics problem. We detine it in the root-mean-square sense: 

(e) = (_I f f (e)2 dl dV) 'IZ ................................... (25) 
VTI Jv Jr, 

in which Tj == the time interval for which the dynamic effects are to be studied; 
and V = the volume of the body. Before starting the inelastic analysis. (e) can 
be estimated from Eq. 25 on the basis of an elastic solution of the problem. 
After the inelastic analysis, Eq. 25 may be used to get an improved estimate of 
(e). and the whole inelastic analysis may be iterated. 

A fixed value, (e), has to be used in Eq. 25 for the following reasons. For 
low stresses, moduli C~km in Eq. 24 are constant, i.e., independent not only of 
e but also of the stress and strain. Then Eq. 24 represents the standard viscoelastic 
solid (Fig. 4(j», which exhibits viscoelastic phenomena within only a relatively 
narrow range of load durations. as shown by the creep curves in Fig. 4(a). and 
within a relatively narrow range of strain rates. This range spans over one order 
magnitude (Fig. 4(b». roughly from 0.3 (e) to 3 (e) if (e) is chosen to characterize 
the middle of the range. For the strain rate 10 (e), the behavior of the standard 
solid is then essentially elastic, the elastic modulus being equal to the instan
taneous modulus of the standard solid (E, in Fig. 4). For the strain rates below 
0.1 (e). the behavior is also essentially elastic. but with the elastic modulus equal 
to the long-time modulus of the standard solid (E ... in Fig. 4). Within the range 
0.3 (e) to 3 (e), the relaxation and retardation times in Eq. 24 are capable of 
characterizing all viscoelastic effects. including not only creep and stress relax
ation but also the strain-rate effect. Consequently, Cijkm cannot be considered to 
depend on the current strain rate. e, or else the strain-rate effect would incorrectly 
be obtained twice-first from C'~km and second from T, and T2. 

It should be noted that the characteristic strain rate. (e). as defined by Eq. 25. 
depends on the nature of dynamic loading and the geometry of the structure. 
This might seem to put in question the predictive capability of the extended 
model with viscoelastic effects which we are about to develop in the rest of this 
paper. We should realize. however. that (e) needs to be known only within an 
order of magnitude. i.e .• it can be five times smaller or larger than the correct 
value. An order of magnitude estimate of (e) can be easily achieved in advance. 
for example by carrying out an elastic dynamic analysis. So the introduction of 
(e) does nol deprive our method of its predictive capability. 

The need for an a priori estimation of (e) could be removed by using a general 
viscoelastic model corresponding to a Maxwell or Kelvin chain with a broad 
range of relaxation and retardation times spanning over many orders of magni
tude. This. however. would greatly complicate the structural analysis. much more 
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so than the a priori estimation of (e). It would then be necessary to store for each 
finite element a number of internal variables (partial stresses or partial strains) 
and use special complicated time-step integration formulas that assure stabilit) 
even when the time step is much larger than some of the relaxation times (5). 
The method of such analysis is. in general. known and is the same as for long
time creep (5). but it seems unnecessarily complicated for dynamic problems in 
which only the viscoelastic phenomena corresponding to a rather limited range 
of relaxation times are of importance. It has been for the purpose of avoiding 
these complications that the simple expedient of strain-rate dependent elastic 
moduli (Eq. 23) has been used in the past. To avoid the main limitations of this 
approach. we now propose the use of (e) as the best compromise between sim
plicity (no internal variables) and generality (representation of all viscoelastic 
effects). 

Now we try to determine from the strain-rate dependence of C'lbtl (Eq. 23) the 
relaxation and retardation times. T, and T2, necessary to provide about the same 
strain-rate effect as that we lost by replacing the strain-rate dependent elastic 
moduli Cijkm • by the fixed ones. ~km. Noting that the uniaxial standard solid 
response is characterized by the constitutive relation. c1 + rI/T, == E,(E + 
f./T2)' in which E, = instantaneous elastic modulus of the standard solid (Fig. 
4(f). we obtain. for constant strain rate E (see Fig. 4(c.d.e» 

[
Tj ( TI) TjE _./n, ] 26) 

rI "" EIeCf.; Esee = E, - + I - - - (I - e ) ................ ( 
T2 T2 f. 

in which f./f. = i = time measured from the start of deformation. For large E 
(E -+ 00). we may set (I - e-1/t

") TI E/f. = I - f./2ET,. 
The point i = T) is approximately (in the log-time scale) in the middle of the 

single-decade time range in which the standard solid behaves viscoelastic ally . 
We must now match the behavior of the standard solid to that given by function 
E(e) (Eq. 16 or Eq. 20). For the matching point, we choose i = T j • By the same 
argument as the one used to obtain Eq. 15. the proper choice is 

T j = (0.1 (;»-) (seconds) ........................................ (27) 

To determine the remaining two parameters. T2 and E j • our matching conditions 
are that for i = Tj and for e = (e). the modulus value in Eq. 26 for the standard 
solid must coincide with the value. E(e). obtained from the constant-strain-rate 
test (Fig. 4(d». and that the slope. iJE,.JiJE. according to Eq. 26, must agree 
with the slope of the given curve. E(e): 

Ese<; "" E(e); [iJ!;c] = k, d~~) ............................ (28) 
, =conslant 

The value k, "" I gives obviously the best fit near the matching point. but for 
the value k, = 1.1. the fit near the matching point is still acceptable and the 
range of good fit gets wider (see Fig. 4(d». Thus. k, = 1.1 is a preferable 
choice. Now. substituting here Eq. 26, we have the conditions 

E) [~ + (I - ~) (I -D ] "" E(e) ............................... (29) 
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and (I -~) ~. (I -~) = k. dE(~) ............................. (30) 
e E ~ •• 

Setting t = e. e = 2.718. and solving these equations. we obtain 

. . dE(e) 
E. = E(e) + 1.39k.e-.- (fore = (e» ........................... (31) 

de 

T2 = . 
2.72 E(e) - 1.72 E. 

(for e = (e» ........................... (32) 

Note that always E. > E(e) and T2 > T •. 

As for the strain-rate independent moduli in Eq. 24. ~im. we assume them 
to be all proportional to modulus E •. This assumption is correct if the creep 
Poisson ratio is constant for rapid creep. which seems likely since it is so for 
the long-time creep. Thus. we may use in Eq. 24 

E. (.) 
~ .... = E«e» C;ji",(a .E. e ) 

= {I + 1.39[ k,~ dE(.e)] } C;ji",(a.E.(e» 
E(e) de ; = (,) 

....................... (33) 

in which moduli C,ji'" are those which correspond to a constant strain rate. (e) 
(Eq. 23). 

Integration and Comparison with Tests.-To integrate Eq. 24 with elastic 
moduli according to Eq. 33. a step-by-step algorithm was programmed. The 
tangential moduli. C;jim. from Eq. 33. also used in Eq. 23. were determined 
according to the plastic-fracturing theory (Eq. 21 of Ref. 12). Several previously 
published sets of test data (1.2.23,27.35.51.63.64). the same as those we already 
fitted by Eq. 23 (Figs. 2-3). were fitted again. The fits are shown as the dash
dot curves in Figs. 2-3. The material parameters are listed in Appendix I. 

To demonstrate that the present model is capable of describing creep at con
stant stress and stress relaxation at constant strain. the calculated creep and re
laxation curves are compared in Fig. 5 to the test data from Refs. 16. 17. and 
29. For tests at constant strain rate. the model (Eqs. 24. 33) is equivalent to our 
previous model with strain-rate dependent elastic moduli (Figs. 2-3. 5). 

In calculating the fits of the data at constant stress or constant strain, it was 
assumed for the sake of simplicity that within the range shown in these figures 
the variation of C;ji'" as functions of a and E is not very significant because of 
the relatively low stress level (""'0.3 J:.). This makes it possible to consider Cjj .... 

as constants (54). Since T. and T2 are constants (determined from Eqs. 27 and 
32 on the basis of fixed mean strain rate (e», we may write the solution of Eq. 
24 in a closed form: 

For u = o (creep): E = C-·a 2 - [c-.a~ -E(to)] e-tlTl 
•••••••••• (34) 

T. T. 

For E = 0 (relaxation): a = CE ~ + [a(to) - CE~] e-"TI .......... (35) 
T2 T2 

EMS RAPID CONCRETE LOADING 777 

in which a and E are (6 x I) column matrices of stress and strain components; 
and C is the (6 x 6) matrix of the moduli. Cjji"'. Matrices C. a. and E at the 
right-hand sides of these equations were obtained by using the previously de
veloped (12) computer program for the plastic-fracturing theory for the rapid 
loading up to the start (I = (0 ) of creep (0- = 0) or relaxation (E = 0). 

Since no relaxation test data are available for the very rapid short-time relax
ation. the data points in Fig. 5 were obtained from the approximate formula 
R(t,I') "'" 111(I.t'), in which R(t.t') is the relaxation function equal to the stress 
at time I due to a unit strain imposed at time I'. 

Behavior at Unloading and Hysteresis.-The special uniaxial case of Eq. 
24 may be written as 

a - Et = f(a.E) ............................................... (36) 

in which f(a.E) = EE IT2 - a IT. = function of a and E. An equation of this 
type has been used (26.40) to model the irreversible behavior of the viscoplastic 
metals at loading as well as unloading; it permits modeling the unloading and 
hysteresis at cyclic loading without the use of any additional loading-unloading 
criteria. Consider a state point (a. E) at which the loading reverses to unloading. 
Let the superscripts minus denote the variables just before the reversal point. 
and the superscript plus denote the variables just after this point. Then we have 
at - Et+ = f(a.E) and a- - Et- = f(a.E). Subtracting these equations we 
get 

a+ - a- = E(t+ - t-) .......................................... (37) 

Here we may set a+ = (da·/dE) t· and u- = (da-IdE) t'. If the strain-rate 
magnitude remains the same. i.e .• t+ = -t-. Eq. 37 becomes 

~ (d:+ + d:-) = E ............................................ (38) 

This means that the average of the loading and unloading slopes equals the elastic 
slope. E. Thus. upon a reversal to unloading. there is a sudden change in the 
slope of the stress-strain diagram. This is shown in Fig. 6(0). 

Alternatively. we may also set in Eq. 37 t + = (dE' Ida) a'. t- = (dE-Ida) 
a-. If the stress-rate magnitude remains the same. i.e. u· = -0--. Eq. 36 
becomes 

~(:~ + :~) =~ ............................................ (39) 

(0' (e' 

/ 

AG. 6.-Slopes for Unloading: Ca) Same lEI; Cb) Same 10-1; Cel Same lEI 



778 OCTOBER 1982 EMS 

This gives the change of slope depicted in Fig. 6(b). 
As another case, consider that IE + I is much larger than IE -I, i. e. (-E + / E -) 

.... 00. Dividing Eq. 37 by E+ we then find that du+/dE = E, i.e. the unloading 
slope is elastic, as could have been expected. 

The plastic-fracturing theory, as well as the endochronic theory, exhibits a 
change of slope at unloading even without any strain-rate (or time) effects. The 
question is: How are these effects modified for the present time-dependent gen
eralization? The time-independent versions of these theories (6,7,9,10,12,18,19) 
are characterized by a certain tangent modulus, E" for loading, and the unloading 
slope is at the beginning elastic, i.e., E- = E" and E+ = E for the time-inde
pendent versions. So, &+ - EE+ = l(u,E), and &- - E,e- = l(u,E). Subtracting 
these two equations, we obtain, instead of Eq. 37 

&' - &- = EE+ - E,E- .......................................... (40) 

Now, if the strain-rate magnitude remains the same, E+ = -E-, and Eq. 40 
yields 

~ (d:+ + d:-) = ~ (E + E,) ..................................... (41) 

i.e., the average of the loading and unloading slopes with and without the time 
(strain-rate) dependence is (for the present theory) the same. This is graphically 
shown in Fig. 6(c). Although no good test data for unloading at various high 
strain rates appear to exist, the behavior shown in Fig. 6(c) seems to be 
reasonable. 

Thus. the introduction of time-dependent (strain-rate) effects into the nonlinear 
triaxial theories for concrete intensifies the irreversibility at unloading, and con
sequently also the hysteresis at cyclic loading. Since, however, these theories 
were fitted in Ref. 9 or 12 to unloading data without consideration of the rate 
effect, the unloading irreversibility with the present generalization might become 
too strong and readjustment might be needed. 

SUMMARY AND CoNcLUSIONS 

Presented is a generalization of time-independent nonlinear triaxial constitutive 
relations for concrete to model short-time viscoelastic effects. Carrying out af
finity and shape transformations of the original time-independent constitutive 
equation. one can introduce in any constitutive model the effect of strain-rate 
magnitude on the initial elastic modulus, the peak stress (strength), and the sharp
ness of the stress peak (related to the post-peak declining slope). The method 
is calibrated by numerically fitting test data from the literature spanning over 
many orders of strain-rate magnitude. The fits are, in particular, demonstrated 
for a generalization of the plastic-fracturing theory for concrete. 

To obtain a model that also exhibits short-time rapid creep and stress relax
ation, the incrementally linear constitutive law characterized by tangential moduli 
as functions of the invariants of stress, strain, and strain rate is replaced by a 
tensorial first-order differential equation in stress, strain, stress rate, and strain 
rate. Its special linear case may be regarded as the standard solid, characterized 
by the relaxation time, the retardation time and the (apparent) instantaneous 
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modulus independent of the strain rate. These three parameters are determined 
by requiring that this formulation and the original strain-rate dependent formu
lation coincide for tests at constant strain rates near a certain given strain-rate 
magnitude which is characteristic of the structural dynamics problem at hand. 
Good fits of test data available in the literature are also demonstrated. Finally, 
the irreversibility at unloading caused by the short-time viscoelastic effects is 
analyzed. 

The model allows more realistic dynamic finite element analysis of concrete 
structures. However, since nearly all available test data on the strain-rate effect 
are uniaxial, and even the uniaxial ones are not unambiguous (e.g., with regard 
to the delining slope as a function of the strain rate), revisions in the model may 
be expected in the future. Therefore, the model is made capable of easy ad
justment and independent of the particular triaxial formulation per se. 
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APPENDIX. I.-TRANSFORMED MATERIAL PARAMETERS 

We replace I; with I,(p*), Eij with aEij , and u ij with baij' This replacement 
must include all invariants, e.g. I, must be replaced with hi" J2 with b2 J2, J; 
with a2.1;, etc. Then, combining coefficients a and b with the material parameters 
given by Eqs. 30-34 of Ref. 12 (with subsequent Errata), the expressions for 
material parameters become functions of a and b as follows: 00 = 1f,(p*»4/90 
psi; 0, = b[f.(p*)]3 /ISO psi; O2 = b0 75[lS X 101 (psi)2/f.(p*»)2; OJ = b27~13S.000 
psi/I,(p*W; 04 = b31/,(p*)/2,700 psi]2; o~ = 1.9Sb\ 06 = 1.73 b; ho = (2 psi)\ 
h, = 36,OOOhz; h2 = (13 X 104)b2; h3 = bl14,OOO psi/I,(p*)J; 64 = I 34h2; 
h~ = b3[4S,OOO psi/I,(p*)f~ /psi; h6 = ah3[J.(p*)/840 psW/psi; Co = (96 x 
10~)a2bz; C, = a2bz(40S x IO~); Cz = 4,650 psi; c] = bl14,OOO psi/J.(p·»); c4 

= bZIf,(p·)/l,3S0 psi)6; c~ = llObz; clo = O.S; Ii, = b3{2S,OOO psi/lJ.(p*)f}; 
liz = b2[ll,OOO psi/I,(p*)]o8; Ii] = (I psi)z; 1i4 = b212, IOO psi/J.(p*»'b x IO-b; 
u~ = b4{J.(p*)/(S,S4O)4 (psi)3], in which 1 psi = 6,895 N/m2. 

Aside from replacing the material parameters as indicated, the incorporation 
of the strain rate effect requires other adjustment neither in the theory nor in the 
computer program described in Ref. 12. 
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