
Rate-type creep law of aging concrete based 
on Maxwell chain 
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It is shown that the linear creep law of concrete can be charac
terized. with any desired accuracy, by a rate-type creep law that 
can be interpreted by a Maxwell chain model of time-variable 
viscosities and spring moduli. Identification of these parameters 
from the test data is accomplished by expanding into Dirichlet 
series the relaxation curves, which in turn are computed from the 
measured creep curves. The identification has a unique solution 
if a certain smoothing condition is imposed upon the relaxation 
spectra. The formulation is useful for the step-by-step time 
integration of larger finite element systems because it makes the 
storage of stress history unnecessary .. For this purpose a new, 
unconditionally stable numerical algorithm is presented, allow
ing an arbitrary increase of the time step as the creep rate decays. 
The rate-type formulation permits establishing a correlation with 
the rate processes in the microstructure and thus opens the way 
toward rational generalizations to variable temperature and 
water content. The previously developed Kelvin-type chain also 
permits such a correlation, but its identification from test 
data is more complicated. 

BASIC NOT A nONS 

EN 

[fJU, t) = instantaneous Young's 
modulus of concrete; 

pseudo-instantaneous Young's 
modulus in Eq. (18); 
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J(t, t') 

II, III 

f, f' 

f', to 

relaxation modulus ~, stress in 
time t caused by a constant unit 
strain enforced in time t' (Eq. (I»; 

given data on ER; 
modulus of ,uth spring in Maxwell 
chai n, fig. I, Eq. (3); 

.~ ultimate relaxation modulus I fig. I, 
Eq. (6»; 

coefficients of smoothing expres
sions (9), (10), (II); 

creep function (or compliance) 
= stress at time t caused by a 
constant unit stress acting since 
time t' (Eq. I); 

number of units in Maxwell 
chain, m = n - I; 

time from casting of concrete 
(in days); 

- time of application of constant 
stress or strain; 

weights in the penalty term in 
Eq. (8); 

strain and stress; 

prescribed stress-independent in
elastic strain (Eq. (I» and pseudo
inelastic strain in Eq. (18); 
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Subscripts: r. s 

rx,/J 

hidden stresses in Eq. (3) = stress 
in the ftth spring in Maxwell 
chain (fig. I, Eq. (3»; 
viscosity of the ftth dashpot 
Maxwell chain (fig. I, Eq. (3»: 

parameter given by Eq. (16): 
relaxation time of the ftth unit 
in Maxwell chain (fig. I). 

- for discrete times II'. Is in step-hy
step analysis: 
for selected values of I' and 
(I - I') used in the least square 
condition: 
for the ftth unit in Maxwell 
chain (fig. I). 

Dot stands for time derivative; f = dr/til. e.g. 

INTRODUCTION 

A rate-type creep law. i.e. a stress-strain relation 
in form of a differential equation. has two important 
advantages over the integral-type creep law involving 
hereditary integrals. First. whereas the integral-type 
law requires storing the complete history of stress or 
strain in the structure (which overtaxes. in the case 
of larger finite element systems. the capacity of rapid 
access memory of even the largest computers). the 
rate-type law necessitates only the current values of 
stresses, strains. and a few hidden state variables 
to be stored. Second, the rate-type law may be brought 
in correlation with the rate processes in the micro
structure, associating the hidden (or internal) state 
variables with some sort of microstrains or micro
stresses. This allows the dependence of various material 
parameters upon temperature and water content to be 
predicted to some degree from a mathematical theory 
of the creep mechanism [3], reducing thus consider
ably the degree- of arbitrariness in the identification 
of material parameters from experimental data. 

Recently [6] it has been shown that the stress-strain 
law of concrete viewed as a linear time-variable visco
elastic material can be approximated, with any desired 
accuracy, by a rate-type creep law based on the 
Kelvin chain model with age-dependent properties. 
This approximation has enabled formulation of a 
very efficient new algorithm of step-by-step time 
integration of creep problems [6]. Unfortunately. 
however. the Kelvin chain has some disadvantages_ 
The Kelvin-type formulations with such relations 
between age-dependent viscosities and spring moduli 
for which the identification of material parameters 
from the test data is simple, either yield negative 
spring moduli for some periods of time or lead to 
non-standard relations for the dash pots [3], either 
of which precludes the correlation with the rate 
processes in the microstructure, mentioned before. 
Only one Kelvin-type formulation, namely that with 
proportionate age-dependence of viscosities and 
spring moduli, is free from both drawbacks [3]. 
But it is more complicated and the identification of its 
parameters from test data is more involved. 
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In classical viscoelasticity it is proved that any 
material can be described with any desired accuracy 
either by a Kelvin chain or by a Maxwell chain_ 
These chains are, therefore, mutually equivalent [22J 
(and also equivalent to any other possible model). 
It is natural to anticipate this property to hold also 
in the case of aging. Thus, in view of the drawbacks 
of the Kelvin chain. attention is focused in this study 
on the Maxwell chain, despite the fact that its relation
ship to the creep tests may be conceptually less 
convenient. 

CREEP LAW OF A LINEAR AGING MATERIALS 

If stresses remain less than about 0.4 of the strength 
and no strain reversals occur, the creep law of concrete 
may be assumed as linear [19, 3]. In the integral-type 
formulation, the uniaxial creep law may be introduced 
in either of the following two equivalent forms [3] : 

r(l) - f·o(l) - .1'/1 J(t, I') tla(l'), a(l) 

.1'/1 EII(1, 1') [dr(l') - (h-o(t')] (I) 

where the integrals are Stieltjes integrals; 1 time 
from casting of concrete: rT stress: E = strain: 
f·1I (I) given stress-independent inelastic strain: 
J (I, I') creep function (called also creep compli-
ance) strain at time 1 caused by a constant unit 
stress acting since time I'; Ell (I, 1') = relaxation 
function (c~lIed also relaxation modulus) ~- stress 
at time I caused by a constant unit strain introduced 
attime/': I/J(I.I) £I/(I,/)~' £(t)=-cinstantaneous 
Young's modulus (usually taken as I/J for I - 1'::::. 
I mn). The relation between functions J and EI/ may 
be obtained by considering the strain history to be a 
unit step function, that is, e = I for I ;;. 10 and t' ceo 0 
for I < 10, EO = 0, in which case the response is. by 
definition, rT(t) £n(t, (0) for 1 ;," Iu. Substitution 
into the first of Eq. (I) yields the Volterra's integral 
equation : 

'0 ,OER(t',/o) f,' I 
J(I, (0) £(10) + .Ito J(t, I) a,-'- cl = (2) 

The rate-type formulation may be based on the 
Maxwell chain model (fig. I), which gives the stress
strain relations: 

rT ~ L a", F - FO 
o'-C rT,'/ £,/ + a,,/11,, 

I' (It ~ 1.2 ..... 11) (3) 

where rT arc the hidden stresses (or partial stresse,) 
in the i~dividual Maxwell units of the chain. 

EXPANSION OF RELAXATION FUNCTION IN 
DIRICHLET SERIES 

Similarly as in the case of Kelvin-type chains [5], 
a unique characterization of the model requires some 
relationship between II" (t) and £" (t) to be assumed. 
The simplest assumption is : 

i" " 11,'/£,/ c= const. (ft O~ 1.2, ... n) (4) 



(This ratio is called relaxation time.) Then, considering 
again the strain history as a step function, e ~-o I 
for t <" t' and e = 0 for t < I' (ell = 0), the integral 
of the second Eq. (3) for the initial condition a" (I') = 
E" (1') is 

(5) 

Comparison of the expression for a = L a,. with (I) 
shows that " 

ER (1, t') = f. E" (t') e-(l-t')(r" + Eoo (I') (6) 
/1=1 

where 11/ = 11 - I; Eoo (t') is written here under the 
assumption that for ft = n there is 11" -+ X or T" -+ .,., 
i.e., the last spring in figure I is not coupled to any 
dashpot. 

Eq. (6) represents an expansion of the relaxation 
function into the series of real exponentials, called 
Dirichlet series [14]. Fitting of curves by this series is 
a difficult mathematical problem because E" (t') 
are unstable functions of ER [17]. The problem is 
generally not tractable unless the T I' - of are suitably 
selected and certain smoothing conditions are applied. 
After much computing experience, the procedure 
outlined below has been found to work satisfactorily. 

To ontain the Maxwell chain model lilting given 
relaxation data, one can select a numher of t '-values 
(i.e., t' - t;, oc _c I, 2, 3, ... ; see figure 9 below) and 
expand ER (t, t') as a function of t alone for each 
fixed (~ separately, according to Eq. (6). As has been 
mentioned, the T"values must be chosen in advance. 
With a sufficiently close distribution of T"values the 
relaxation curves can be fitted with any desired accur
acy (provided the slope of the curve in log (t -- 1')
scale is nowhere too large). For uniqueness of fit, 
however, the T"S may not be too close to each other 
(unless "'1, "'2, "'3 in Eq. (8) below are chosen very 
large). A pratically suitable choice is 

T,. = I(}IH Tl (ft = J, ... , m) (7) 

Here Tl should roughly coincide with the point where 
the relaxation curve begins to descend, and T1I1 with 
the longest (t --. (') considered. (In comparison with 
the usual experimental error it even suffices to usc 
T" = 60" 1 T1, which leads to about- 1.5 times fewer 
T;'-S and a"s for the same time range to be covered 
(ef. fig. 19 below). The best method of fitting was 
found to be the method of least squares based on 
minimizing the expression 

_ III 1 

<l> = I [ER(tp' I') - £R(tri' 1')]2 +"'1 I (E,.\1 - E)2 
,11=1 

m-2 

+ "'2 I (E,,+2 - 2 E"ll + E,Y 
,'=1 

m-a 
+ 11'3 L (E,,+3 - 3 £,,+2 + 3 E"q - E,,)2 (8) 

."= 1 

Here E/I denotes the given values of the relaxation 
function 10 he fitted, Eli stands IL1r expression (6). 
The second sum represents a penalty term which is 
added as a smoothing device [6], intended to minimize 
the first, second and third differences between £1, £2, 
£3, ... , and also to reduce the sensitivity of £" to the 
scatter of data. Suitable values for WI, W2, W3 can be 
assessed only by computing experience (see Table I 
below). They should not be larger than necessary. 
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(For very smooth data one can put WI = W2 = "'3 = 0.) 
Subscript fJ stands for a series of (t - I')-values. 
(t - f')ri' fJ = I, 2, ... , which are best chosen as 
uniformly distributed in log (t - I')-scale, four values 
per decade (see fig. 9 below); lfi - t' = (t - n,;'-
I o! (t - 1')/1-1. 

The minimizing conditions are o<l>/o£" C~ 0, (ft' I. 
2, ... , III) and o<l>/oE TJ ~~ 0, which yields a system of 
(III .- I) linear algebraic equations for E" and E, .. 

Because the slope of relaxation curve is everywhere 
non-positive, all E,,-5 are non-negative. 

Other types of Maxwell chain representation could 
be obtained if Eq. (4) is replaced by other relations 
between II" and E", including their derivatives. But 
the above representation is certainly the simplest 
one, and because it allows fitting the creep curves 
with any desired accuracy, there is no need for examin
ing other representations. (Such a need could possibly 
arise when creep at variable environment is considered. 
But the success in fitting the data at variable tempe
rature in Ref. [7] suggests that this is probably not 
the case.) 

The computed values of l:.~, as functions of log ,. 
usually exhihit too much scatter (as is seen from 
fig. 11-17 and from the dependence of relaxation 
curves on t' in fig. 9, all discussed in the sequel. 
Smoothing with respect to age was therefore deemed 
to he appropriate. The expressions (I' in days) : 

:! 

l:.~,(n Eo,,!··· I Elj[1 + 1'/(3 / 30; I)] (9) 
i= 1 

:\ 

E,,(t') I:'o,,! I EI" [log (I : nl' (10) 
;::--1 

were found best suited for this purpose (for day 
.' t' <' 10,000 days). Expression of the type (I' in 
days) : 

E,,(1') ., Eo" tEl" ('I H +- E2" t'l ~ 

··1 E3" ('I 2 i EI" (':l I (II) 

(and also with other exponents) gives good fits, too, 
but usually not as e10se as Eq. (9) or (10). Hovewer. 
Eq. (II) seems to be best for extrapolation into very 
high ages t'. The constants Eo", ... , E3" are easily 
determined by the method of least squares. (Their 
values for various data are· presented in Table I below, 
along with suitable values found for the coefficients 
11'1 and »'2 of the penalty term in Eq. (8». 

A smooth change of E" with /' has been achieved 
by means of the weights WI, w2, and »'3 in Eq. (8). 
as has already been mentioned. (With WI = W2 -'" ° 
the scatter of E" was sometimes so large that some of 
the E,,-values were even negative.) Changes in WI 

and W:! can occasionally change E>values by as much 
as 10 ",~ while the fit of the original creep data (fig. 2. 
3 below) still remains quite good. This is. of course. 
within the range of dispersion of the original data hut 
indicates that for scattered data the solution of the 
fitting problem exhibits no strong uniqueness (even 
if T,.-S are selected properly.) For the data in which J 
had to be extrapolated into large 1', different extra
polation curves have been examined to obtain the 
smoothest possible £,. (I'). 
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TABLE I 

Figure 2, 10, 3, 9, 4, 13 5, 14 6, 15 7, 16 8, 17 
11, 18 12 

Reference [14J [15J [15J 
lliL--1!1] 

[16) [15 ] [18) [19J --~~ 
Temperature 70°F _ 70°F 

Humidity sealed sealed 

28-day cy1. strength (psi) 2080 4970 

Stress-strength ratio .21 to S .33 
.385 

Water-cement ratio .56 .56 

Aggr.-cement ratio 6.8 

Size of cylinder (inch) 6 x 18 6 x 16 

Type of cement II II 

Type of aggr. granite 
- gneiss 

i Max. aggr. size (inch) 1.5 1.5 _.1 ----

CONVERSION OF CREEP DATA INTO RELAX
ATION DATA 

The least square procedure described above permits 
direct determination of Maxwell chain parameters E" 
and 'YJ1l from stress relaxation data. 

Although several relaxation data have been publish
ed in the literature [II, 23, 12, 8, 16, 26, 24, 15], none 
of them suffice for determination of En (1, I ). The range 
of elapsed times measured was sufficient in the tests 
of Rostasy ef al. [24], and compan'lOn creep tests 
were also made, but only a single age at loading, I', 
was used. In such a case the fitting problem has no 
unique solution (I). 

Therefore, one must resort to creep test data, 
converting them to relaxation data. This conversion 
has been discussed in detail elsewhere [I], and only a 
: ,,'ief description will be given here. Relaxation 
i'unction ER(t, t') must be solved from the Volterra's 

(1) Assume that only the data on J(t, fo) and Eu (I.to) for 
a single fa - value are available. h,2 can be computed from 
Eq. (12) for I' = 3. But then one needs to choose some value 
for J4.2 to be able to compute J4.3 from Eq. (12) for I' 4. 
For r = 5 one must choose J5,2 and J5.3 to compute 1.;.4. etc. 
Thus, it is always possible to find such J(t. f') that matches a 
given single creep curve and a single relaxation curve exactly. 
In fact. infinitely many such J(t, t') exist. Consequently. the 
attempts [24. 16, 121 to demonstrate the validity of the 
superposition principle on the basis of such incomplete data are of 
little value. They would be conclusive only if aging were absent 
or its effect were known in advance. 
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[16J 

_ 70°F _ 70°F 68°F 75°F -

1 
sealed sealed sealed 94% in water i 

I 
2920 3230 6600 4900 - 5600 I 

I 
.s; .33 S .33 S .36 .42 to 0.25 

.46 

.50 .58 .42 .70? .49 

4.4 5.1 

6 x 16 6 x 26 6 x 12 4 x 10 
& other 

II IV II I 

forami- crushed , 

"Hera 1 greywacke i 
limestone I 

I 
I 
I 

1.5 1.5 1.5 .19 I 
------- .J 

equation (2). This is best accomplished numerically. 
subdividing time f by discrete times 11. ... , fS into 
N time steps t1lr = fr - fr-1 (r = 2, 3, ... , ,'Ii). 
It is convenient to put 10 = flo expressing the fact that 
in creep tests with (J =~ constant the first strain incre
ment in time fll is instantaneous, i.e., ~t1 -- 0, [f the 
trapezoidal rule is used to approximate the integral 
in Eq. (2) and the forms of Eq. (2) for I = f,. and 
I Ir 1 arc subtracted, the following recurrent 
equation (whose error order is il( 2) is obtained [2] : 

,. 1 

!:!.ElIr== - (Jr,r t J r.r-1) 1 I !:!.Eus (Jr .. s 
.<=1 

-I JI'," I _.- J,. 1.8 - J r 1." r) 

(r = 2,3,4, ... , N) (12) 

where t1ElIr ,= EuU,., fo) - EuU,. -1, In), J,.",' J (tr, 
Is), and !:!.EUI -c E(to)'=' starting value. The time step 
!:!.11• is best chosen as increasing in a constant ratio. 
With regard to the scatter of creep data, the subdivision 
(II' - (0)-= IO}(t,. 1 -- fo), (i.e., 4 equal steps 
per decade in log (t - lo)-scale) was found to give 
sufficient accuracy. At the same time, times II' chosen 
in this manner are suitable for use as times til in the 
least square condition (8). 

The first time step tJ.f~ should be chosen smaller 
than the value of the elapsed time t - 10 for which 
the creep curve begins to rise significantly (and also 
smaller than T1, the shortest retardation time). 

For conversion of the creep function into the relax
ation function it is necessary to. know J (t, t') for any 



values of t' and I - /' within the time range consider
ed. When the information on J(f, f') consists of a set 
of measured values, interpolation must be used. For 
this purpose a FORTRAN IV subroutine (listed for 
another purpose in Ref. [I], has been written. It uses 
as input a two-dimensional array of J-values for 
selected discrete values of t' and (t - t') and assumes 
that between them the function J(f, 1') varies linearly 
with log 1', as well as with log(t - 1'). Since this 
assllmption is dose to reality even for large time 
intervals, relatively few values of J (I, n are needed 
as input. In view of the large scatter of data on conc
rete, the input values have been determined by smooth
ing visually the measured curves of J (f, I') versus 
log (I - I') for various fixed f'. Because no creep data 
are known whose range of f' would match the range 
of(t - n, an extrapolation into high values of I' 
has been necessary. It has been carried out in the plots 
of J(f, f') versus log(t - f') by hand, assuming a 
similar trend with l' as in the few known tests of old 
concrete [II, 13]. This, of course, has introduced some 
degree of arbitrariness into the fitting problem. 

ALGORITHM OF STEP-BY-STEP INTEGRAT
ION OF CREEP PROBLEMS 

If the usual step-by-step integration methods, such 
as the Euler method, Runge-Kutta methods or pre
dictor-corrector methods, are applied to Eq. (3), the 
time step cannot exceed the shortest relax<ltion time 
since otherwise numerical instability would occur. 
Such a restriction is practically unacceptable and a 
different algorithm must be developed. 

Let time f be subdivided by discrete times fo, 11, 

f2, ... into time steps Afr = fr - fr-dr = I, 2, ... ). 
One can verify by back substitution that the integral 
of the second Eq. (3) satisfying the initial condition 

e lid!) 'I a/I/. I I 1" elld !') .1,. I 

£"1 (t') [ddf')- tfFIl(t')] l (\3) 
where 

(13 a) 

For small time steps one may assume that clt-Idf, 
dt:°/df and E/I are constant within each time step Af,. 
and vary discontinuously at times f r . Furthermore, 
using relation (4), E/I (t) _ .. (t - If _})/T/I . Putting 
f = fr, Eq. (13) then becomes 

( 14) 

or 

(j/lr = a/lr - 1 e-AtriTI/ + A/lr E llr- t (ilt:,. - Af~) 
(ft =- 1,2, ... , n) (15) 

where 
A/lr = (I -e Atr'TI') T/I/!Y.f r (16) 

Here suhscript ,. stands for time Ir, e.g., "/Ir "/1 (t,.): 
and subscript s - 1- refers to the average value in the 
time step, i.e., E/lr--i = t { E/lr- 1 + E/lr }. 
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In Eq. (15) onc has gained a recurrent formula 
for a/lr' According to Eq. (3), AUr = L D.u/lr • This 
yields I' 

( 17) 
where 

E; =, f. A/lr E/ lr_ t + E"'.r-t (18) 
/1==1 

//I 

E;: .l< C L { I - e AlrlTII } "/Ir) I E;' ..If': (19) 
I' I 

For generalizations to variable temperature (7] 
it is noteworthy that Eq. (15)-(19) also apply when 
II/II E" ;- constant, provided that T/I is replaced by 
T/lr ! (ll/dE/I)r-!' This follows from Eq. (13 a) 
assuming that fl/d E/I is constant within each time step. 

If in a given creep problem the stresses have already 
been computed up to the time f r -·l, the values E; 
and !Y.f; may be determined from Eq. (18) and (19). 
Eq. (17) may then be regarded as a fictitious linear 
elastic stress-strain law, in which D.t:; = pseudo
inelastic strain increment and E; = pseudo-instantan
eous elastic modulus. Thus, creep structural analysis 
may proceed in each time step D.f, as follows: I) Com
pute i',lIr' E;', and .If·; for every point or finite element 
of the structure, using the stress values for II' 1. 

2) Solving the elastic structure with moduli E;, 
compute ~ar and ",. caused by D.f" (and the change 
of loads or boundary displacements during ..llr) 
for every point or element. 3) Compute a/lr (/{.7 I, 
2 ..... II) for every point or element from Eq. (15), 
discard the values of a,. t and a/lr I and go to the next 
step ..l/,.ll. 

The above algorithm can be easily generalized to the 
case of multiaxial stress, writing analogous equations 
in terms of volumetric and deviatoric stress and strain 
components. 

To examine briefly whether the algorithm is prone 
to numerical instability, attention may be restricted 
to the solution of stress produced by a prescribed 
strain history. Eq. (15) may then be viewed as a nOI1-
homogeneous linear difference equation for the 
discrete variable a/I, (I' I, 2, 3, ... ). The homogen
eous part of Eq. (15), arising by deletion of the term 
with ..IF,., has the solution of form "/Ir ''''' a r whose 
insertion in Eq. (16) yields the characteristic equation 
a -"" e ~lrTII. Since 0 < a .< I, the solutions of the 
homogeneous part of Eq. (15) are of an exponentially 
decaying character and no numerical instability 
(unbounded magnification of numerical error) can 
occur. The nonhomogeneous equation (17) must 
then be numerically stable, too. and noting that 
0',. eeoc L "/Ir it is seen that the same applies for (jr. 

(Excellent stability and accuracy of the algorithm 
has heen confirmed by computlltion of the fits in 
figures 2 and 3 below, with time steps increasing in a 
geometric progression, i.e, constant in a logarithmic 
time scale.) (It is noteworthy that, on the other hand, 
the step-forward difference approximations of Eq. (3) 
are numerically unstable when !11 r exceeds the short
est relaxation time Tt). 

Note that i'!lr -+ I for !Y.frIT/1 -+ O. i'!l r -+ 0 for 
..lr ,.fTIl -+ -/, and always O· i,",,' I. Denoting 
by fJ 'the value of II for which TJI .'/ !Y.lr TJI-I, one 
may put i'llr • 0 for It -- I, 2, ... , (p - I), pro-
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TABLE II 

--
104E 104E 4 4 104E t' ~" T 10 E2 10 E3 WI w2 lJ. 0 1 4 

u lJ. lJ. lJ. lJ. 
.005 

--
5.77 17.9 6.97 .811 0 1 .1 .1 -

Fi¥s.2, .05 2.33 23.0 - 9.66 1.18 0 10 .1 .1 l =:': ! 
.5 - 1.38 34.3 - 16.0 2.06 0 100 .1 .1 
5. - 2.60 46.9 - 24.2 3.21 0 1000 .1 .1 [14) 50. .755 48.9 - 25.8 3.49 0 10000 .1 .1 Eq. , 

(10) !I 500. 6.16 31.9 - 8.86 .869 0 
5000. 11.2 - 31. 9 27.0 - 4.80 0 

I CD 15.2 -37.8 62.6 -10.4 0 
.005 1-- ---_ .... 

Fiss.3,/ -115. 196. - 72.9 2.29 0 
I .5 0 

10 .05 - 81.6 147. - 55.6 1. 79 0 10 .2 0 
Ref. I .5 - 76.0 153. - 59.1 1.90 0 I 100 .2 0 
[15) , 5. - 152. 291. -106. 3.0i 0 I 1000 .2 0 
[Hi) I 50. - 143. 273. - 86.2 1.53 0 10000 .2 0 I 
Eq. I 500. -102. 170. - 33.2 - .272 0 
(It) i 5000. - 105. 112. 7.21 - 1.05 0 

f--F.-ig:-4-~-
-112 85 4 28 1 - 1.36 0 

.005 21.3 .65( - 1.61 .123 0 , 1 .1 .1 
Ref. .05 - 4.76 39.8 - 14.2 .486 0 10 .1 .1 [15 ) .5 - 31.4 93.0 - 31.1 .873 0 100 .1 .1 I [17) 5. - 25.8 109. - 34.4 .647 0 1000 .1 .1 
[16 ) 50. 12.8 59.4 - 13.3 - .389 0 

I: 
10000 .1 .1 

Eq. 500. - 17.3 75.8 - 6.94 - .705 0 
(ll) 5000. -138. 188. - 25.7 .041 0 r 

CD - 265. 314. - 48.9 .980 0 !, 
--' .005 77.5 -38.6 - 1.90 .670 0 r 1 .5 0 ! Fig. 5 .05 39.0 1.75 - 10.8 .664 0 10 .2 .2 

Ref. .5 - 15.7 69.3 - 28.4 .827 0 I: 100 .2 .2 [IS] 5. - 30.6 96.6 - 33.7 .633 0 1000 .2 .2 [16 ] 50. 10.1 50.1 - 14.3 - .113 0 10000 .2 .2 Eq. I 500. - 11. 9 56.5 - 4.22 - .479 0 , 
(11) I 5000. -102. lH. - 4.27 - .582 0 I I 

CD -132. _ !_10. 21.4 - 1._~ 0 
Fig: (, .005 69.4 0 - 36.7 6.57 , -.353 1 .1 U 

.05 52.6 0 - 28.1 4.90 - .259 10 .1 0 I 
Ref. I .5 23.1 0 4.82 - 2.22 .150 100 .1 0 
[18J 

I 
5. - 17.7 0 66.2 -14.4 .816 1000 ;1 0 
50. - 28.1 0 85.5 -15.2 .783 10000 .1 0 

Eq. 500. - 47.0 0 92.8 -14.7 .742 
(11) , 

5000. - 30.3 0 59.3 - 7.50 .351 

'" 47.0 0 - "LR 10 9 .727 
Fig. 7: .00005 - 29.3 77.4 - 22.5 0 0 

! 
1 .1 0 I Ref. ! 

.0005 31.4 72.6 - 21.9 0 0 10 .1 0 J - i [191 .005 - 63.0 119. - 43.1 0 0 
\; 

100 .3 0 

I 
I • 05 -120 • 207. - 75.8 0 0 

Eq. • 5 -103 • 167. - 44.2 0 0 

r 
(11) 

! 5. -103. 153. - 8.90 0 0 
, 

'" -109. 156. 8.56 0 0 I 
Fig. 8 r .005 56.2 0 11.7 - 4.21 .266 

I, 
1 .1 0 

.05 34.7 0 16.0 - 4.61 .285 10 .1 0 
Ref. .5 22.4 0 17.0 - 3.85 .243 I! 100 .1 0 [20J I 

5. 29.7 0 9.29 - .141 - .024 1000 .1 0 
I 50. 33.1 0 5.91 3.78 

I 
-.441 ! 10000 .1 0 

Eq. i 500. 11.1 0 32.4 - .309 -.236 i 
(11) 5000. 2.59 a 55.8 - 4.38 -.170 

67.1 - 6.26 .393 
, 

IX) .783 0 i 
Tl.\' t' are 1n days; ElJ. in Eqs. (10), (11) is in psi. 

vided that T,II = lO/HiO. Then, according to (18) 
and (19), 

m 

E;~ = L A/lr Ef/r-t + Er.r-l: (20) 
1'::::: P 

jJ-l In 

E; Ue; = I (//lr-1 + L { 1 - rtl.trITI' } (//lr-1 

1'=1 "=P + E; Ue? (21) 
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(As a crude approximation. one may further put 
e tl.trITI' = 0 and A/lr Co; 1 for ft > P + I.) It is seen 
that those Maxwell units in the chain in figure I 
whose relaxation times TIl are substantially less 
than utr pose no appreciable resistance to the deform
ation and drop out of action. This, of course, may 
also be expected on the basis of an intuitive judgment. 
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The algorithm presented above is analogous to 
the algorithm for the Kelvin chain model with time
dependent properties. published in Ref. [4] (Eq. 70-
79). A similar algorithm for Kelvin chains which has 
been developed earlier by Zienkiewicz et al. [27] 
does not apply for concrete because the relation 
considered for springs «(f/I =." E,l f/I) is thermodynamic
ally unacceptable when E/. increases with age. Another 
similar algorithm for Maxwell chains. applicable to 
the special case of time-invariable viscoelastic materi
als and thennorheologically simple materials, has 
been presented by Taylor ef al. [25]. 

ORGANIZATION OF THE PROGRAM FOR 
MAXWELL CHAIN IDENTIFICATION FROM 
GIVEN DATA 

I. Values of J(t. 1') for selected values of t and t' 
are read. (If the given creep data do not cover the 
whole desired time range in both f and f-f', intuitive 
graphical extrapolation from given data must be done 
beforehand.) 

2. Calling the interpolation subroutine for J(t, t') 
values, the stress relaxation curves are computed 
from Eq. (12) for selected ,'-values such as t'- I, 10, 
100, 1,000, 10,000 days (as in fig. 9 below). )n the 
rare cases that the relaxation curves for the same 
specimens are available for some f'-values, the relax
ation curves for these t'-values are also computed 

from the creep data and a weighted average of both 
curves is then taken. 

3. Each relaxation curve is expanded in Dirichlet 
series (6). calling the least-square subroutine based 
on Eq. (8). 

4. Moduli E/I as functions of t' are smoothed by 
expression (10) or (9), calling another least square 
subroutine. 

5. Stress relaxation curves are evaluated from 
E/I (t') and plotted on Calcomp plotter to be compared 
visually with the relaxation data (if available). 

6. Creep curves are computed from £,11 (t'), using 
Eq. (17) with Lla,. ~ 0 and Eq. (15). Then they are 
plotted on Calcomp plotter and compared visually 
with the given creep data. 

)f the fits of the given creep data, as well as of the 
relaxation data, are unsatisfactory, the program is 
run again for a different extrapolation of creep data 
and for different weights WI, 11'2. W3 in Eq. (8), After 
some experience. however. repeated runs ha\e usually 
been unnecessary. 

NUMERICAL RESULTS AND FITS OF THE 
BEST A V AILABLE DATA 

All of the extensive data that could be found in the 
literature on concrete at constant temperature and 
nearly constant water content [9 - II - 13 - I ~ - 19 - 21] 
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were analyzed (using computer CDC-6400) with the 
above program (written in FORTRAN IV). The data 
points are shown in figures 2-8 and 10, and further 
information on the data used (including the references) 
is compiled in Table I. The solid lines in figures 2-8 
represent the fits by Maxwell chain model, computed 
from Ell as defined in Table II. Figure 10 shows the 
fit of the relaxation data measured on the same 
specimens as the creep data from figure 3. (The fit 
in figure 10 may be regarded as a confirmation of the 
superposition principle because the creep function was 
characterized almost uniquely by the creep data in 
figure 3.) For other data, relaxation measurements 
are not available. As is seen, all of the fits are quite 
satisfactory. 

Most of the data had to be plotted in the log (t - 1') 
- scale because the actual time scale obscures the 
misfit for all but one order of m~gnitude of time. 
(Unfortunately many hypotheses have been supported 
in the literature by fits in the actual time scale. Seem
ingly good fits are then easily obtained. But this 
practice is misleading and usually in the logarithmic 
time scale such fits would appear as unacceptable.) 
Whenever possible, the replotting of data points 
from the original papers was done with the help of a 
table of values [4, 24, 8]. 

Whereas all data points represent test results, the 
data in figure 6, as an exception, represent the design 
curves recommended for prestressed concrete reactor 
vessels. 

In figures 3-8, the values of the instantaneous elastic 
modulus had to be judiciously estimated, for lack 
of information. The relaxation data in figure 10 were 
originally presented as the ratio a (t )/a(to) where a (to) 
was the stress a short delay to - t' after time t' of 
strain enforcement; a(to) was 400 psi (for both t' 
shown) but the time lag to - t' was not reported. 
It was assumed as one hour, and, taking the E-modulus 
for one hour lag, ER-values were computed from the 
original data points and plotted in figure 9. (If this 
assumption were inaccurate, the data points in 
figure 9 would all be shifted equal distance up or 
down). 

The values obtained for the spring moduli Ell of 
the Maxwell chain model (before smoothing by 
expressions (10) or (9» are plotted in figures 11-17 
against Til and log t'. Each series of E,,-values for a 
fixed l' corresponds to what is called relaxation 
spectrum in classical viscoelasticity. The diagrams 
in figures 11-17 thus represent the relaxation spectrum 
as a function of age at loading, t'. Note that the surfaces 
formed by the relaxation spectra have similar forms 
for different concretes. 

Figure 18 is an example of the fit by expression (10) 
(solid lines) with the Ep-values from Table II. To 
check the quality of fit in detail, the relaxation curves 
have been computed in this case for four uniformly 
spaced t '-values per decade, as is seen from figure 18. 
Such dense point values of Ell were necessary to decide 
which of expressions (10), (9), or ( II) was the best one. 
Without using the smoothing term with WI and W2 

in Eq. (18), the sequence of data points would scatter 
much more than in figure 18. 
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Function J (t, ('), representing the unit creep curves 
for various t' in figure 2-8, was computed from the 
expression for Ell (t') given in Table I by means of the 
algorithm defined by Eq. (15)-(19). Four equal steps 
per decade in the logarithmic time scale were used. 
It is noted that the fits shown by solid lines in figures 2-R 
could have been even closer to the original data 
points if the various smoothing operations had not 
been applied. The smoothing is inevitable, however. 
due to the high scatter of all data with regard to ('. 
(This scatter can be best demonstrated in plots of f' 

versus t' at constant (.) 

The solid lines in figure 19 show how the same data 
as in figure 2 are fitted when more sparsely spaced 
TlrS are chosen, namely Til = 0.005 /. 50,111. As 
compared with the experimental error, the fit is still 
acceptable, though .. bumpy". 

A crucial assumption in the present analysis is the 
principle of superposition, which is applicable when 
(a) t he stress is less than about 0.5 of strength, so that 
no significant microcracking occurs, and (b) the water 
content is constant [3, 5]. The principal experimental 
data in its support. are, in addition to those in figure 10. 
the data of Ross [23]. In figure 20 they are replotted 
in log-time scale. Based on the smoothing of creep 
data by dashed-lines shown in figure 20, the stress 
relaxation curve given by a solid line was computed 
on the basis of the superposition principle. I n spite 
of the fact that specimens in these tests were mildly 
drying (at 91 I:' relative humidity), the relaxation data 
conform well with the principle of superposition, in 
fact even better than Ross found originally [23] 
without the smoothing in log-time and by comput
ations which in 1958 could not have been made 
accurately because electronic computers were un
available. (Fig. 20 also shows the approximate pre
dictions by the effective modulus method and the 
rate-of-creep method, as given in Ref. [23]. 
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CONCLUSIONS 

I. The linear creep behavior of concrete as an 
aging linearly viscoelastic material can be approximat
ed, with any desired accuracy, by the Maxwell chain 
model (fig. I) with age-dependent properties. 

2. This model permits close and smoothed fits of 
test data, as figures 2-8 demonstrate. 

3. The Maxwell chain representation can be 
obtained by expanding the relaxation function in 
Dirichlet series with age-dependent coefficients (Eq. 6), 
which is best accomplished by the method of least 
squares with a penalty term on first to third d~fferences 
of coefficients as a smoothing devise (Eq. 8). The 
relaxation function needed may be computed from 
the creep data. The program outlined identifies the 
material parameters from any given test data very 
economically (in less than 15 sec. CPU time on 
CDC-64oo). 

4. Since conclusion I has previously been made [3] 
also for the Kelvin chain, both types of chains are 
mutually equivalent even for aging materials. But the 
Maxwell chain is more convenient for identification 
of material parameters from test data. (Both types 
of chains are also equivalent to any other possible 
model.) 

RESUME 

Vne loi de ftuage de type differentiel d'apres UDe 
chaine de Maxwell et relative au betOD en coors de 
vieillis~ement. - On montre que la loi de .ffua~e Iineaire 
du hholl pt'llt etrc caracth·i.\'('e, ar('c tOllle la preci.\ioll 
1'0111111, p:'r iii/(' loi de .lllIage de Iype ili/prellliel qu'on 
pelll illlerpreter par un modele de Maxwell ell chaine 
comhinanl les riscosile.l· en /rmclioll dll lemps el des 
modulcs de ressorl. On idenlitie ces parametres d'apre.l· 
les rhullals d'essai en dereloppanl en series de Diri
chlel les courbes de relaxalion qui sont elles-memes 
calculees d'apres les courbes de ftuage experimentales. 
L'identification ne comporte qu'une seule solution ~i 
une certaine condition de regularisation est imposee 

5. The Maxwell chain representation proposed 
guarantees positiveness of all spring moduli £,11 and 
dashpot viscositie~ 11,11 (if scatter of the data is not 
excessive). This permits giving the individual units 
of the chain a physical interpretation, associating 
them with various diffusion processes in the micro
structure (see [4]), and opens the way toward rational 
generalizations to variable temperature [7. 3] and 
water content [5, 3]. 

6. For the Maxwell chain representation a new 
algorithm for creep structural analysis is presented 
(Eq. 15-19). It permits an arbitrary increase of the 
time step and uses only a few internal state variables 
(hidden stresses) for characterization of the whole 
history of the material. The resulting substantial 
reduction of machine time and storage requirements 
is valuable in the case of large finite element systems. 
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aux .Ipectres de re/axatiol1. La formulaliol1 est impor
tante lorsqu'on prochle a une integration graduel/e 
dans Ie temps ,Ie systhnes a ethnent5 .tin is plus grand~, 
car aimi il n'est pas besoill de slocker les donnees de 
I'erolufion des cOlllrailltes. A cefte fin, on propose un 
nOlll'eau alf!.orilhll/c /HIIII£'riqlie illconditionllel/el1lellt 
.Ilab/e, qlli 1'('/'11/£'1 1111 accroi.I.I'('II/£'1lI arllitraire tic I'illl{'/'
I'(/I/£, ell' telllps a me,l'lIl'e que /a l'iles,l"e de ./fua~(' (Mcroil. 
La flJrfllulatiol/ de t,11U! d(tJerentiel permet d'etablir line 
correlation al'£'(, les processus de flIOlll'emellt au nil'eau 
de la microstl'llctllr£', et mene ainsi reI's des ge,U!
ralisations rationnelles a temperatures et teneurs ell 
eau rariables. La chaille de Iype KeMn prechlemmellt 
etudih: pennet elle allssi line telle correlation, mais 
I'ident(fication des resultats d'e5sai est alors compfiquee. 
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