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Buckling of rectangular building frames is customarily analyzed under the 
assumption that the effect of axial extensions is negligible. The structure can 
then buckle only in modes whose wave-length is short, Le., of the order column 
length. The negligence of axial extensions is certainly justified if the building 
is not too high as compared with its width. However, the limiting height is not 
known precisely. Thus, in view of the permanent trend to taller and slenderer 
buildings, the question of safety against overall, long-wave buckling modes, 
in which the columns undergo significant extensions or shortenings, the floors 
tilt and the whole building frame buckles as a single column, gains in 
importance. 

Buckling modes with axial extensions have been studied for I-bay frames 
modeling built-up columns (7,8,9,14,19,21), in which case the problem leads 
directly to one-dimensional difference equations. A computer program capable 
of handling incremental deflections of frames under axial forces (including 
plastic hinge formation) has been developed by Korn and Galambos (18) who 
also solved several examples of I-bay and 2-bay multistory frames. A method 
of numerical analysis of buckling with axial extensions of very large frames 
was reported in Ref. 3, with an example of a 52-story 11-bay frame. 

The numerical approach, however, does not suffice to reach general results 
and good understanding of the phenomenon. But it seems that no general ana
lytical study has yet been devoted to the long-wave buckling modes of multi
story multibay frames. Therefore, such a study has been chosen as the 
objective of this study. Attention will be restricted to regular planar unbraced 
rectangular frames with a rectangular boundary and uniform spacing of jOints 
in the horizontal and vertical directions. Furthermore, to make field solutions 
feaSible, a somewhat idealized problem will be solved, in which all horizontal 
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members are identical to each other and carry equal axial forces, and the same 
is true of all vertical members. In addition, both the base and the top bound
aries will be considered to be rigidly supported in the vertical directions. 
However, it will be shown that the solutions are in approximate correlation 
with the practical case of a free standing frame. 

The solution will be carried out exactly, USing the methods of finite differ
ence calculus (17), whose concise description may be found in the book by Wah 
and Calcote (22), along with applications to inextensible frames and a detailed 
literature survey. The finite difference calculus has already been appliedsuc
cessfully in a number of problems of stress and stability analysis of regular 
frames and built-up columns (7,8,9,10,11,12,14,21). 

The problem which will be analyzed in the sequel is not directly applicable 
to frames with heavy diagonal bracing and further extension would be required 
to include this case. However, at present very rigid frames without diagonal 
bracing appear to be the most economic means of providing adequate lateral 
stiffness, even for the highest steel buildings presently constructed (Sears 
Tower in Chicago, World Trade Center in New York). 

MATHEMATICAL FORMULATION OF THE PROBLEM 

A planar rectangular frame is considered to be initially in equilibrium 
under axial forces p~ in all columns and p~ in all beams (although in practical 
cases usually p~ = 0). Subsequently, the initial equilibrium is disturbed by 
infinitely small load increments so that the joints undergo small displacements 
U and v in the horizontal, x, and vertical y directions and small rotations If! 
(positive if counterclockwise); see Fig. 1. If all members of each direction 
have the same properties, the conditions of equilibrium of incremental hori
Zontal forces, vertical forces and moments acting on interior joint r, s lead 
to the equations (cf. Ref. 3): 

k s" 
+ :.:.x::..l1-L2 (Ur,S+l - 2ur •s + ur •s - 1 ) + f x 

y r,s 
o ........... , (la) 

k s" 
+ 12x (vr+l. s - 2vr •s + vr - 1 •s ) + fy = 0 •....••.•••. (lb) 

x T,S 

o ......... , (Ie) 
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FIG. 1.-NUMBERING OF JOINTS AND FORCES ACTING ON JOINT 
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FIG. 2.-(a) GEOMETRY OF FRAME SOLVED; (b) LONG-WAVE BUCKLING MODE; (e) 
FREE STANDING FRAME OF APPROXIMATELY SAME INITIAL LOAD; (d) DETAIL OF 
BOUNDARIES OF FRAME SOLVED; (e) ALTERNATE BOUNDARY SUPPORT wmCH 
COULD BE ANALYZED SIMILARLY 
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in which subscripts x and y refer to members in the horizontal and vertical 
directions and subscripts r and s to the numbers of the joint from the left 
vertical side and from the base; Lx, Ly = length of horizontal and vertical 
members; E1 = EAx/Lx, Ey = EAy/Ly in which Ax, Ay = cross-sectional 
areas; kx = Elx/Lx, ky = EI /Ly in which Ix, Iy = cross-sectional moments 
of inertia; f x' f y' m = smaIl incremental forces and moment applied at the 
joint; and s x, Cx or s y' cy = the well-known stability functions of p~ or Py, 
which are expressed, in the case of constant cross section, as (1) 

a(sin a - a cos a) a - sin a po> 0 (2a) Sx Cx 
2-2cosa - a sin a sin a - a cos a 

a(a ch a - sh a) sh a - a po< 0 (2b) Sx ; Cx 
2 - 2 ch a + a sh a a ch a - sh a 

while the expressions for Sy, cy are analagous; a = ";lp~ILx/(kxf3); a 
af3; f3 = 1 - p~/GxAx; p~ is negative for tension; and GxAx = the shear 
rigidity of the cross section. Eqs. 2a and 2b take into account the deflections 
of member due to shear forces. For slender members these may be neglected 
(GxAx - 00), as has been done in all numerical studies reported herein. For this 
case the Sx and Cx functions (15) have been first introduced by Goldberg (13). 
(For p~ = 0, Sx = 4, Cx = 1/2.) Eqs. la, 1b, and lc also hold when the cross 
section is variable within each member, but the values of s x and Cx must then 
be in general determined by numerical integration of the differential equation 
for bending. Finally 

POL 
s1 = sx(1 + cx); s'; = 2s1 -::.....z..:::x.k •••••••••••••••••••• (3) 

x 

Now consider incremental deformation modes which are sinusoidal in the 
vertical direction (Fig. 2) 

Y8( ............................. (4) 

U r •s = Uc - Ur cos 

V r •s Vr sin ys 

f/lr.s = Rr sin ys 

in which Un V n Rr are discrete functions of only one integer subscript r; and 
Uc is a constant which can be determined from the manner of fixation of the 
frame against lateral sliding. [It would be an easy extension to consider arbi
trary nonsinusoidal deformation. Expanding the displacements (as well as the 
incremental loads) in a finite Fourier series, one finds that, because of lin
earity of the problem, each sine component of the series may be analysed 
separately, as is done here, and the solutions superimposed. The lowest 
critical load can be shown to be dominated by a single sine component, the 
one of the longest wavelength.): It can easily be verified that the deformation 
modes given by Eq. 4 satisfy the conditions 
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for any r}. . . " . . . . . . . . . . . . . . . . . . . . . . . . . . (5) 
r = e 

and s = 0 (y = 0) or s = 2ny(Y = 211), in which ny = rr/Y will be assumed to 
be an integer, denoting the number of floors contained within the half
wavelength H. In addition, Eq. 4 satisfy a certain condition on shear force Vy 
in vertical members. Generally, Vy is expressed (cf. Ref. 3) as 

k s" k s' ( ) 
Vy = 7 (Ur ,S+l + ur,s) + T (I/lr,s + I/lr,S+l) • • • • • • •• 6a 

r,s y y 

Considering the average of the shear forces in two consecutive members, 
Vy = (1/2) (Vy + Vy ), it is possible to find from Eqs. 6a and 4 that 

r,s r,S-l r,s 

Vy = 0 for any r; s = 0 or s = 2ny •••••••••••••••••• (6b) 

Physically, Vy represents the shear force per length Lx transmitted along a 
horizontal (longitudinal) section of horizontal members passed through their 
neutral axis. 

Therefore, Eqs. 5 and 6b represent the boundary conditions of the base 
and top of a frame with a rectangular boundary and height 2H = 2nyLy as 
shown in Fig. 2. The base and top boundaries are supported against rigid 
half-planes producing the initial axial forces Py in vertical columns; they 
slide without friction while the central joint is fixed. The horizontal beams 
at the base and top extremities have half the cross-sectional area, Ax/2, as 
compared with all interior members A x, as in Fig. 2(d). (In reality, the solu
tion would be almost exact for any cross section areas of the horizontal 
boundary beams, because the horizontal incremental axial forces are negli
gible.) The moment of inertia of these beams may have any value because, 
according to Eq. 4, the boundary joints do not rotate. It should be noted that a 
frame supported at the boundary as shown in Fig.1(e) could be solved exactly 
in a similar manner. 

The joints at the left and right boundary of the frame will be considered as 
free and the incremental loads applied on them as specified. The boundary 
conditions are formulated most conveniently if the frame is imagined to be ex
tended beyond the actual boundary, adding vertical rows of fictitious joints r 
= 0 and r = m + 1. This has the advantage that the boundary joints r = 1 and 
r = m = nx + 1 can be treated as interior joints of the frame, for which Eqs. 
la, lb, and le apply. The internal forces transmitted into the joints r = 1 and 
r = m by the added fictitious horizontal beams extending beyond the actual 
boundary must then be made equal to the prescribed incremental loads applied 
at the boundary joints. Thus 
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Vo,S) - !!.£l (" ,,) Lx 'l'o,s + 'l'l,S vL . , 

k s" ( !!.£l R ~L2 v m +1 ,s - vm,s) - L (I/lm,s + I/lm+1,s) = V .••.••••• (7) 
x x 

in which the left-hand sides are the expressions for the preceding internal 
forces (3) and pL, VL , ML or pR, VR , MR are the incremental horizontal 
force, vertical force and moment applied at the left or right boundary joint, 
considered positive in the same sense as the axial force, shear force and 
bending moment which replace them [Fig. 2(d)]. 

The problem to be solved, physically representing the sinusoidal buckling of 
the frame shown in Fig. 2, is thus mathematically formulated by three second
order partial finite difference equations, Eqs. 1, and boundary conditions Eq. 
7 with pL = VL = ••• = MR = 0 and a prescribed class of solutions of form 
of Eq. 4. The smallest magnitude of the initial axial forces P y for which non
zero solutions exist is to be found (while p~ is considered as fixed, in most 
practical cases as zero). 

CONVERSION TO ORDINARY FINITE DIFFERENCE EQUATIONS 

Deformation modes of form of Eq. 4 have been introduced because for zero 
loads at interior joints, f x = f = 0, (as well as for sinusoidally distributed 
joint loads) they satisfy Eq. 1 identically with respect to discrete variables, 
leaving the following system of three simultaneous second-order ordinary finite 
difference equations: 

k s" 
- :.:.x::.l!- 2(cos 'Y - l)Ur = 0 

Ly 

( ) !!.£l( ) Ey 2 cos 'Y - 1 Vr - Lx Rr+l - R r - 1 

(Ba) 

(Bb) 

k s' -r (Vr +1 - Vr _) = 0 •..•••••.••••.••..••••••.• (Be) 
x 

For the analytical solution it is convenient to convert these equations to a sys
tem of six first-order equations. To this end, new discrete functions may be 
defined as 
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F2 = Ur ; F4 Vr ; Fa = Rr •....•••...•••..••..•.. (9) 
r r r 

Next, Ur +1 may be expressed explicitly from Eq. 8a and the system of Eqs. 
8b and 8c may be solved for Vr +1 and R r +1' Finally, appending three finite 
difference equations Fl F2 , F3 = F4 , F5 Fs which follow from 

r+l r r+l r r+1 r 
Eq.9: 

Fl 0 1 0 0 0 0 Fl 
r+1 r 

F2 - 1 a22 0 0 0 a2a F2 
r+l r 

F3 0 0 0 1 0 0 F3 
r+l r ....... (10) 

F4 0 a42 a43 a44 a45 a4a F4 

rH) r 

F5 0 0 0 0 0 1 F5 
r+l r 

Fs 0 a S2 a S3 aM a S5 aaa F6 
r+l r 

" [k s" (1 - cos y) + 1]; 2kl'sy In whlch a22 = 2 Lt;. a26 = sin Y; y x LyE'x 

2L1Xkl'Sy sin y . S·2 + s'x'sxcx . a42 a43 = x 
Lyk;s'x2 - sk'sxcxl' S·2 - sVsxcx 

, 
x 

a44 - 2s~'sah: [ E;'L~ (1 - cos y) + 1 J (S·2 - s"s c) k s" x x xx xx 

2s"s' x x . 

Eq. 10 represents a system of six linear first-order finite difference equations 
in the canonical (standard) form. (Note that while the second-order Eqs. 8a, 
8b, and 8c are symmetrical, these equations are not.) 

The method of solution of the linear ordinary finite difference equations is 
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completely analogous to that for linear ordinary differential equations (17,22). 
Because Eq. 10 has constant coefficients, their general solutions may be as
sumed to be composed of functions of form 

in which P, K1 , •• " Ka are constants. 
Substitution in Eq. 10 yields a system of linear homogeneous algebraic equa

tions for Ku K 2 , ••• , Ks whose determinant must vanish, I.e. 

- P 1 0 0 0 0 

- 1 (a22 - p) 0 0 0 a25 

0 0 - P 1 0 0 
0 .... (13) 

0 a42 a43 (a44 - p) a45 a45 

0 0 0 0 - P 1 

0 a62 ass aM a65 (a66 - p) 

This is a characteristic equation which has six roots p = Pu P2 , ••• , P5 which 
are in general complex (but which for most of the cases studied happened to 
be real). They will be assumed to be all distinct, I.e., no double roots among 
them. This has been found to occur in all of the practical cases computed. 
However, the program was set up so as to abandon the given case and solve 
a slightlydifferentone if a double root or nearly double root was encountered. 
The case of multiple roots could, of course, be incorporated into the program, 
but the effort on the part of the programmer would not be worthwhile. The 
general solution of Eq. 10 is then expressed as 

i = 1, 2, ... , 6 (14) 

in which Cu C2 , ••• , Ca are arbitrary co~sta~ts to be qetermined from bound
ary conditions Eq. 7a on the sides and (K{, K~, ••• , K~) is the jth eigenvector 
of the matrix Eq. 13, corresponding to root Pj' The eigenvalues, eigenvectors 
and constants Cj are in general complex. Noting that Fl (r + 1) = F2 (r), F3 (r 
+ 1) = F4 (r), F5 (r + 1) = Fa (r), it is seen that the eigenvectors must be such 
that 

BOUNDARY CONDITIONS AND COMPUTATION OF CRITICAL LOADS 

In view of the symmetry of the frame considered, attention may be re
stricted to symmetric and antisymmetric deformation modes. The symmetric 
buckling mode (bulging), which involves significant extensions of horizontal 
beams, would obviously lead to much higher critical values of P y than the 
antisymmetric buckling mode shown in Fig. 2(b). Thus, only the antisymmetric 
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buckling modes will be investigated in the sequel. Function Vr must then be 
antisymmetric with respect to the vertical axis of symmetry of the frame, 
while functions Ur and Rr must be symmetric. 

Although the ultimate aim is to find p~ for which deformation is possible 
at zero incremental loads at the left and right boundaries, it is helpful, as will 
be seen later, to consider in general nonzero horizontal incremental loads pL 
and pR. In accordance with the antisymmetry of the buckling modes sought, 
the incremental loads at the left and right boundaries will be assumed in the 
form 

pL = p* cos ys; pR - p* cos ys; 

vL = vR = ML = MR = 0 • • • • • • • • • • • • • • • • • • • • • • • • •• (16) 

which satisfies the condition of antisymmetry and agrees with the assumption 
of sinusoidal distributions, as in Eq. 4. Substituting Eqs. 4 and 16 into the 
boundary conditions of Eq. 7, fu'nctions sin ys and cos ys can be eliminated, 
and the following conditions ensue: 

pL 
cos ys 

p* • • • • • • • • • • . • • • • • . . . • • • •. (17a) 

pR 
Urn) = cos ys 

- p* (17b) 

ML 
-.-- = 0 ••.•••••••• (17c) sm ys 

kxSa.'(V, - Vo) _ kxS1(R1 + Ro) = VL 

Lx Lx sin ys 

MR 
sin ys 

o ..... (17d) 

o ............ (17e) 

VR 
sin ys = 0 ..•••• (17/) 

Note that these equations satisfy the symmetry and antisymmetry properties 
required. 

When all incremental loads at the boundary joints are zero, p* = 0, the 
boundary conditions (Eq.17) yield a system of six linear homogeneous equa
tions for Cl> C2 , ••• , Cs• The critical values of Py are then characterized by 
the condition that the determinant of these equations must be zero for buckling 
to occur. The coefficients of the determinant, however, depend on p~ in a very 
complicated manner; they are functions of the eigenvalues and eigenvectors of 
the matrix (Eq. 10) which do not possess explicit expressions and which, ac
cording to Eq. ll,dependnonlinearly on SY' cY' SY' SY'. These in turn are also 
nonlinear functions of Py. Thus, although the present problem has the nature 
of an eigenvalue problem, it is much more complicated than its usual form. 

For this reason a trial-and-error procedure must be adopted in order to 
determine the value of p~ for which incremental deformation is possible with-
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out any incremental loads. The joints lying on the vertical axis of symmetry 
(or adjacent to it) will be forced to undergo incremental horizontal displace
ments: 

1 
uc,s 1 - cos ys or Uc = 1 for c = "2 (m + 1), m odd; 

1 1 
"2 (uc,s + uc+!,s) = 1 - cos ys or "2 Wc + Uc +!) = 1 

m 
for c = "2' m even .......................•...... (18) 

in which m is the number of column lines. 
The value of P*, the amplitude of incremental horizontal loads pL andpR, 

which need to be applied to enforce these displacements, is a continuous and 
smooth function of po. It must vanish if and only if Py assumes the critical 
value. This value m/y thus be found by trying various values of Py in a pro
cedure which is analogous to the numerical solution of nonlinear algebraic 
equations by the method regula falsi. 

The condition (Eq. 18) now replaces the boundary condition of Eq. 17a. In
stead of Eq. 17b, the condition of symmetry 

U1 - Uo = Urn - Urn +! . •••••.••••••••••••.••••.•••• (19) 

has to be imposed. Substituting Eq. 14 into Eqs. 17c to 17/, 18 and 19 leads 
to the following system of linear nonhomogeneous algebraic equations for Cl> 
.•• , Cs : 

l: bijCj = 0 for 
j=l 

1, ... , 5 
•••••••••••..•••••••. (20) 

= 1 for i = 6 

inwhich b1j = [CxKt + K~ - (Kl - Kl) s:L] Pj 

b2j = [Kt + CxK~ - (KI - Kl) s:L] pj+! 

bsj = [ Kl - Kl - (Kg - K~) s~t.x] Pj 

b . - [Kj - Kj - (Kj + Kj) s1Lx] p'IJZ+1 
4J - 4 S 5 S s1' J 

bsj = (Kt - Ki)(pj + Pj+!) 

b . = Kjp(p7+1l/2 for m odd 
sJ 2 J 

......•...... (21) 



ST 10 EXTENSIONAL BUCKLING 2279 

The value of p* necessary to sustain the enforced deformation follows by 
substitution of Eq. 14 into Eq. 17a: 

P* E1 L: (Kt - KDPj Cj •••..••..••••.•••••.••••• (22) 
j=l 

To compute the P*-value for a given P~, first the roots and eigenvectors of 
Eq. 13 must be found, then solve Eq. 20 and finally evaluate the expression in 
Eq. 22. The critical value of P~ may then be obtained in a manner analogous 
to the regula falsi method by repeating the preceding solution for various 
chosen values of P~ until p* becomes negligible. This solution has been pro
gt:ammed using complex FORTRAN variables where appropriate, e.g., for Pj' 
Ki, Cj , bij' The characteristic roots, Pj,and the eigenvectors have been com
puted using the standard library subroutines. In practical computation, caution 
is needed not to use an excessive change in P~, because the lowest critical 
value could be missed. Nevertheless, after some computing experience, only 
about four analyses for four different values of P~ were necessary to find the 
lowest critical value of P~ with about seven digits exact. 

NONDIMENSIONAL PARAMETERS AFFECTING BUCKLING LOAD 

The critical value, P~crit' cannot depend on all of the parameters appearing 
in the foregoing equations, but only their nondimensional ratios. Using non
dimensional length coordinates ~ = x IB and TJ = Y IH in which x and yare the 
horizontal and vertical cartesian coordinates, and nondimensional displace
ments u = u/B, v = vlH, Eq. 1 for f x = f y = m = 0 may be brought by 
algebraic transformations to 

H L2 !!.z. + 2sy ~s¢ + Sy' B (23a) B ~ ky ~rr u H ~ss u = 0 ................ 

B L2 ~ H 
~rr V (23b) H ?: kx 

~ss v - 2s1 ~rl/l + s1' B 
0 ................. 

y 

s' B ~ ~s u - s1 
H 

~r v + (s1 ~ Sy) ¢ Y H kx B + 
kx 

o ................... (23c) 

in which the notations 

~rru uZ+1 .£ - 2uz •1l + ur-l.~ . 
~~2 , 

~ssu 
ur •s+1 - 2ur ,s + uz.s. 1 . 

~TJ2 
, 
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~rl/l = I/Ir+! ,s2~lr-l .s; ~sl/I = q,r,s+!2~,/r,s-1 . .••..••••.. (24) 

are used for the difference expressions analogous to partial derivatives with 
respect to ~ and TJ, and ~~ = l/nx = Lx/B, ~TJ = 1/ny = Ly/H in which nx 
and n denote the number of bays and the number of stories per half-wavelength 
H. FJ'rthermOre, ry = .fi::7A; and, ~x = "Ix/Ax denote the r~dii of inertia of 
the cross sections. Boundary conditions (Eq. 7) for the left side of the frame 
with pL VL = ML = 0 may be transformed as follows: 

. . . . • • • . . • • . . . • . . .. (25) 

At the right side of the frame the boundary conditions are similar. Also, the 
sinusoidal distributions assumed in the vertical direction are unaffected by 
the introduction of non dimensional variables. In Eqs. 24 and 25, sY' cy, Sy, Sy' 
depend on po /PE where PE = 1T2 EIy/L~ = the Euler load for the ver-

y crit y Y . 
tical member. The slenderness Lx /r x of horizontal beams could be important 
only if horizontal axial forces were large. Because this is not so in practical 
frames the effect of this parameter may be neglected and sx, cx, sh s¥ are 
indepe~dent constants while SY' cy , Sy, Sy' depend on P~/PE . Inspection of 

y 
Eqs. 23, 24 and 25 then shows that 

po ) ;'Eit "" f(~' ~, ~, nx, ny .................... (26) 

y 

With increasing numbers nx , ny of bays and floors, ~e differ~nce expres
sions (Eq. 24) approach in the limit partial derivatives aZu/a~2, aZu/aTJ 2, aq,/a~, 
etc. whose values must be finite. Consequently, the last two terms in Eq. 23c 
and one term in Eq. 25 become negligible, and it is seen that parameters nx, 
n completely disappear from Eqs. 23a, 23b, 23c and 25. Furthermore, ex
p~rience as well as the formula in Eq. 31 in the sequel, shows that H/B and 
L /r a:e better replaced by parameters Hr /BL and Ly/r Y' because the ef
flet cif the latter then appears to be small so that there are only two important 
parameters. Thus 

po ) 
P
YECrit .. f(::Xkky' $!!:- b. ....................... (27) 

Lylry ' ry 
y 

It is interesting to note that in the limit for nx ny - 00, Eqs. 23a, 23b and 
23c represent differential equilibrium equations of a certain orthotropic elastic 
continuum, and Eq. 25 represents the appropriate boundary conditions. Term 
1/1 can then be expressed from Eq. 25c and substituted in Eqs. 23a and 23b. For 
smaller numbers n n Eqs 23 and 25 can alsobe approximated bydifferen-x, Y' • . ' 
tial equations which, however, do not correspond to an ordmary orthotropiC 
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FIG. 3.-CRITICAL LOADS PER COLUMN FOR TYPICAL FRAME PROPERTIES [Solid 
lines for constant number of bays, nx ; dashed lines for constant height-to-width ratio. 
(Note the small effect of n x , ny at HIE constant.) Dash-dot lines show solution according 
to continuous approximation from Ref. 4.) 
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continuum but to the so-called micropolar continuum (16). Analogy of this con
tinuum with frames has been established in previous papers (2,3) and applica
tion to the present problem will be studied in a separate paper (4). 

RESULTS OF NUMERICAL PARAMETRIC STUDY 

The solution procedure expounded previously has been programmed in 
FORTRAN IV, and a great number of frames with various member properties 
and various numbers of bays nx and stories ny, has been analyzed numerically. 
The results are shown in Figs. 3 to 6. 

The weakening influence of the number of floors is seen from the lines for 
HIB = constant in Fig. 3. The effect of nx , ny is negligible if, roughly, nx or 
ny > 10 for HIB > 2, or nx > 5, ny > 10 for HIB > 4. In this case, of 
course, the continuum approximation mentioned before must be also acceptable. 
That the effect of the third parameter in Eq. 27 is indeed rather small can be 
seen from Fig. 6. 
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_______________ ~ '--'"Y": 1.° __ 

.3 
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.1 
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° .4 .8 1.2 1.6 
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FIG. 6.-CRITICAL LOAD PER COLUMN AS FUNCTION OF RATIO OF FRAME 
SLENDERNESS HIB TO COLUMN SLENDERNESS Lylr y (solid lines) (bashed lines 
indicate ~lastic yield loads for columns with various Lylr y having yield limit of 
60,000 pSi. Dash-dot lines show results according to continuous approximation from 
Ref. 4.) 
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The value of the critical axial force for short-wave buckling modes in which 
axial extensions are negligible lies, for typical building frames without diagonal 
braCing, between 0.8 PE and 0.95 PE • The critical forces for the long-wave 

extensional buckling modes are thus of no interest when P y , is in this range 
crrt 

or above it. Such cases have not been included in Figs. 3 to 7. It should be 
noted however that even in such cases the presence of axial force P y may 
considerably r~duce the frame stiffness in long-wave deformation modes. This 
is of importance especially for analysis of vibrations. 
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EXACT SOLUTION 
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H/8 
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FIG. 7.-COMPARISON OF FRAME CRITICAL LOADS PER COLUMN AS OBTAINED 
BY PRESENT METHOD' BY ANALOGY TO EULER COLUMN (dashed lines), AND BY 
ANALOGY TO COLUMN WITH SHEAR (dash-dot lines) (For cases Iy =' 6,000 in., Ay =' 

120 sq in., Ly =' 144 in., Nx =' 20.) 

It is found that frames for which long-wave buckling needs to be considered 
have either small k Ik or are very high and slender with members so stiff 
that short-wave buckliJ'g is precluded, as is typical for stiffening frames of 
modern tall buildings. In practice, these frames are arranged as a framed
tube to provide also torsional rigidity. 

The critical load values are also irrelevant when they exceed the plastic 
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yield load of the columns, Pp• Lines indicating the Pp value for the frames 
with various Ly/r y have been included in Figs. 6 for steels with 60,000 psi 
yield limit. This value is about the, upper limit of the high quality structural 
steels which are now becoming widespread. Obviously, for such steels the 
range in which long-wave buckling modes are of importance is considerably 
wider than for the ordinary structural steels. 

It is also of interest to determine the relationship of the present solutions 
to the solutions for buckling of free standing frames, as in Fig. 2(c). The 
critical axial loads for long-wave buckling of such frames has been solved 
exactly for a few cases (frames 52 stories high) in a previous paper (3). Com
parison of numerical results indicates that the critical load of the free stand
ing frames about equals the critical load of the frames solved previously [Fig. 
2(a)] if the height of the free standing frame equals the quarter-wavelength of 
the buckling modes solved previously, Le., H/2. This agrees with what might 
be intuitively expected. If the present solution is applied to the free standing 
frame, the boundary conditions on top are not fulfilled. However, they are 
fulfilled at least integrally in that the.force resultants and the moment resultant 
of all internal member forces acting on top (a section which corresponds to 
the quarter-wavelength) are zero. Discrepancy in the boundary conditions 
ought thus to have, according to the Saint-Venant prinCiple, only local effect 
decaying rapidly away from the top of free-standing building. 

Another simplification with regard to actual situations are the constant 
values of P y and the column cross sections along the building height. How
ever, with variable P y, a simple solution would not be feasible. Approxi
mately, the case with variable P y and variable cross section can be replaced 
with a case in which P y and the cross section parameters have constant values 
corresponding to the averages for the actual structure. 

APPROXIMATION BY COLUMN WITH SHEAR 

Long ago, Engesser's formula for buckling of columns with shear deforma
tions was successfully applied to predict approximately the buckling loads of 
built-up columns (20). It is thus of interest to check whether large frames can 
also be approximately considered as columns with shear. 

In analogy with the well-known portal method of approximate frame analy
SiS, it will be assumed that the bending moments in the midlength of all col
umns and beams are zero, which is equivalent to the assumption that the 
rotations of all joints in a given floor and the two adjacent floors are all equal. 
Let a relative horizontal displacement y L between the adjacent floors be 
imposed. Then, taking the initial forces, p?, into account and neglecting P'i-, 
the moment equilibrium equations for the interior joints and the boundary 
jo~nts read: 6{3kxcf! + 2k ysycf! - 2kySyY = 0 in which {3 = 2 for an interior 
jomt and {3 = 1 for an exterior joint. Then, determining the sum, !:V, of the 
corresponding shear forces, V, in tht columns, each of which is expressed 
(after substitution for cf!) as follows: V/y = (s"y - 2s' cf!)k /L = 12(k /L ) 
[(6/s;,> + 2k y /(kx {3)] - P y, the shear rigidity YR of thl cr~ss ~ection 6f tfi'e 
whole frame is obtained: 

R 12 mKky 
Ly """""""" . • • • . • • • • • • • . • • • • • • •• (28a) 
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1 
2 2 - - 1T2 po m m (28b) K = + - 12 

~ . " " " " " " " " " "" " " " 6 ~ 6 ~ PE 
Sy + kx s' + 

kx y 
y 

in which m = the number of columns. The moment of inertia of the horizontal 
cross section of the whole building (neglecting the contribution of Iy values) 
is 

= ~2 (m 2 - l)AyL~ . . . . • . . . . . • • . . • . . • • . . . • • • . • • • •• (29) 

According t.£ Engesser's formula [po 133 in Timoshenko and Gere (20)], the 
critical value P crit of the resultant of initial axial forces in all columns is 

~ 

P crit = mpoy '" 
crit 

PE. 

1 +1£ 
•••..••..•••.•.••...•... (30) 

Ii 

in which FE = 1T2 EI/H2 = Euler load for the frame taken as a single column 
without shear. 

Eq. 31 is not an explicit formula for P y , as the latter appears in Eq. 
crit 

28b for K. In the cases of interest for long-wave buckling, however, P y 
crit 

« PE , and so an approximate value of P y . may be obtained, using P y '" 
y crrt 

0, s' '" 6 in Eq. 28b. Results of this approximate analysis are shown by dash-
dot lines in Fig. 7 in comparison with the exact solutions for a typical frame. 
It is seen that the predictions are surprisingly accurate and entirely satisfac
tory for most design purposes, even in cases when the actual distribution of 
v r •s along the floor is far from a linear one. Still more accurate values can 
be obtained for high values of (H/B)/(Ly/ry ) by solving Eqs. 31 and 28b exactly, 
e.g. by the regula falsi method. For low values of (H/B)/(L~/r y), solving Eqs. 
31 and 28b by an iterative procedure leads to a value for P y /p E, which is 

crit 
less than exact and in greater error than the first approximation. 

It is noteworthy that according to the approximate formula (Eq. 31), only 
the first two parameters of Eq. 27 affect py/PE with Eq. 28b. This confirms 

again that the third parameter, Ly/r Y' is thus or lesser importance. 
In view of the agreement just mentioned, the analogy with a column exhibit

ing shear deformation may probably be applied in situations where the exact 
solution would be too complicated. These include especially the free-standing 
frames with variable column cross section and variable axial force. The dif-
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ferential equation for buckling of columns with shear (6,20) can be integrated 
in these cases still relatively eas}lY. 

SUMMARY AND CONCLUSIONS 

1. Long-wave extensional buckling of large regular planar frames com
pressed between two rigid half-spaces is solved exactly by the methods of 
finite difference calculus. Assuming sinusiodal buckling modes, the partial 
difference equations (Eq. 1) expressing equilibrium of joints are converted to 
ordinary difference equations (Eq. 10) which may be solved in terms of dis
crete complex exponentials (Eq. 14). The coefficients of the determinantwhich 
has to vanish at the critical state depend on p~ nonlinearly, in a complicated 
manner involving the well-known nonlinear stability functions and complex 
roots and eigenvectors of another (6 x 6) matrix which do not possess explicit 
expressions. The critical values are therefore determined by a numerical 
procedure analogous to the method regula falsi. 

2. In a frame with many bays and stories, the ratio of critical axial force 
to the column Euler load depends predominantly on the ratio of column and 
beam bending stiffnesses (k ylr y) and the ratio of column slenderness (Lylr y) 
to building slenderness (HIE), and weakly on the column slenderness. If the 
numbers of bays or stories are smaller, these also have some effect. 

3. Results of the numerical parametric study presented herein (Figs. 3 to 
7) show that long-wave buckling requires consideration in very tall and slender 
frames with members so stiff that the well-known short-wave buckling is un
important, especially if high yield steel is used. For member properties such 
as those used presently in framed tubes (Sears Tower in Chicago or World 
Trade Center in New York), the long-wave buckling load is much smaller than 
the short-wave buckling load usually considered. This fact is also of interest 
for the analysis of lateral deflections and vibrations with account of stiffness 
reduction due to axial forces in columns. 

4. The critical loads for long-wave buckling may be determined with suf
ficient accuracy utilizing a column with shear as a model. For this case, ap
proximate formula Eq. 31 is given. 
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APPENDIX II.-NOTATION 

The following symbols are used in this paper: 

B = width of frame; 
cx, cy stability functions of p~ or p~ defined by Eq. 2; 

EL Ey EAxILx, EAyILy, in which Ax, Ay = cross-sectional 
areas; 
discrete functions of r defined by Eq. 9; 

height corresponding to half-wavelength (Fig. 2); 
jth eigenvector of matrix Eq. 13 corresponding to Pj; 
EIxILx, EIylLy in which Ix, Iy = cross-sectional 
moments of inertia; 
length of beam or column; 
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moments and axial forces applied on joints at sides 
[Fig. 2(c)]; 
number of columns per frame width B; 
number of bays and number of stories per quarter
wavelength H/2; 
parameter of lateral load, Eq. 16; 
initial axial force in horizontal and vertical members 
(positive for compression); 
Euler buckling load of horizontal and vertical mem
bers; 
discrete function of r in Eq. 4; 
stability functions of P~, P y defined by Eqs. 2 and 3; 
discrete functions of r in Eq. 4; 
horizontal and vertical displacements of joints; 
shear forces applied at left and right boundary joints 
[Fig. 2((:)]; 

x, y horizontal and vertical cartesian coordinates; 
'Y = 7T Ly/H = parameter in Eq. 4; 
PI' ... , Pa = roots of characteristic equation (13); and 

I/> = rotation of joints (positive if counterclockwise). 

Subscripts. 
c value of r given by Eq. 18; 

r, s number of joint from left or bottom boundary; and 
x, y labels of quantities referring to x or y directions. 
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ABSTRACT: In very high and slender frames with very stiff members, the safety 
against long-wave buckling modes involving axial extensions requires investigation. 
The problem is solved exactly for a planar regular rectangular frame of rectangular 
boundary, compressed between two sliding rigid half spaces. The problem is reduced 
to a system fo six linear first-order difference equations which are solved in terms of 
discrete complex exponentials. Because the coefficients of the determinant to vanish 
depend on axial loads nonlinearly, by means of explicitly inexpressible complex roots 
and eigenvectors of another 6 times 6 matrix and the well-known nonlinear stability 
functions, the critical load is determined numerically by a procedure analogous to the 
method regula falsi. The ratio of column critical force to column Euler load depends 
essentially on the ratio of column and beam bending stiffnesses, the ratio of building 
slenderness to column slenderness, and weakly on column slenderness ratio. 
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