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GEOTHERMAL HEAT EXTRACTION BY WATER 
CIRCULATION THROUGH A LARGE CRACK IN DRY 

HOT ROCK MASS 
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SUMMARY 

One proposed geothermal heat extraction scheme relies on water circulation in a large vertical crack 
created by hydraulic fracturing in a hot dry impermeable rock mass. Water flow, heat convection and 
crack opening widths are analysed by finite elements. Governing field equations of the problem are first 
set up rigorously and then various small terms are identified and neglected, retaining the effects of 
pressure gradient, buoyancy, velocity head (kinetic energy) and head loss due to viscous friction in the 
water flow equation, and the effects of heat convection in water and heat conduction in rock in the heat 
transfer equation. The finite element scheme for water flow is based on a variational principle that is 
typical for diffusion problems, and for heat transfer it is based on the method of least-square residuals. 
The system of differential equations is highly non-linear. The non-linear terms and coefficients are 
treated in the finite element analysis as constant; the finite element analysis of the steady-state pressures, 
fluxes and temperatures is then iterated, evaluating all non-linear terms and coefficients on the basis of 
the solution obtained in the previous iteration. Numerically calculated fields at various times after the 
start of cooling are presented. They indicate some features favourable for the geothermal scheme, such as 
formation of eddy currents, and downward flux of water toward hotter rock. However, other important 
questions would have to be solved to gain full understanding of this proposed geothermal scheme. 

INTRODUCflON 

In one proposed scheme of heat extraction from hot dry rock geothermal reservoirs, a large 
vertical crack is to be induced by hydraulic fracturing from a borehole (Figure 1). The upper 
part of the crack is then intersected by a second borehole, and heat is extracted by circulating 
water through the crack. Influx of cold water is expected to cause secondary fracturing and 
large expansion of the region from which the heat can be withdrawn. 

Considerable interest has been recently shown in this scheme and various aspects of the 
problem have been studied. 1-3 One problem of particular interest is the circulation of water, 
heat convection and opening width of a single, main crack created by hydraulic fracture. This 
problem was analysed by McFarland4 using a standard finite difference program for diffusion 
flows. The present paper deals with finite element analysis of the problem. Variations of the 
crack thickness due to temperature changes are taken into account, and differential equations 
describing the flow and heat convection in the crack more accurately than those used before 
are developed. These equations are essentially the same as those in a previous, preprint5 and 
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Figure 1. Vertical crack in hot rock 

report6 where they were derived by integrating the differential equations over the crack width, 
while here the integrated equations are obtained directly from elementary principles. Similar 
flow problems have been analysed by finite elements with reference to natural (wet) geother
mal reservoirs.7

-
9 An approximate finite difference analysis of water flow through a system of 

cooling cracks created in hot dry rock has also been made. 10 

GOVERNING EQUATIONS 

Consider a water-filled planar crack whose middle surface coincides with the plane (xy) of 
Cartesian coordinates x = XI> Y = X2 and z (Figure 2). The thickness, W, of the crack depends 
on X and y, as well as time t. The width of the crack is assumed to be negligible compared with 
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Figure 2. An element of the crack and velocity profile 

its length, and so the flow may be characterized integrally for the whole cross-section, taking 
the variation of W into account. The appropriate equations governing the flow of water and 
heat transfer in the crack will first be formulated, based on the well-known elementary laws 
governing the flow of liquids and energy transfer. 11 For this purpose, pressure p, temperature 
T and mass density p may be assumed to be constant throughout the thickness of the crack, 
while the distribution of velocity vector v must be considered to be non-uniform, although 
fixed. 

Balance of mass 

The rate of change of the mass of water within an element dxdy of the crack is 
(JwP dz)" dx dy, where the superimposed dot denotes the partial time derivative a/at and Jw 



GEOTHERMAL HEAT EXTRACfION 319 

denotes integration from z = - w/2 to z = w/2. The rate of Plass flow into the element is 
- (fwPVk dz ),k dx d y, where a subscript that is preceded by a comma denotes a partial deriva
tive and Vk are the components of the vector v of velocity of water; subscript k refers to XI = X 
and X2 = y, and repeated subscripts imply summation over k = 1, 2 (not k = 1, 2, 3). Conser
vation of mass requires that both preceding expressions be equal, which yields 

(wp r + qk,k = 0 (1) 

in which 

qk = WPVk = L PVk dz (k = 1,2) (2) 

qk = components of the vector q of the total mass flux in the cross-section and Vk = components 
of the vector v of average velocity (superimposed bar denotes the average). . 

Balance of linear momentum 

The vector (pvj, PV2) represents the linear momentum, and its total flux within the cross
section is Sw(PVi)v dz (i = 1,2). The rate of change of linear momentum components within 
element dx dy of the crack must equal the rate of flow of the linear momentum components 
into this element, plus the force F; applied on the element. This yields 

in which 

F; = -(PW)'i dx dy +PW,i dx dy +2Ti3 dx dy +PWgi dx dy 

= (-WP,i+ 2Ti3+pwgJdx dy 

(3) 

(4) 

where p = pressure, considered constant throughout the thickness, gi = gravity acceleration 
components, Ti3 = shear stress due to viscosity of water (Figure 2), pw = resultant of p over the 
cross-section and PW,i = in-plane component of the normal force applied on crack surfaces 
inclined at angles W,i. 

At high flow rates, in-plane shear stresses due to viscosity I-' may become important. 
Because the in-plane shear rate is ';12 = (V 1,2 + V2,1), and the normal deviatoric strain rates at 
negligible awjat are el1 = (2vl,l - V2,2)/3 and e22 = (2V2,2 - vl,l)/3, the deviatoric in-plane 
viscous stresses are S12 = 1-'';12, Sl1 = 21-'el1 and S22 = 2I-'e22. Thus, the associated averaged net 
force (WSik),k dx dy has to be added to the term - WP,i dx dy in equation (4). Normally, 
however, this term is negligible compared with the effect of Txz and Tyz• 

For the case of laminar flow (low Reynolds number), the velocity profile is parabolic, i.e., 
vi=v?(1-4z 2/W 2) with V? =36/2. Since 7b=l-'(aVJaz) at z=w/2, we have 2Ti3= 
-12l-'vJw = -12I-'qJpw2. Assuming further that the profiles of VI and V2 are both the same 
as the profile of lvi, we further have SwPViVk dz = apwvivk' in which 

1 f. 2 a =-(-)2 Vx dz 
Vx W w 

(5) 

For a parabolic profile, a = 1·2. 
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Upon substitution of all expressions into equations (4) and (3), the balance of linear 
momentum is expressed as 

qi + a(_l_ qiqk) + 12~ qi + WP,i - PWgi = (wsid,k 
PW ,k pw 

(i = 1,2) (6) 

Note that the extended Bernoulli equation is a special case of this equation; the last term 
corresponds to the hydrostatic head, the fourth term to the pressure head, the second term to 
the velocity head and the third term is the head loss due to viscous friction. 

Balance of energy 
The total energy is the sum of the internal energy U and the kinetic energy K. The flux of U 

consists of energy convection by moving water and of heat conduction along the crack. The 
former flux is JwPUVi dz or Uqi' Thus, the rate of flow of internal energy into the element dx dy 
is - (Uqk h dx d y. The flux due to heat conduction is - kw wT,;, where kw = heat conductivity 
of water, T = temperature and the corresponding rate of heat flow into element dx dy is 
(kwWT,kh dx dy. The rate of heat flow into this element from the surrounding rock on both 
sides of the crack is 2h(Tr - T) dx dy, where Tr = remote rock temperature and h = effective 
heat transfer coefficient. The flux of kinetic energy for the whole cross-section is Jw(!PViVi)Vk dz 
which may be written as (fiPWV;iji)Vk or (q;Qi)qk{3/(pW)2, in which 

1 11 3 {3 =-(_ )3 2"V .. dz 
Vx W w 

(7) 

For a parabolic velocity profile, {3 = 27/35 = 0·771. The rate of flow of kinetic energy into 
element dx dy is -[(q;Qi)qk{3/(pW)2h dx dy. 

The rate of work done by the stresses on the cross-sections forming the sides of the element 
dx dy is - PJwVi dz = - PWVi =. - pqk/ P per unit area. The net rate of all work done on all four 
sides of the element is - (pqk/ P ),k dx d y. Furthermore, the rate of work of the reaction that 
acts on the crack surface, pw dx d y, must also be included. 

The kinetic energy in the whole cross-section is Jw!PVkVk dz or (a/2pw)qkqk' Adding the 
internal energy pwU, the rate of change of all energy contained within element dx dy is 
[pwU +q~ka/(2pw)r dx dy. 

Collecting all terms, we have 

( pwU + 2 a q~k)' = 2h(Tr- T)-(Uqkh -(!:. qk) -pw-[( (3)2(q,-lli)qk] + (kwWT,k),k (8) 
pw p ,k pw ,k 

It is interesting to observe that the term (pwUr + (Uqk),k appearing in equation (8) 
represents the material time derivative D(pwU)/ Dt based on averaged velocity Vi' Further
more, the terms (Jiqk/ p ),k + pw can be expressed by means of the averaged material time 
derivative as pwD(p/ p)/ Dt - pw. 

Properties of water and rock 

Variables p, T and p are related through the equation of state· of water, p = p(p, T). In. a 
differential form, dp/p =dp/ Kw-awdT, in which Kw= p/(iJp/iJp) = bulk modulus of water and 
a w = ~ (iJp/ iJ T)/ p = thermal dilatation coefficient. Furthermore, the heat capacity at constant 
volume may be calculated as Cv = T(iJS/iJT)p. In the numerical solution of the problem, the 
equations of state p = p(p, T) and S = S(p, T) have been used in the form of approximate 
mathematical expressions given in Reference 12, and a special subroutine for the properties of 
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water has been programmed. In calculations it has been assumed that within each cross-section 
there exists only one phase of water, which practically has always been the liquid state (i.e., 
cavitation has been disallowed in advance). The viscosity of liquid water has been assumed 
according to the approximate formula I.L =O·279j(T-5·8)g (cms)-I, T being given in 0c.1O 

Quasi-steady w~ter circulation 

Consider now the problem of geothermal heat extraction from hot dry rock. Forcing water 
into a borehole, typically 3 or 4 km deep, a large crack is created in the rock mass by hydraulic 
fracturing (Figure 1). Because the horizontal (tectonic) stress is usually less than the vertical 
stress, the crack would normally be vertical and its shape may be assumed roughly as circular, 
of a typical diameter 1 to 1· 5 km. This crack is then intersected in its upper portion by a second 
borehole, and forced circulation of water through the crack is then begun. Soon a quasi-steady 
state is established and subsequent changes are very slow; they are governed primarily by the 
cooling of the rock, which has a two-fold effect: a smaller rate of heat transfer to the crack, and 
a greater opening width of the crack due to rock contraction. The width of the crack, however, 
always remains very small compared with the crack size, and so the terms involving W,k may be 
omitted. Moreover, the energy term due to the work of stresses, i.e., (pqkj p h + pw, is small 
compared to the energy change due to the heating of water. Owing to the relatively small rate 
of flow of water in the narrow crack, the effect of kinetic energy on the heat balance may be 
also neglected, and so may be 'the in-plane deviator stresses due to viscosity. Heat conduction 
in water is negligible, too. Thus, the heat transfer is governed by convection due to the 
movement of water. 

Under the conditions just mentioned, equations (1), (6) and (8) for a quasi-steady state 
reduce to the form 

Mass balance: (9) 

Momentum balance: 

(10) 

Energy balance: 

(11) 

in which equation (9) has been used to simplify the expression for Ii and the first term of 
equation (10). 

The derivative of internal energy U in equation (11) may be evaluated from the relation 
dU=TdS-pdV, where S=entropy per unit mass, V=ljp, dS=(aSjaT)vdT+ 
(aSjav}r d V, (aSjaT)v = Cv!T and (aSjav}r= (apjaT)v = awj K. Thus, 

or 

(12) 

The last term in this equation is small, and so the approximation U,k "'" Cv T,k has been used in 
practical calculations. 
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Equations (9), (10) and (11) represent a system of three differential equations for p, qi and 
T. Equations (9) and (10) are basically of diffusion type, which can be seen if the quadratic 
term Ii is neglected and q; is substituted in equation (9). Equation (11) essentially governs 
temperature. Quadratic terms such as qi, qk and qk T, as well as the strong dependence of w, p, 
U and J.L upon p and T, make the equation system highly non-linear. 

Certain terms in the foregoing equations are small in most practical situations and may be 
neglected, as will be indicated in the following. Nevertheless, to be able to check the magni
tude of the neglected effects, it is useful to have a rather complete formulation as given herein. 

The rate of heat flow from the rock into the crack is determined by the temperature gradient 
at a given time. Because the depth of penetration i3 of cooling into the rock is generally much 
less than the length of the crack, the heat conduction in the rock can be treated as essentially 
one-dimensional, in the direction z normal to the crack. Furthermore, the time changes of 
temperature in the crack are relatively slow, and so the heat conduction may be approximated 
by assuming that the water temperature T(t) has been essentially constant up to the current 
time. Considering the temperature profile in the direction normal to the crack as approxi
mately parabolic, the penetration depth of cooling (thickness of thermal boundary layer) is 
obtained as i3 = (12tkr/ prCri/2 in which kr = heat conductivity of the rock, Cr = its heat 
capacity and Pr = its mass density. For a parabola, the temperature gradient in the rock near 
the surface of the crack is 2(Tr - T)/ i3, where Tr = remote rock temperature (beyond depth i3) 
and the heat flux into the crack from both sides is roughly 2[2kr(Tr - T)/i3]. Equating this to 
the expression 2h(Tr- T) from equation (8), we obtain 

(13) 

In the derivation the surface rock temperature was assumed to equal water temperature. 
To estimate the width of the crack, the major effect on the opening of the crack stems from 

thermal contraction of the rock due to cooling. Again, assuming a parabolic temperature 
profile in the rock, the thermal opening width is 

2 a r 2ar I( 12kr) 
WT=--- (Tr- T)i3 = (Tr- T)V --

3 1- Vr 3(1- vr) PrCr 
(14) 

in which a r(l- vr ) = thermal dilatation coefficient of the rock in direction z at zero strains exx 

and eyy in x- and y-directions, a r = coefficient of free thermal dilatation and Vr = Poisson's 
ratio of the rock. 

An additional crack opening is caused by the part of pressure p which is in excess of the 
tectonic stresses that existe~ before the crack was induced. For a uniform pressure p within a 
penny-shap.ed crack in an infinite homogeneous isotropic medium the opening width of the 
pressurized crack may be approximately calculated, according to fracture mechanics: 13 

(15) 

in which Er = Young's modulus of the rock, a = radius of the crack and r = radial coordinate. 
Actually, however, pressure is rather non-uniform, and formula (15) would then give only very 
crude estimates. Therefore, wp has been considered in the numerical calculations as fixed, 
assuming the radial opening profiles at T - Tr to be an ellipse of width W = 3 mm in the 
centre.4 
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FINITE ELEMENT SOLUTION 

Variational method for pressure 

Intuitively, determination of pressures within the crack in rock is basically a diffusion-type 
problem, which suggests that equations (9) and (10) should be treated by finite elements 
similarly to all diffusion problems. In this light, it is natural to postulate the variational 
principle Slll = 0 in which 

III = L ~;~ (1P,k - PWgk - A)P,k dx dy - L pqknk ~s (k = 1,2) (16) 

Here .n is the domain of the crack, L is the boundary curve and (nl' n2) is its unit outward 
normal. The field variable p is assumed to satisfy boundary conditions p = Pb on that part of 
the boundary (Lp) where pressure Pb is prescribed. Variables p, w, /L, the quadratic force terms 
fI, f2 (equation (10») and fluxes qk at the boundary are to be treated as fixed when taking the 
variation, i.e., 

(17) 

To prove that this implies the differential equations of the problem, Gauss's integral theorem 
may be applied, which provides 

If this is to be satisfied for any admissible function p(x, y), the bracketed expressions must 
vanish, which yields equation (10) for the boundary points and equation (9) in which equation 
(10) is substituted as the field equation. The natural boundary conditions implied by equation 
(17) are either a prescribed pressure or a prescribed flux component normal to the contour of 
the crack. 

Variational method for heat convection 

The heat convection problem may be approximately treated as if the water flux qk in 
equation (11) were fixed. Thkequation, along with U,k = CvT,k (equation (12)), involves no 
higher than first derivatives of temperature T, and so a suitable variational functional may be 
obtained by the least-square residual method, minimizing the functional 

in which T' = T - Tb and Tb = prescribed constant boundary temperature. Obviously, the 
condition Sll2 = 0 yields equation (11) (with U,k = Cv T,k), along with the boundary conditions 
of prescribed temperature. Again, Cv and qk must be treated as fixed when taking the 
variation. 

As an alternative, a Galerkin-type functional has been also considered, but equation (19) 
seemed to be more effective. 
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Discretization and numerical solution 

For the sake of simplicity, triangular finite elements with linear distribution functions for p 
and T have been adopted. Other variables, such as w, qj, Cv , p and /L, are assumed to be 
constant within each triangle; they are evaluated on the basis of p and T values interpolated 
for the centroid of the triangle and the derivatives of p which are constant according to the 
distribution functions. The distribution function for pressure is introduced into on1 = 0 (equa
tion (17)), which yields a system of algebraic equations that are linear in the nodal values of p. 
The distribution function for temperature is introduced into On2"= 0, which yields a system of 
algebraic equations that are linear in the nodal values of T. The equation matrix of the whole 
system is assembled in the usual manner from the elemental matrices, for which explicit 
expressions have been derived. The coefficients of the equation system depend on p and T, 
which makes the problem non-linear. An iterative procedure has been adopted to solve this 
system of equations; the coefficients are first evaluated for assumed values of p and T, and the 
system of linear equations is solved, yielding new values of p and T. Using these new values of 
p and T, the values of the coefficients are corrected and the system of linear equations is solved 
again; this is repeated many times. Experience indicated that the iterations converged reason
ably well. 

NUMERICAL RESULTS AND DISCUSSION 

To check the finite element computer program for the steady state, various test cases where an 
approximate solution can be obtained by other means have been run. These included (a) 
parallel flow through a rectangular crack, in which a flux of hot water is prescribed on one side 
and the opposite side is at zero pressure and (b) flow in the same crack, but from a concen
trated source on one side. 

An idealized typical situation envisaged for the tentative geothermal hot dry rock scheme 
(essentially the same problem as that considered in Reference 4) has then been analysed. The 
penny-shaped vertical crack has a diameter of 1,000 m. The water inlet is on the vertical line of 
symmetry, 150 m below the centre of the crack, and the water outlet is also on this line of 
symmetry, 150 m below the top of the ciack.4 The initial rock temperature, Tn is assumed to 
vary linearly with depth and be 200°C at the top of the crack and 300°C at the bottom of the 
crack. The outlet pressure, which must be initially at least equal to the original tectonic stress, 
is considered to be 30 MN/m2 at all times. The boundary condition at the inlet is assumed to 
correspond to a constant pumping rate, giving a prescribed source of 150 kg water/s, of 
temperature 65°C. The rock properties (granite) are assumed as p = 2,650 kg/m3

, 8 x 
1O-6;oC, vr =0'305, E r =37,600MN/m2

; the heat capacity is taken as approximately a 
constant, Cv = 95·4 J(kg 0q-I while the viscosity has been indicated before. The 
thermal conductivity of the rock was considered as kr = 5·44 J(ms oCr" although 
2·72 J(ms °Cr l may have been more appropriate for a granite. 

Using the iterative finite element program developed, the fields of water flux vector, 
temperature and crack width have been calculated for four different times t after the start of 
pumping; see Figure 3 showing the fields for one half of the crack. The finite element 
subdivision is indicated by the location of the origins of the flux yectors in Figure 3. The results 
are qualitatively similar to those obtained by the finite difference method in Reference 4. 

In the flux vector fields, it is noteworthy that an eddy current develops and strongly 
intensifies. with the progress of cooling. This improves the effectiveness of heat extraction 
because water molecules travel a longer path in the hot rock. Also, note that at the inlet the 
flux is not directed toward the outlet, but goes away from the outlet, toward the bottom of the 
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Figure 3. Calculated fields of water flux vector, temperature and crack width at various times after the start of 
circulation 
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crack. This phenomenon, which has been found before in a different type of analysis,4 is very 
favourable for this geothermal scheme, for it allows best cooling where the rock is hottest, 
which would tend to extend the rock by further thermal fracturing (omitted here) in the hottest 
rock.1,2 The main reason for the downward flow at the inlet is no doubt buoyancy or gravity, as 
colder water is heavier. The increasing magnitude of the water fluxes and of the intensity of 
eddy currents is caused largely by the wider opening of the crack at later times. 

From the temperature fields, it is apparent that the outlet temperature falls rapidly with 
time, and after about 1 month of pumping it drops below a level which would be usable for 
power generation. This means, of course, that the situation analysed is not feasible as a 
geothermal energy scheme. The rapid drop in outlet temperature is caused by the great 
decrease in the heat transfer rate from uncooled rock toward the crack surfaces as the 
penetration depth of cooling, 0, increases. 

The only chance of making the scheme workable is a secondary fracturing of the rock due to 
cooling, as has been pointed out before.1,2 The cooling of rock is definitely sufficient to cause 
cracks. These secondary cooling cracks would propagate from the crack walls orthogonally to 
the vertical plane of the main crack that was created by hydraulic fracturing. An important 
question is the opening width of the secondary cracks, which would determine whether a 
significant portion of the water flux from the main crack would divert into the secondary 
cracks, and whether eddy currents helping the heat convection would form within the secon
dary cracks. If this indeed happens, heat would be withdrawn from the tips of the secondary 
cracks, where the heat transmission is effective, and the rock at the crack tips would be cooled 
effectively, causing further extension of the secondary cracks. In this manner, a self-driving 
system of secondary cooling cracks might be envisaged. 

Whether or not a significant water circulation could take place in the secondary cracks will 
be determined by the opening width W2. At a given temperature drop in the rock, W2 is roughly 
proportional to the crack spacing I. Assuming laminar flow, the water flux and the heat 
convection rate would be roughly proportional to w~ or 13 per crack, and the overall heat 
withdrawal rate would be proportional to 12.2 

This indicates that the spacing of the cooling cracks is of paramount importance for the 
feasibility of the geothermal energy scheme. A separate study has been devoted to this 
problem,14 considering first an idealized planar situation of a half plane cooled only by heat 
conduction through the rock, the rock surface being held at a fixed temperature. The problem 
is theoretically rather interesting; it represents a stability problem in fracture mechanics, and 
the solution does not depend only on crack tip energy release rates, but also on their partial 
derivatives with regard to crack lengths. It was found that in this case every other cooling crack 
would close when the ratio of crack depth to crack spacing reaches roughly 1· 7, which would 
seem to be favourable for the geothermal scheme. However, it would be necessary to analyse 
crack spacing and direction under more realistic assumptions, especially including (a) water 
circulation (with eddy formation) and heat convection by water in the secondary cracks, (b) the 
effect of heat convection in the secondary cracks upon the opening width of the main crack, (c) 
the three-dimensional nature of the pattern of secondary cracks, (d) secondary cooling cracks 
at the bottom edge of the main crack, as distinct from those in the middle of the walls of the 
main crack and (e) extensions and closures of the main crack, non-circular shapes of the crack, 
and other effects. 

Although the iterations of the finite element solution appeared to converge well, it has not 
been possible to investigate the magnitude of the error. Since the problem is highly non-linear, 
the results must, therefore, be regarded with caution and should not be expected to be very 
accurate. 
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CONCLUSION 

Water circulation, heat transfer and opening width in a large crack in hot dry non-porous rock 
mass can be effectively solved by finite elements. The results are favourable for some aspects 
of the proposed geothermal heat extraction scheme. However, further important questions 
remain to be solved. 
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