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INTRODUCTION 

The nonlinearity of the creep law profoundly influences the long-time buckling 
of reinforced concrete columns aad can even cause a qualitative change in 
the behavior. For example. when the creep law is linear. as in viscoelasticity. 
the critical buckling time is inftoite. whereas. for a nonlinear creep law. it 
can be (toite. as has often been observed in tests of concrete columns. Nonlinear 
creep buckling of concrete columns has. therefore. been studied intensively 
aad solutions which adequately model maay aspects of the problem have been 
obtained (1.3.10.22.24.25.26.27.29.32.36). Especially comprehensive is the recent 
work by Foure (14). in which the stress-dependent effective modulus is applied 
to approximate the creep effects. and practical formulas weD supported by 
numerous experiments are obtained. 

One aspect of the problem. however. has received relatively little attentioD. 
This is the behavior of columns which are for a Ions time subjected to a relatively 
low sustained load (dead load multiplied by its load factor) and theD are suddenly 
overloaded (by the live load multiplied by its load factor). Among the few 
works on this practically important case is the exceDent study by Drysdale 
and Hugins (13). in which the strensth of prismatic. simply supported. reinforced 
concrete columns with square cross sections are examined under three kinds 
of biaxial eccentric loads: short-time loading to failure; sustained loading to 
failure; and sustained loading foDowed by short-time loading to failure. The 
experiqaental results are also compared with the results predicted by their 
mathematical model. A similar. very useful study was made by Kordina (21). 

Until receDtly. however. a completely realistic analysis of the case of dead 
and live load was impossible because no model for the nonlinearity of creep 
at low (service) stress levels was available. In a prec:edins work (8). the 
experimental evidence was 'carefuUy analyzed; this resulted in a model charac:-
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terized by two kinds of nonlinearity: (I) At high stress (stress exceeding about 
65% of the strength). the creep is much higher than that predicted by a model 
based OD the principle of superposition; whereas (2) at low stress (service stress 
levels). the creep due to the subsequent low increments is considerably less 
thaD that predicted by the principle of superposition. The latter nonlinearity. 
which was termed adaptation (8) and has beeD neglected in all previous studies 
of creep buckling of concrete columns. is important because. as the deflection 
of a column slowly grows and causes an increase of the bendins moment due 
to the axial force. the creep due to subsequent increments of the bending moment 
is significantly less than previously considered. This tends to stiffen the response 
of the column and increase its long-time strength compared to the case where 
the sustained load is of high magnitUde and causes stresses near the strength 
of concrete. This increase of strensth is further augmented by the weD-knoWll 
fact that the sustained low compressive stress causes an increase of strensth 
for subsequent sudden loads (9.15,18.31.33.34). 

We choose it. therefore, as the objective of our work to analyze the effect 
of adsptation on the ultimate long-time strensth of reinforced concrete columns 
and compare it to the long-time strength for a high sustained load. We will 
also comp~ the results with the present ACI Code and sugest its possible 
improvement. 

REVIEW Of NONlINEAR CREEP LAw-ADAPTATION AND flow 

Before analyzing the column. we need to give a brief review of the nonlinear 
creep law set up in Ref. 8. As proposed by McHenry (28), the uniaxial creep 
of concrete subjected to variable stress may be approximately determined by 
the principle of superposition 

E(I) = i: 1(1.1')da(I') ..........................•. (I) 

in which I = time = age of concrete; E. a = uniaxial strain and stress; and 
1(1.1') = compliance (creep) function = strain at time I caused by a unit constant· 
stress applied since time I'. 

Althoush Eq. I accounts for the essential nature of creep in concrete. there 
exist significant nonlinear deviations. as found by Ross (30) and others. Two 
types of nonlinearity can be distinguished: (I) Adaptation: sustained compressive 
stress of working stress level makes the response to the subsequent load 
increments stiffer; and (2) Flow: high stress causes gradual weakening of response. 
i.e .• a stress-dependent flow rate is to be added to the linear creep rate. Only 
the latter effect has been ·mathematically modeled in the previous works. 

The nonlinearity is most properly described on the basis of creep rate. obtained 
by differentiating Eq. I: 

i(l) = -- + J(I.I')da(I') ..................•.... (2) 
a(l) it 

. E(I) 0 . 

in which a superimposed dot stands for a derivative with respect to time I. 
and E(I) = 1//(1.1) = elastic modulus of concrete at time I. 

Eq. 2 has been generalized (8) as foDows: 
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. ( ) ir(t) . () . ( ) 
E t = -- + Ell t + Ef t ..........•............ . (3) 

E(t.) 

E.(t) = g (a (t») J(t,t;) ; aCt) = (a, + alr~) -- ; ~ ' da(t') [II,(t)1 ]' 

o I+a(t') I; 

g (a(t») = a] + a4 (/(a(t)))" .••... " .................. (4) 

aCt) - aCt) . 
EAt) = /(a (t») 4» (t); cj, (t) = Co + c, r 9

; 

Eo 

/(a(t») = [V3Jl (t) ] ; 
c l + c] I - --::....;...:

I, (t) 

[ 
a(t)]] 

aCt) = [aCt) - aCt») 0.8 - - (b o + b,rp
) , I; . (5) 

dt.=JiTJiIaJiO'dt; PO'=I-aoI,(t) ..................... (6) 

in which I, = au; and J l = (1/23/13/1)'/2 = the second invariant of stress 
deviator. Ef(t), referred to as the flow rate, and g (a (t») describe the high-stress 
nonlinearity, while a (t), caIled the adaptation parameter, describes low-stress 
nonlinearity. Function cj,(t) decays with the age of concrete and models the 
stiffening of response with advancing hydration. In view of the fact that 
microcracking and plastic slip are caused mainly by shear distortion, the function 
I(a(t») for high-stress nonlinearity is taken proportional to Jl . Function aCt) 
is used to express the range of stress under which high-stress nonlinearity occurs. 
The equivalent hydration period (or maturity), t e , also models the low-stress 
nonlinearity, because coefficient PO' gives acceleration of aging due to sustained 
compressive stress. Functions PT and Pia introduce the effects of temperature, 
T, and relative humidity, h. They are chosen so that PT = I for T = 170 F 
(25 0 C) and Pia = I for h = 100%. 

Furthermore, I; = compressive cylinder strength of concrete at the age of 
28 days. Eo is the asymptotic modulus, which is obtained by extrapolation 
to infmitely fast loading (see Ref. 5). . 

Constants aD, ... , a 4, bo, b .. Co, ... , C]t n, p, q, and r were all determined 
from experimental data. In the present study, the following values and relations 
are used (I psi = 6.89 kPa): 

2. (PSi)'/2 (PSi )'0 
0 0 = -(pSI); 0, = 0.1 - ; 0 1 = 2.4 - ; 0] = 0.98; 

I; I; I; 

0 4 =0.104; bo=IO; b,=O; co =O.5; c,=O; c l =[O.3/;(psi»)1; 

c] = 0; n = 1.5; p = 0; q = 0; r = 0.5; 3 = 0.5 ............ (7) 

The compliance (creep) function J(t,t') is assumed to follow the double power 
law J(t,t') = (I + 4»,(t'-" + aXt - t')")/Eo, in which m, n, 4» .. a and 
Eo are material parameters. Typical values for these parameters are found in 
Refs. 5 and 7. To model the effect of stress, temperature and humidity, the 
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double power law may be generalized as follows (4): 

, I +, ,-m )( ')" (8) J(t,t )=-+-(t. +a t-t ....•.•..........•.• 
Eo Eo 

in which t; is obtained from Eq. 6. The parameters of this equation must be 
introduced so as to approximate the mean creep of the cross section with possible 
drying effect (7). This effect, which was studied by Wu and Huggins (37), 
will not be investigated here, however. 

ALGORITHM OF NUMERICAL STRUCTURAL ANALYSIS 

Structural analysis based on this creep law may be performed in small time 
steps. The flow of calculation is as follows. 

I. Initialize variables at t = 0: a = 0, E = 0, E.. = 0, Ef = 0, a = 0, and 
a = O • 

2. For the jth time step, ll.t = t) - t)_1t determine a(t)_'/2) = a(t)_I) 
+ ll.a/2, PO' = I + aoa(t)_'/l)' a(t)_'/l) = a(t)_,) + ll.a/2, ll.t e = P .. ll.t, 
and t = t + ll.t where ll.a is taken as zero for the first iteration of the 

~ '/-1 • 
step. In subsequent iterations of the step, ll.a may be taken as the value from 
the preceding iteration in order to achieve second-order accuracy. 

3. As shown in Refs. 2 and 3, ll.E .. (t) may be determined by approximating 
the integral by the trapezoidal rule of integration: 

2 
E(t'l) = ........................ (9) 

J(t.l,t.l ) + J(t'l,t'/_I) 

I 
ll.J(tl't ... ) = 2" (J(t),t, .. ) + J(t),t'H) - J(t)_ .. t ... ) - J(t)_ .. t' .. _I») ... (10) 

Next, calculate 

_~ [I a(t)_'/2)1 ]' 
ll.a=(a.+0 2t)_,) I; ll.t; 

. a
2 

(t)_'/2) " 
/(a(I)_'/l)) = ; g [a (t)_'/2)) = 0 3 + 04 (/(a (t)_'/2»)) (II) 

3C 2 

Then, ll.E" may be obtained as 

)-, ,ll.a(t t) 
ll.E .. = g [a (t)_, 12)) L ll.J(t),t, .. ) .......•........ (12) 

i_I l+a(t.J 

4. Determine ll.~: 

a (t )-'/1) . []3 
ll.4» = coll.t; ll.a = (a(t)-'/l) - a(t)_1/1)} 0.8 - I; boll.t •.. (13) 

Then, ll.~, defmed by Eq. 5, is: 
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U(/,_1/1) - 0(/,-111) 
AEj-= /[u (/j-I/l»)AciI ..... . 

Eo 
. (14) 

5. Eq. 3 thus leads to an approximate quasi-elastic incremental stress-strain 
relation for the jth time step: 

Au = E(/.)AE - Auc ; Auc = E(/.)(AE. + A~) .............. (15) 

6. The changes of deformation and stresses in the structure during the jth 
time step may now be solved by an elastic analysis using Eq. 15, for example 
by the fmite element method. This ultimately leads to increments of aU stresses 
and strains, Au and AE, as weU as AE., AEf , Aa, Ao, and to the values at 
the end of the jth step: 

u(/,) = u(/'_I) + Au; E(/,) = E(/,_I) + AE; E.(I,) = E.(I,_I) + At,,; 

Ef(/,) = Ef(/,-I) + AEf ; a(/,) = a(/,_I) + Aa; 0(/,) = 0(1,_1) + Ao (16) 

Then, one returns to step 2, iterates the process until an acceptable convergence 
is achieved, and then one goes to the next time step. 

SUSTAINED-LOAD STRENGTH OF CONCRETE 

As mentioned before, a low sustained compressive load makes the response 
to the subsequent loading stiffer (adaptation or low-stress nonlinearity). Moreover, 
the compressive strength,!~, increases under a low sustained compressive load. 
Numerous experimental works document this fact. 

Washa and Fluck (34) reported that, during 10.5 yr, the sustained loads (applied 
at age 28 days, equal to 25% of the initial strength) increased the strength 
of cylinders (6 in. (152 mm) in diameter, 12 in. (305 mm) high) that were kept 
in a drying condition (temperature 600 F-800 F (160 C-27° C), relative humidity 
25%-60%) up to 5% compared with the specimens without sustained loads. 
Freudenthal and RoU (15) found!~ in drying environment to increase by 2% 
to 30% in I yr, depending on concrete mix and specimen size. [In their tests, 

, sustained loads of approximately 15%-65% of the 28-day compressive strength 
were applied at 28 days on cylinders of 3 in. and 4 in. (76 mm and 102 mm) 
in diameter and 10 in. (254 mm) high that were stored at 70° F (21 ° C) and 
60% relative humidity.] Brettle (9) proposed empirical formulas for the change 
in strength and elastic modulus and reported a strength increase of up to 9% 
for a cylinder specimen [6 in. (152 mm) in diameter, 12 in. (305 mm) high] 
with 6,000 psi (41.3 MPa) nominal strength at 28 days. [In his tests, the test 
specimens with nominal strength 4,000 psi (27.6 MPa) and 8,000 psi (55.1 MPa) 
were loaded at 3 days to 7.5%-50% of the strength and then water-cured for 
25 days before the fmalloading.) StOcki (33) reported average increases from 
3% to 18% and observed that the strength increased with increasing sustained 
load, increasing load period and decreasing concrete age at initial loading. [In 
his tests, sustained loads of 50%, 70%, and 90% of the strength at 28 days 
were applied at 3 days or 28 days on cylinders that were 5.9 in. (150 mm) 
in diameter and 11.8 in. (300 mm) high and were stored at 68° F (20° C) and 
65% relative humidity. The load duration was 28 days or 196 days.) According 
to Hughes and Ash (18), the strength increases in drying environment from 

2240 NOVEMBER. 1980 ST11 

4% to 13%. [In their tests, the specimens were prisms of 2 in. (51 mm) square 
by 4.75 in. (121 mm) long, loaded at ages 3 to 150 days for 25 days. The 
load was increased stepwise up to about 50% of the strength during the sustained 
load period.) Based on these test data, HeUesland and Green (17) proposed 
empirical formulas for the decrease of strength due to sustained loads that 
are constant up to failure. Their formulas, however, do not account for the 
increase of the short-time strength due to a previous low sustained load. 

The creep law from Ref. 8 that we are using describes the nonlinear creep 
only up to about 90% or 95% of strength. To describe creep aU the way to 
the strength value, the creep isochrones in U-E plots would have to reach a 
peak value with a horizontal tangent at the value of long-time strength, but 
the present creep law does not do that. Therefore, we must supplement it by 
a separate criterion for the long-time strength, and accept the fact that creep 
isochrones or other response curves terminate at the strength point with a fmite 
slope rather than at a peak point with a horizontal tangent, as is seen in reality. 
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FIG. 1.-Intluence of Sustained Load. on Strength of Concrete (Calculated from 
Pre.ent Nonlinear Creep Law with Same Creep Function •• Shown In Fig. 3C-' 
for P = O.3Af~J 

We introduce a rather simple empirical relation for the sustained-load strength. 
ACI Building Code (II) gives the relation E = 57,OOO(!~)1/2 where E = modulus 
of elasticity of concrete; and!~ = strength (in pounds per square inch) of 
a cylindrical specimen tested at age 28 days. Approximately, this equation holds 
at various ages thus relating the growth of E and!: in time. From this equation 
we have: 

!~(I) =!~ [ E::>]2 ........... , .................. (11) 

With regard to load duration, it must be emphasized that!~ is a strength for, 
. the loading rate or load duration that produces failure in about 5 min to 10 

min, and Eq. 17 applies only to such load durations. At the point of failure, 
the stiffness of concrete is considered to drop to zero; we do not consider 
here any ductile response or strain-softening. 
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If the period of high stress is long, then, according to Riisch (31), compressive 
strength is reduced to 0.8/: under sustained loads lasting about 1 days or more, 
where I: is the short-time strength measured at age 28 days. Therefore, if we 
want to study column failure due to buckling rather than due to pure material 
failure, we must limit our analysis to compressive stresses below 0.8/~ in 
mapitude. For simplicity, we assume the increased short-time strength/:(1) 
to be always reduced to 0.8/:(t) for long-time loading. However, we do not 
reduce the strength for short-time loading, regardless of the duration of the 
applied dead loads, i.e., whenever short-time loading is considered we apply 
Eq.I1. 

The elastic modulus at age I, E(I), appearing in Eq. 11, may be best obtained 
from the double power law as the effective· modulus for load duration I -
I' = 0.001 day, which gives 

I + a 11;-'" 
-- == ; a I == O.OO."cf» I' •......•.•....••.. (18) 
E(I') Eo 

Note that I; is used instead of I' in order to take into account the effect of 
temperature, humidity, and stress on the change of elastic modulus. 

Considering available test data [e.g., Washa and Fluck (34)1, it appears that 
there is an upper limit of about 30% (beyond I: at 28 days) on the strength 
increase due to the combined effect of sustained loads and hydration. Therefore, 
we combine this fact with the relation, Eq. 11. 

An example of the time-dependent compressive strength I: (I) used in this 
study is shown in Fig. l. The compliance (creep) function used for this example 
is the same as the one used in Fig. 3(e). 

NUMERICAL SOLunoN 

We consider only static deflections of simply supported prismatic columns 
that have a symmetric and symmetrically reinforced cross section and are 
sufficiently slender for the bending theory to apply (Fig. 2). Customary assump
tions of the bending theory are made: (I) The displacements and strains are 
small; and (2) plane cross sections remain plane and normal to the centroidal 
axis. Further, we assume that the reinforcing bars have negligible bending 
stiffness, that no bond slip exists, and that the cross section area occupied 
by steel is negligible. We also assume that concrete cannot carry tensile stress 
and that the steel is elastic-perfectly plastic (Fig. 3). 

The calculation may be divided into three stages: the first rapid loading; 
subsequent long-time deformation; and finally a further rapid loading to failure. 
No creep is considered for the first rapid loading stage, i.e., the load is assumed 
to be applied instantaneously. 

Instantaneous Elasde SoIutlon.-A conventional beam-column element for small 
deformation is used. The detail of the rmite element formulation for a structural 
element shown in Fig. 2(d) is given in Appendix I. For the first instantaneous 
loading, the following stiffness equation is used: 

[K + poKGI tJ = F + F,. ........................... (19) 

in which K and KG denote the conventional stiffness matrix and the geometric 
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stiffness matrix; Po is the initial axial load; U, F and F,. stand for a displacement 
vector, an external force vector, and an additional force vector reflecting the 
effect of the initial curvature, respectively; and superimposed dots indicate time 
derivatives. For more precise defmitions, see Appendix I. 

Tbne-DepeDdeDt SoIutIoD.-The time-dependent solution can be carried out 
as a sequence of elastic solutions with given inelastic strains. Since the elastic 
analysis of a column for arbitrary given inelastic strains is well-mown (3), 
we do not need to further examine this approach. 

The present problem has actually been solved by an alternate method in . 
which one first determines, with the help of a variational principle, the matrix 
ordinary differential equations in time: 

IK+P,KoJV=F+F,.+Fe ........................ (20) 

This stiffness equation is solved by the standard step-by-step method for small 
time increments: K takes into account the change in the tangential moduli across 
the cross section; P, is the axial force at time t; F,. and Fe stand for pseudo-force 
vectors reflecting the effect of the change in the axial force and that of the 
inelastic strain due to creep. Solving Eq. 20, the stress and strain in each element 
are calculated and the result is used to update the material constants. Then 
we proceed to the next iteration or time step. The solution generally converges 
well unless the colUMn is failing. At that point, iterations of the step are omitted 
and either the Euler's method or the modified Euler's method is used together 
with sufficiently small time steps. 

Iu.UlTRATIVE EXAMPLES 

The accuracy of the method of analysis described in the previous sections 
will flfSt be examined by comparing the solutions for some simple problems 
with those obtained by other methods. A simply supported column with sinusoidal 
initial curvature is considered (Fig. 2). Since the present nonlinear creep law 
reduces to a linear one for g = I, a = 0, a = a, and t; = I', the present 
formulation can also be used for a linear creep model. We first consider simple 
idealized linear creep models (Fig. 3) such as 

1 I 
J(I,I/) = - + -(I - I') (Maxwell Solid) ............... (21) 

Eo C I 

or 

J(I,I/) = _1- + _1_ {I _ exp [-~ (I _ I' )J} (Standard Linear Solid) (22) 
Eo E, C I 

in which we use Eo = 5.0 X 10' psi (3.45 x 10" MPa), E I = 5.0 x 10' psi 
(3.45 x 10' MPa), and C I = 2.0 x' 10' psi·day (1.38 x 10' MPa·day). The 
initial deflection at midspan is chosen as Vo = 0.025 in. (0.64 mm) and the 
column load as P = 2.0 X 10" psi (1.38 x 10 2 MPa) = 0.3P., where p. is 
the Euler bucldiog loa~. The column is considered unreinforced and its dimensions 
are: the cross-sectional area if = 25 sq in. (1.61 X 10" mm 2); the half-depth 
of the cross section if = 2.887 in. (73.33 mm); the width of the cross section 
B = 4.330 in. (110.0 mm); and the column length L = 200 in. (5.08 m). To 
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av~id the numerical error due to integration over the cross section (see Appendix 
I), mstead of a square cross section we consider in the examples an idealized 
two-layer section as shown in Fig. 2( c). The calculated variation of the deflectioD 
at midspan is shown in Fig. 4(a). Close agreement with the analytical solution 
(19,23) is obtained even when only four beam elements are used. No appreciable 
difference is observed when eight elements are used. 

Kempner (20) solved a problem of a column with the nonlinear creep law: 

a am 
E=-+-

Eo C
I
•·················•······•···•·•· (23) 

and he showed that, unlike a linear creep law, the nonlinear one yields an 
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iofmitely large deflection in a fmite period of time. For Eo = 5.0 X 10' psi 
(3.45 x 10" MPa), C I = 2.0 X 10 1 

.. psi·day (1.38 X 10'2 MPa·day), m = 
9, the same column was solved. Comparison between Kempner's analytical 
solution obtained by the collocation method and the present fmite element solution 
is shown in Fig. 4(b). The difference between the two methods becomes substantial 
when the deflection becomes large. This discrepancy seems to come from the 
approximations in the collocation method and the present finite element method. 
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The influence of the time integration method appears to be significant. Shown 
in Fig. 4(b) is the difference among the solutions by the iteration method, 
Euler's method, and the modified Euler's method in which one half of the 
previous increment is added to each total value at the end of the previous 
step in order to evaluate the nonlinear creep strain rate. Again, the difference 
due to the number of elements is not appreciable. With the aforementioned 
simple nonlinear creep law which is valid both for compression and tension 
if m is an odd integer, the variation of deflection could be followed even when 
the deflection becomes 104 times as large as the initial elastic deflection. Therefore, 
it was easy to obtain the critical time graphically, as shown in Fig. 4(b). The 
large deflections occurring near the critical time are of course not actually possible 
since the material has a fmite strength and deforms together with elastic-plastic 
steel bars. The criterion to get the critical time for these cases will be indicated 
in the corresponding text. 

Having shown that our solution method is sufficiently accurate, a reinforced 
concrete column with sinusoidal initial curvature has been solved to examine 
the influence of the nonlinearity due to adaptation and flow. For simplicity, 
first an idealized I-cross section is used (Fig. 2(c)). The dimensions of the 
column are: A = 25 sq in. (1.61 X 104 mm2); H = e = 2.887 in. (73.33 mm); 
B = 4.330 in. (110.0 mm); L = 100 in. (2.54 m). This area and the corresponding 
moment of inertia are equivalent to those for a square cross section with a 
side of 5 in. (127 mm). The creep function used in the calculation is plotted 
in Fig. 3(e). The parameters used in this double power law are: Eo = 1/(0.1034 
X 10-6

) psi (1/(0.1501 x 10-4
) MPa); •• = 1.974; m = 0.238; n = 0.126 

(from Ref. 5 for Ross's creep data). The other parameters are fixed as follows: 
the ratio of initial curvature at midspan to the depth of the cross section "olD 
= 0.01; slenderness ratio L/ D = 20; reinforcement ratio p = 0.01 and 0.02. 
A simplified instantaneous stress-strain relation was assumed for both concrete 
and steel reinforcement as shown in Fig. 3(a,b), where f~ = 6,700 psi (46.2 
MPa), J,. =i40,OOO psi (276 MPa) and E. = 3.0 x 10 7 psi (2.07 x 10 5 MPa). 
The load is assumed to be applied at age 28 days. 

First the case of constant axial load has been examined. The calculated 
d~flection-time relation is shown in Fig. 5 for various levels of the load. The 
occurrence of excessive deflection, at least IO-times larger than the initial elastic 
deflection, and an abrupt change in the deflection rate have been considered 
as indications of failure of the column. We see from the calculations that the 
larger the load, the shorter is the critical time. It is also observed that, for 
large loads, the column fails in a rather brittle manner, i.e., by an abrupt increase 
of the deflection rate. This phenomenon is, however, spurious since it is due 
to the assumption that a failure (strength) does not correspond to a point of 
horizontal tangent on the stress-strain curve. A low stress such as 0'0 = 0.3f~ 
(Fig. 5(a)) has not produced large deflection even after 10,000 days. It is also 
seen that the column with more reinforcement is more creep resistant. The 
failure envelope for constant loads is shown in Fig. 6. 

Next, the case in which the load is suddenly increased up to failure after 
a long period of constant load has been examined (see examples of loading 
paths marked by arrows in Fig. 6). For convenience of calculation, a fmite 
constant stress rate, 0.0If~/0.0002 day, has been chosen for this rapid loading. 
The column strength for this loading has been examined for various values 
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and durations of the sustained constant load. The results are exhibited in Fig. 
6. The short-time strength of the column increases because of the increase 
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in concrete strength, as described in the previous sections, while it decreases 
as the creep deformation due to the sustained load grows. Thus, the short-time 
failure envelope eventually comes down to the constant load failure envelope 
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upon reaching the critical time. Using these results, isochronous response curves 
for the column deflections are drawn in Fig. 7(0). Calculations show that indeed 
the response of a column becomes stiffer after it has been subjected to a low 
stress for a longer period. For the same duration of the constant sustained 
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FIG. l.-calculated Failure Envelopea for Conatant Suatalned Loading and for Rapid 
loading: (a' p = 0.01. aEIf~ = 2.262; (6' p = 0.02. aEIf~ = 2.344 (aE = Euler 
Itualcllng at,.aa; other data a,. given In Fig. 6 caption' 

load, a lower (but not very low) sustained stress causes a stiffer subsequent 
response. This result is due to the adaptation nonlinearity at low stresses and 
the flow nonlinearity at high stresses. 
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The effect of these nonlinearities on the strain increments, AE,. and A~(deftned 
by Eqs. 12 and 14) is shown in Fig. 7(b). AE .. and A~ are the values for 
the second load increment of the stress rate, 0.05/~ /0.001 day, in the rapid loadina, 

1.5 ~-------------------....... 

7,!' 1.0 c( 

" 11. 

"a 

j 
.. 
'" Q5 
c( 

o 

t-,1.7dl,' 

I a) Ilochranou. Curve. 
- Con, Ion I I.J>adln, 

3650 d.,. 

---- Subllqu.nl Rapid Loodln, 

10 20 30 40 

Creep Deflecllon at Midspan I v .. /L 1110·) 

-----_ .... ' 
I 

I 

I 
I 

FoUu.. - to E. 

FoUu" , 
/ 

I 
I 

I 

---- to E, 

(b) 

~ 
AI:· 0 .60 

-----------0.45---------------

0.30 

0.15 

_I01L-~~~~~~~~~~~~~ 
I 10 100 1000 10000 

Days under Load , - " 

50 

FIG. 7.-Hlgh Stre.a Nonlinearity and Low Stre •• Nonlinearity: (a' leochronou. CUrYH 
of Initial Axla' Load versus Cr.ep Deflection at Mld.pan; (6, Creep Re.ponae In 
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measured at the compression face at the midspan. For a relatively high stress, 
Uo = 0.6/;, both AE. and ~ increase as the critical time approaches. On 
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the other hand, A1E" for a lower stress, such as 0'0. s 0.45/;, decreases as 
time increases, which makes the response stiffer. We may also note that the 
compressive stress in concrete tends to decrease all over the cross section 
if the transverse deflection is not very large; this weD-known effect is, of course,,_ 
caused by gradual transfer of load from the creeping concrete onto the rein:~ 
forcement which does not creep. Since A1'-f is proportional to the stress, A1~ 
IliPtly decreases for a lower column load. 

CoMPARISON WITH TIST DATA 

A comparison with the test data by Drysdale and Huggins (13) has alsoheen 
made. The creep law used in their work has been approximated, for convenience 
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01 calculations, by the double power law with parameter values for which the 
Merence is sufficiently small (see Fig. 8). Four elements were used for the 
..... -Iength of column and each cross section was divided into five layers. For 
..axial _buckling (m the plane of symmetry) due to an eccentrically applied 
..... a reasonable agreement has been obtained, as shown in Fig. 8. 

A'similar comparison with test data by Kordina (21) is shown in Fig. 9. 
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The double power law and the square-root hyperbolic law were used to 
approximate the test data on creep and shrinkage of column VII, respectively 
(see Fig, 9). The relations of creep and shrinkage for column VII have been 
used for all the columns. The column was discretized in the same way as for 
the previous comparison to analyze the column strength for the fmal short-time 
loading. In all the cases, the columns were unloaded after the sustained load 
for a certain period before applying the fmal short-time load as described in 
the test data. The results are in satisfactory agreement with the reported 
measurements. 

By contrast, when using linear superposition with the same creep function, 
calculations for a high stress close to 0.8/~ have not indicated failure even 
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after 10,000 days of loading, despite the use of a fmite strength limit for concrete 
and steel. This is probably due to the stabilizing effect of reinforcement. 

CoMPARISON WITH ACI CODE AND NEW DESIGN FORMULA 

It is interesting to compare the results in Fig. 6 with ACI Code (II). We 
consider the idealized I-section (Fig. 2(c») used for Fig. 6. From ACI Code 
equation 10.9, we get EI(I + Pol) = 8.89 X '10 7 Ib sq in. (2.60 X 10 1

0. kg 
mm 1) for p = 0.01, in which EI = bending stiffness. Assuming sinusoidal deflection 
with maximum ordinate "II. we have from ACI Code Pol = 1.4D"0/(1.4D + 
1.1£)"0) = 1.4D/(1.4D + 1.1£) in which D is the axial dead load (sustained 
load) and L is the axial live load (rapidly applied load that leads to failure) . 
In Fig. 6(a) we assume that there is a sustained load up to point B (or A) 
followed by a rapid load increase represented by a vertical line from point 
B (or A). For point B, ~he sustained load is exemplified by segment Bo.B and 
the live load by segment BB". ACI Code (II) does not distinguish between 
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various durations of the dead load. The load duration for point A in Fig. 6(a) 
is so short (3 days) and our calculated failure load (point AN) is so close to 
the instantaneous end of the failure envelope that one may consider the total 
load represented by segment A ° AN as the live load; so, Pol = O. According 
to ACI Code (II) Eq. 10.8, the ultimate load for a column in which the initial 
bending moments are very small is less than but rather close to the value P~ 
= 1f2 EII(k/)2, in which I = 100 in. (2.54 m) and k = 1.0. For the short-time 
loading (Pol = 0) we than get P~/A/~ = 0.524, which is plotted as point A' 
in Fig. 6(a). Point B in Fig. 6(a) represents a sustained load of considerable 
duration (I yr) and should no doubt be considered as the dead load, represent~d 
by segment BOB. On the vertical line through point B we then read from FIg. 
6(a) BBN IBoB = 1.03/0.30. Noting that the load factors for the dead and 
live loads are 1.4 and 1.7, we have 1.7LII.4D = 1.03/0.30 from which LID 
= 2.83. This yields Pol = 0.3/(1.03 + 0.30) = 0.226, from which we get for 

'the ultimate load the result P~/Af~ = 0.427. This is plotted as point B' in 
Fig. 6(a). In case that all load is a sustained load (dead load), we have Pol 
= 1.0 and we get P~ / A/~ = 0.262, which is shown as line C in Fig. 6(a). 

TABLE 1.-Comparlson with ACI Cod. 

. I I 

Loading P .. p./A/; P~ IAI; PIA./: p·IP~ p·IP P~/P 

(1) (2) (3) (4) (5) (8) (7) (8) 

Live load only 0 1.05 0.S24 0.216 2.00 4.86 2.43 

Live plus dead 
1.23 2.32 loads 0.266 1.33 0.421 0.184 3.11 

Dead load only I O.44S 0.262 0.131 1.10 3.40 2.00 

Note: P .. == ratio of maximum factored dead load moment to maxtmum factored total 
(dead plus live) load moment; p • ... failure load calculated by the present method; P~ 
= ultimate column capacity by ACt Code; P = correspondina total (dead plus live) desicn 
load; p.1 P and P~ 1 P = safety factors from present results and by ACI Code. 

Now we may determine the ratios of our calculated failure loads p. to the 
failure loads P~ according to the AC( Code (Table I). For the short-time load 
(live load), this ratio is p. I P~ = A 0 A N lAo A' = I.OS 10.524 = 2.00. For the 
dead plus live load this ratio is p·IP~ = BOBN/BoB' = 1.33/0.427 = 3.11, 
and for the sustained load (dead load) alone, this ratio'equals the ratio of the 
ordinates of point D and line C in Fig. 6(a), which gives PIP~ = 0.445/0.262 
= 1.7. We see that AC( Code sives safe and rather conservative estimates 
for the failure load. We also see that the values of p·IP~, representing the 
extra safety margin, are not too different for the live load alone and the dead 
load alone, but are much higher for the combination of dead and live load 
(see Table I). 

A1thoup the safety factor p. I P, i.e., the ratio of the failure load p. to 
the total design load P = D + L, is not used in ACI Code, it is also interesting 
to compare its values. Noting that for tied columns the capacity reduction factor 
ia 0.7, the safety factor for live load alone is according to ACI Code 1.7/ 0.! 
= 2.43; for dead load alone it is 1.4/0.7 = 2.00; and when LID = 2.83, It 
is (1.7 x 2.83 + 1.4)1 (2.83 + I) 0.7] = 2.32. The corresponding design loads 
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D + L = P are given by PIAl: = 0.524/2.43 = 0.216 for the live load alone, 
0.262/2.00 = 0.131 for the dead load alone, and 0.42712.32 = 0.184 for LID 
= 2.83; see Table I. From our results, the safety factors p. I P are I.OS /0.216 
= 4.86 for the live load alone, 0.445/0.131 = 3.40 for the dead load alone, 
and 1.33/0.184 = 7.23 for LID = 2.83. Again we see that for the combined 
live plus dead load the safety factor is much larger than for .either live load 
or dead load alone (Table I). 

The ratio of failure load under live load (short-time load) alone is according 
to Eq. 10.9 of ACI Code (il) given by the factor (I + Pol)' whose plot against 
Pol is shown in Fig. 10. Using points B and B" as an example, we have already 
shown how to calculate the ratio of factored dead and live loads for any failure 
point in Fig. 6. This calculation has been performed for many failure points 
from Fig. 6 and the results are plotted as the points in Fig. 100a). 

Although done neither by Drysdale and Huggins (13) nor Kordina (21), we 
may cast the results of their column tests in the same form as Fig. 100a). 
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This is done in Fig. 100b), in which the data points represent all the 44 column 
failure tests reported by those experimentalists (only 36 points can be distinguished 
though, since some coincide). It should be noted that some of Kordina's columns 
were unloaded for periods from 0.4 day to 167 days after the sustained load 
and before the fmal rapid loading to failure; this has been ignored in plotting 
the points in Fig. 100b) but did not seem to cause disruption of the overall 
trend. Neither did the fact that in a few of Drysdale and Huggins' tests the 
'sustained load was slightly increasing or decreasing (by not more than 12%); 
those cases were evaluated as if the sustained load were constant and equal 
to the average of its initial and fmal values. 

From Fig. 100a) we see that the ACI factor (l .+ Pol) does not agree very 
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wen with our results. For 0.2 s p" s 0.75 it is unnecessary conservative, 
and for p" > 0.9 the safety margin is according to Fig. 100a) lower than that 
for the short-time load. The safety and economy are in proper balance when 
the safety margins (relative to factored loads) are uniform. We propose, therefore, 
that the current factor (I + P,,) in ACI Code be replaced by the formula 

P: l' 
- = 1 + I.3p" p. 

• (24) 

This is plotted as the dashed curves in Fig. 100a,b) and represents a common 
envelope to aD points, experimental as well as calculated. 

It may be noted that a straight line would envelop the available experimental 
points in Fig. 100b) even better than the proposed curve. However, we must 
realize that the direct experimental evidence in Fig. 100b) is (and will remain) 
of limited time range; none of the available column tests (13,21) exceed 2 yr 
of sustained load duration, while the uppermost calculated failure points in 
Fig. 100a) correspond to a 30-yr load duration (the high location of these points 
is due chiefly to the large creep deflection). It is because of these points that 
the curve should be parabolic rather than linear in p". 

tt musl be also emphasized that the calculated points in Fig. 100a) are not 
just theoretical results but indirect logical consequences of diverse experimental 
evidence used to calibrate our theory. It would be also possible to set up an 
expression which would distinguish between the points on the top and bottom 
sides of the band in Fig. 100a,b). However, this would require introduction 
of further parameters, such as the duration of sustained load, which would 
be hard to estimate for the designers. 

SUMMARY AND CONClUSIONS 

The long-time strength of reinforced concrete columns is investigated by using 
the previously developed new model for nonlinear creep of concrete (S) which 
accounts not only for the increase of creep at high compressive stress (flow) 
but also for the decrease of creep for subsequent load increments (adaptation) 
caused by low sustained compressive stress. Also considered is the decline 
of long-time strength with the duration of a high constant sustained load and 
the increase of strength for rapid loading that follows a low sustained compressive 
stress. The deflection histories are solved numerically by the rmite element 
method with small time increments. The effect of the nonlinearities, especially 
the adaptation, is examined by solving typical examples for load histories of 
three types: (I) Constant sustained load until failure; (II) high or (III) low constant 
sustained load fonowed by a sudden load increase until failure. Calculations 
confirm that the flow nonlinearity makes the column fail in a rmite time (critical 
time). The basic conclusions are: 

I. There is a great difference in strength between loading ~ses I, II and 
III, and the effect of dead-to-live load ratio is substantial. 

2. Case III leads to a much higher load at failure than do cases I and II. 
The failure load can be up to about 35% higher than the failure load for 
instantaneous loading up to failUre, and up to 100% higher than the constant 
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sustained load leading to failure within the same time period. 
3. This could be taken into account in setting the load factors for columns 

subjected to dead and live loads of various ratios. . 
4. The increase of failure load for a low constant sustained load is due to 

the recently discussed phenomenon of adaptation nonlinearity in creep. 
5. The adaptation causes the response to subsequent sudden overload to become 

stiffer and the strength higher as the duration of the low constant load increases . 
6. The results of the present method of analysis are in satisfactory agreement 

with the available experimental results. 
7. The present ACI Code (II) does not give uniform safety margins for various 

ratios of dead and live loads. When the factored dead load represents 0.2-0.75 
of the total factored load, the safety margin of ACI Code is much higher than 
that for the live load alone, and when this ratio exceeds 0.9 it is lower. 

S. An improved expression to take into account the ratio of dead and live 
loads is proposed. 
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APPENDIX I.-DERlVAnON OF SnFFNESS EQUATION 

Consider a beam element which is in equilibrium under the external forces, 
as shown in Fig. 2(d). Assuming that deformation is small, the strain-displacement 
relation of a beam with small deflection, 1'0' due to the initial curvature is 
determined as foDows (35): 

I 
E = u ' + v~ v' + _(v' )1_ yv" " ..................... (25) 

2 

in which u and v stand for the axial displacement and the transverse displacement. 
A superimposed prime means differentiation with respect to x. The third nonlinear 
term represents a strain component associated with the coupling of flexural 
and axial action. Considering a constitutive relation, u = E E - U c' in which 
E is a function of u and U c is the pseudo-stress, substitution of Eq. 25 yields 

u = E [ u' + v~ v' + : (V/)1 - yv" ] - u c ••••••••••••••••• (26) 

For the beam element shown in Fig. 2(d), the virtual work equation becomes 
as follows: 

~: t. U8EdAdx=ml&v;+mI8v~+p'13ul 
+ p,.8u, + PY18v1 + P

Yl
8v, ......................... (27) 

in which A and L denote the cross-sectional area and the element length; and 
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"', PM and P, respectively stand for the applied moment, the axial force, and 
the lateral force at nodes 1 and 2. Substituting Eqs. 25 and 26 into the left-hand 
side of Eq. 27, the foUowing is obtained: 

~: L a8EdAdx = ~: [ L (8u' Eu' + 8," Ey' ,")dA + h' p,,] dx 

+ ~: 3,' P,~dx - ~: L (8u' a e - h" aey)dAdx 

~: t. (h' Ey," + &V" Eyu' )dAdx ................... (28) 

in which higher-order terms have been neglected and P = S A adA. The foUowinl 
linear and cubic shape functions are used for displacements u and ,: 

u" L(x)V; L(x) == (l-E,O,O,E,O,O); 

,= H(x)V; H(x) == (0,1 - 3e + 2E',L(E - 2e +e), 0, 3e 

-·lE',L(-e+E')}; where V= (u.,v.,8.,U 2 ,v2 ,82 }T • ••••••• (29) 

and' == 1"; E == XI L; and T represents a transpose. Substitution of Eq. 29 
into Eq. 27 yields 

IK + PKo ) V = F + F,. + Fe ........................ (30) 

in which 

K=Ko+K·; Ko==~: [ftL,TL'+PH"TH"Jdx; 

J(.==-~: 'Y[L,TH"+H"TL')dx; Ko== [H,TH'dX; 

F == (PMI,p'I,m " PM Z,p'Z,m 2) T; F, = -PKoVo; 

Vo= (uo.,l'ol,8ol,UOZ,l'02,8oz}T; Fe= ~:'[PeL' -meH")dx 

(l =- L EdA; P = L Ey 2 dA ; 'Y == LEYdA; 

Pc == L aedA; me = L aeydA ....................... (31) 

a, II, 'Y, Pe and me are evaluated at the middle of the element and are assumed 
to be constant in each element. The detail of the form of the matrices may 
be found in Refs. 12, 16, and 38. For an elastic solution, K· = 0, and Fe 
== t. The incrementally linear form of Eq. 30 is thus obtained as 

(K+PKo)U==F+F,.+Fe ........................ (32) 

in which F,. == -PKo(U + Vo), and the other quantities with a superimposed 
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dot are obtained by differentiating the relations in Eq. 31 with respect to time 
(see also Ref. 6). 
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ABSTRACT: This model accounts not only for the rapid increase of creep at high 
compressive stress (now) but also for the decrease of creep observed for subsequent 
load increments after a long period of low sustained compressive stress (adaptation). A 
limply supported column is analyzed for typical load histories: sustained loading; short
time I~ding to failure; and sustained load followed by short-time loading to failure. 
Numencal results confirm that the now nonlinearity makes the column fail in a finite 
time and the adaptation nonlinearity makes the response to the short-time load applied 
after a long period of a low sustained load stiffer. Also, there is a substantial difference 
in t~ column str~ngth for the same lC?ad duration depending upon the loading history, 
elpecially the ratio of constant sustamed load (dead load) and short-time load (live 
to.d) and their durations. This could be taken into account in setting the safety factors 
for columns subjected to dead and live loads of various ratios. 
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