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ABSTRACT: The characteristic length of a heterogeneous brittle material such as
concrete represents a material property that governs the minimum possible width
of a zone of strain-softening damage in nonlocal continuum formulations or the
minimum possible spacing of cracks in discrete fracture models. This length is
determined experimentaily. The basic idea is to compare the response of two types
of specimens, one in which the tensile softening damage remains distributed and
one in which it localizes. The latter type of specimen is an edge-notched tensile
fracture specimen, and the former type of specimen is of the same shape but with-
out notches. Localization of softening damage is prevented by gluing to the spec-
imen surface a layer of parallel thin-steel rods and using a cross section of a min-
imum possible thickness that can be cast with a given aggregate. The characteristic
length [ is the ratio of the fracture energy (i.e., the energy dissipated per unit area,
dimension N/in) to ¢ energy dissipated per unit volume (dimension N/m?). Eval-
uation of these energies from the present tests of concrete yields { = 2.7 times the
maximum aggregate size.

INTRODUCTION

From a number of recent studies (e.g., Bazant 1986; Bazant and Pijaudier-
Cabot 1987a, 1987b) it transpires that mathematical modeling of softening
damage, such as cracking or void formation, necessitates a certain length
parameter that is a property of the material and is called the characteristic
length [. Although the characteristic length has been used in various nonlocal
models for strain-softening, its value has so far been estimated only indi-
rectly, probably with considerable uncertainty. No measurements of this es-
sential parameter have yet been made. To present such measurcments is the
objective of this study [which is based on a report and a conference paper
by BaZant and Pijaudier-Cabot (1987b, 1988)].

Depending on the type of material model, the characteristic length can
have two interpretations:

1. If the softening damage is modeled by means of a strain-softening contin-
uum, it is necessary to use some type of a localization limiter which prevents
the damage zone from localizing to a zero volume. Thus, there must be a certain
minimum thickness of the localization region that is related to the characteristic
length of the continuum. This is in general described by a nonlocal continuum,
in which certain strain variables are determined by averaging over the neigh-
borhood of a point, the size of the neighborhood being determined by the char-
acteristic length. Without the characteristic length, the strain-softening models
for damage can correctly describe only the situations where the damage remains
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distributed, not the situations where the damage tends to localize. .. -

2. The discrete crack models with a softening cohesive zone at the crack front,
introduced for concrete by Hillerborg et al. (1976), can correctly describe lo-
calized cracking or damage, but may yield ambiguous results for situations where
fiamag.e or cracking remains distributed (Ba%ant 1986). Such situations include,
in statics, certain problems of cracking due to cooling or shrinkage, or problems
where a compression zone lies closely ahead of the cracking front (as in bend-
ing), and problems of cracking in reinforced materials. In dynamics, localization
of damage into a single crack may be prevented for a certain period of time by
inertia effects. The same may occur in statics when the strain-rate sensitivity of
the material is introduced. To describe such situations, the discrete crack models
must contain a material length parameter that indicates the minimum possible
spacing of the cracks. This parameter is equivalent to’ the aforementioned char-
acteristic length /, and the discrete and continuum models give roughly the same
results if the displacement used in the stress-displacement softening relation for
the cohesive zone of a crack is made equal to J¢, where € = the strain used in
the softening stress-strain relation of a nonlocal continuum.

To determine the characteristic length, the basic idea is to measure the
response of two types of specimens that are as similar as possible but such

“that in one type of specimen the damage, such as cracking, remains nearly

!lomogeneously distributed, while in the other type, it localizes to the min-
imum volume that is possible for the given material. We will describe the
development of such specimens and testing results, and then proceed to ana-
lyze the test results to obtain the characteristic length of concrete.

TEST SPECIMENS AND MEASUREMENT METHOD

The fact that a tensile specimen that is forced by an elastic restraint to
deform homogeneously exhibits a gradual post-peak strain-softening and has
a higher strength than an unrestrained tensile specimen was discovered by
L’Hermite (1960). With his coworkers, he tested specimens made by casting
concrete into a steel pipe with an internal thread. Bonded to concrete by the
thread, the steel pipe was loaded in tension and transmitted the tensile force
to the concrete. Since the pipe was elastic, the force it carried was easily
determined by measuring the deformation of the pipe, and the remainder of
the tensile force could be ascribed to the concrete. The steel pipe no doubt
prevented the tensile cracking from localizing into a single major crack.
Cc?mpanion tests in which concrete was bonded to the pipe only near the
grips revealed significant differences in the strength limit and the post-peak
behavior, : ) .

L'Hermite's tests, however, had a drawback due to the fact that the steel
envelope has a higher Poisson ratio than concrete. As a result, the concrete
in the pipe must have been subjected in.these tests to significant lateral com-
pressive stresses producing a confinement effect. Therefore, these tests can-
not be regarded as uniaxial; and the presence of triaxial stresses complicates
interpretation of the measurements. )

. As a modification of L'Hermite’s idea, one might think of achieving a
homogeneous strain state in tension by testing tensile specimens reinforced
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FIG. 1. (a) Notched and Unnotched Specimen Tested; (b) Arrangement of Steel
Bars at Surface of Concrete (All Dimensions in mm)

by longitudinal steel bars instead of the pipe. However, due to the fact that
the interface area between steel bars and concrete is relatively small and the
bond is imperfect, a uniform strain state in reinforced tensile specimens is
usually not achieved. A further source of nonuniformity may again be the
difference of Poisson ratios between concrete and steel.

Alternatively, distributed cracking can be more easily achieved in speci-
mens subjected to bending, due to the restraining effect of the compressed
concrete layer in bent specimens. The nonuniformity of strain across the
beam, however, complicates interpretation of the results. Moreover, the
presence of a transverse strain gradient causes the tensile strength in bent
specimens to be higher than in a uniform tensile strain field (this effect is
actually explicable by the nonlocal character of the material).

To achieve perfect bond, one might cast concrete first and then glue to
its surface metallic sheets. However, the mismatch in Poisson ratios would
still produce lateral stresses.

In view of the foregoing considerations, the restrained and unrestrained
specimens shown in Fig. 1 were selected. As is seen in Fig. 1(b), the longer
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FIG. 2. Photographs of Specimen Tested

sides of the rectangular cross section are restrained by gluing to them with
epoxy a system of regularly spaced, thin steel rods, which have relatively
large gaps between them. These gaps, filled by epoxy, are quite deformable,
because the elastic modulus of epoxy is much lower than that of concrete.
Consequently, the set of thin steel rods cannot develop any significant trans-
verse stresses and thus cannot interfere appreciably with the Poisson effect
in concrete. Furthermore, by choosing the cross sections of the rods to be
much smaller than the maximum aggregate size, the thin rods cannot affect
the nonlocal properties of the material in the transverse direction. The rect-
angular cross section is elongated, so as to minimize the influence of the
wall effect and the local stresses near the short sides of the cross section.
The thickness of the cross section was chosen to be only three times the
maximum aggregate size. The reason for this was to ensure that the restraint
due to the steel rods glued to the surface affects the entire thickness of the
specimen. For much thicker specimens, the restraint of the interior would
be incomplete, and the strains could localize in the middle of the thickness.
Selection of a circular cross section of a diameter only three aggregate sizes
would yield a specimen whose behavior would no doubt be statistically more
scattered. By using an elongated rectangular cross section, the number of
aggregate pieces in the cross section is considerably increased, causing the
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FIG. 3. (a) Load-Displacement Curves for Distributed and Localized Cracking
Specimens; (&) Stralns Measured on Each Side of Specimen

measured response, which roughly corresponds to the average property of
the cross section, to be less scattered. . A

The dimensions of the specimen are all shown in Fig. 1 (in mm). TEE
weight ratio of water-cement-sand-gravel in the mix was 1:2:2:0.6, and the
maximum size of the aggregate was d, = 9.53 mm. ASTM Type 1 :_:ement
was used. The specimens were removed from their PI}'wood forms at 24
hours after casting and were thenﬁcurcd for 28 days in a room of rclative

umidity 95% and temperature 80° F.
; Al Th:; ends of the 5;]:cuimun. metallic grips were glued by gpoxy to _thu
surface of the steel rods. In the companion unrestrained specimens, the :_,ux_‘—
face steel rods were glued w the prips only within the area under the g.ri[]'.‘;.
To ensure that the tensile crack forms away from the grips and runs css.cn—l
tially normal to the axis. notches {(of thickness 2.5 mm) were cut by a saw
into the unrestrained specimens (Fig. 1).

The combined total cross section of the steel rods was selected so as o
ensure that the tangential stiffness of both the restrained and the u!'LfcﬁmeTd
specimen would always remain positive. Consequently, the stability of the
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FIG. 4. Specimens after Fallure: (&) Distributed Cracking; (b) Localized Cracking

specimen and strain localization could not depend on the stiffness of the
lesting machine.

The specimens were tested in tension in a closed-loop 100-kN MTS testing
machine (Fig. 2). The loading was stroke controlled and was made at a
constant displacement rate of 0.0038 mm/s, which produces the mean strain
rate 2 % 107%/s. The relative displacements on a base length of 120 mm
(Fig. 1) were measured by two symmetrically placed LVDT gages mounted
on one face of the specimen and attached to the steel fibers (Fig. 2). Three
specimens of cach type were tested, but only two tests on unrestrained spec-
imens could be exploited because of technical difficulties in setting up one
of these experiments. Due to'the small number of specimens, only the mean
response is presented, and even the means might have considerable uncer-
tainty. No conclusions on statistical variability can be drawn,

The plot of the average load versus displacement (mean of the measure-
ments from the two LVDTs for each test} for the restrained and unrestrained
specimens, which exhibit distributed and localized cracking. are shown in
Fig, 3(a). The results confirm that the incremental stiffness has always been
positive, It is seen that for the unrestrained specimens (unbonded rods), the
load-displacement curve quickly approaches that for the steel rods alone. On
the other hand, for the restrained specimens, the load displacement curve
remains for a long time significantly higher than that for the steel rods alone.

Mo macrocracks were observed on the short exposed sides of the restrained
specimens (see Fig. 4), but a series of tiny microcracks could be detected.

VB0



3
0 smoothed @
Q“ o/ NoR ¢ measurements
p ° 40 -~ - estimated
w401 , 0
° D 00 -3
% o W =2.64-10 MPa
n s
Eé 2.0 - rd
B~
n ~
0.0 4+ { ‘ |Tl\[ 1 3
0.0000 0.0005 0.0010 0.0015
STRAIN
8
R (b)
™~ A ,Us= 82.9 Nmm
& 7
N— »
Shay
1
()
~ 2
0 * T .
0. 0.02 0.04

00
DISPLACEMENT (mm)

(over whole gage length)

FIG. 5. (a) Stress-Strain Curve from Restrained Specimens; (b) Load-Displace-
ment Curve from Unrestrained Specimens

It was also noticed that microcracking was somewhat more extensive farther
away from the surface of the specimen. This may be explained by the re-
straint of the steel bars. .

The results for the restrained specimens from Fig. 3 were converted to
stress-strain curves for the restrained specimens with distributed damage [see
Fig. 5(«)]. The final portion of the softening curve (shown, dashed) had to
be estimated by analogy with other test data. It may be noted that the relative
scatter of the results in Fig. S(a) is increased by the fact that the force in
the steel is subtracted from the measured force values. This may explain
why the measured responsc curve is not very smooth.

Fig. 3(b) shows the plot of the strains measured by the LVDT gages mounted
on the left and right sides of the specimen. It may be noted that in the strain-
softening range, these two strains become markedly different, so that the
specimen deformation becomes asymmetric, i.e., the specimen undergoes
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FIG. 6. Failure Mode of Unrestrained Specimens

pending, as shown in Fig. 6. This is not merely a consequence of random
lmpeﬁectlons but is a manifestation of an instability that must occur in ten-
sile fsacture specimens of this type, as shown by Rots et al. (1987) and
Hordijk et al. (1987). This implies that, in the unrestrained notched speci-
mens, the cracking must propagate from one side of the cross section to the
other, rather than happening simultaneously. The propagation of the cracking
zone from one side of the specimen to the other helps to explain why the
measurements indicate the maximum force carried by concrete in the unre-
strained specimens to be considerably smaller than that in the restrained ones.
Howe_ver, even if the cracking zones propagated symmetrically, the fact that
the failure cannot be simultaneous and that the specimen is notch-sensitive
yvould require the maximum load to be less than that for the restrained spec-
imen.

The test results for the unrestrained specimens with localized damage are
plotted in Fig. 5(b) in terms of the average force P, carried by concrete
versus the relative displacement » over the gage length. Interpretation in
terms of the stress-strain curve is not attempted because the specimen state
was inhomogeneous.

CALCULATION OF CHARACTERISTIC LENGTH FROM TEST RESULTS

Taking the com_inugm viewpoint, we may consider the distributions of the
macroscopic longitudinal normal strain along the gage length of the speci-
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FIG. 7. Assumed Strain Distribution with and without Localization

men to be as shown in Fig. 7, i.¢., uniform for the restrained specimen, and
localized, with a piecewise constant distribution, for the unrestrained spec-
imen. Further, we assume that this localization begins to develop right at
the peak stress point, at which the strain is € = €,, as shown in the stress-
strain diagram in Fig. 7. Although the nonlocalized states are stable up to
a certain point on the descending stress-strain curve (BaZant 1976, 1986),
the localization must begin, in a stable manner, precisely at the peak stress.
This can be proven thermodynamically, on the basis of maximization of
internal entropy (Bazant 1987). The fact that localization begins precisely at
the peak stress point has also been documented by some recent measure-
ments of deformation distributions in tensile specimens (Raiss 1986).

The energy U, that is dissipated due to fracturing in the unbonded spec-
imen with localized strain is represented by the area under the curves of
axial force P versus axial relative displacement u for loading and for un-
loading from the peak-stress point, as shown by the cross-hatched area in
Fig. 5(b). This energy should not include the blank area between the loading
stress-strain curve and the unloading stress-strain curve, as proven in BaZant
(1982). The energy U, dissipated by fracturing in the bonded specimen with-
out strain localization must be determined in the same manner. This energy,
representing the energy density, is shown by the cross-hatched area in Fig.
5(a). .

We may now define the effective width A (Fig. 7) of the localized strain
profile to be such that the stress-strain diagram for the localization zone
(fracture process zone) would be the same as that for the bonded specimen
with a homogeneous strain distribution. Thus, the balance of energy requires
that G, = hW,, where G, = U,/A, = fracture energy of the material (di-
mension N/m); and A, = the area of the net (ligament) cross section of the
notched specimen. From this, the effective width of the localization zone is
obtained as

763

incremental strain (x10°%)

length coordinate, x

FIG. 8. Analytical Strain Profile at Localizatlon Instability (after BaZant and Pi-
jaudier-Cabot 1987)

The characteristic length of the nonlocal continuum can now be deter-
mined; however, the precise formulation of the nonlocal continuum must be
specified. We consider the nonlocal continuum formulation from BaZant and
Pijaudier-Cabot (1987b), in which nonlocal averaging is applied only to
damage, and all other variables are treated as local. For this nonlocal damage
theory, the profile of the continuum strain within the localization zone of a
tensile specimen has been calculated, as shown by the graph in Fig. 8 taken
from BaZant and Pijaudier-Cabot (1987b). This nonlocal formulation is
equivalent in terms of energy if the area under the strain profile (curve a in
Fig. 8) is the same as the area under the rectangular strain profile (curve b),

which was implied in evaluating the test results according to ~ 1. From
the shape of this curve, one finds that the areas are equal if

TR 7/ 2 .. (2)
in which a = 1.93; and k, = width of the zone of localized da Fur-
thermore, for this nonlocal continuum model (BaZant and Pijaud. “ot
1987¢), it has been shown that

h| = Bl .......................................................



Coefficients o and 8 are particular to the chosen type of nonlocal contin-
uum formulation; for the one considered here, they yield o/B = 1.02. Thus
the chgracteristic length is essentially the same as the width of 'the'strain:
softemng_ zone, obtained under the assumption of a uniform strain within the
zone. This is approximately true also for other variants of the nonlocal con-
tinuum formulation, and so we have, approximately

Gy and W, were evaluated from the results plotted Fig. 5. It was assumed
that unlqadmg followed a straight line passing through the origin, in accor-
dance with the nonlocal model selected. ’

Based on the present test results, Eq. 4 yields

P=2T0d, oo ®)

:)r;exsvel::tc}sltlcli& = }t[he maximumfaggregate size. This is one basic result of the
. However, ve i i i
present desi¥able, rification by further tests with different aggregate

The: value 'of the characteristic length obtained in Eq. 6 for the present
experiments is consistent with previous estimates obtained when the crack-
band'm.odel was proposed by Bazant and Oh (1983). At that time, the char-
acteristic l.er.ngth was inferred indirectly, by using only the fracture test results
zflrr:)d O%t.lg?lzmg their fits for specimens of various geometries and sizes, made

m different concretes. i i
proximately for 1~ sy In that study, the optimum fit was obtained ap-

Thg frflcture energy, which is obtained from the unbonded test with strain
locahzatlon‘according to the relation G, = U,/A,, is, of course, an average
value, obtained under the simplifying assumption that the fracture energy
does not vary as the crack band propagates along the ligament cross section
From the valpe of the cross-hatched area in Fig. 5(b), one gets, for thé
present experiments, G, = 0.0635 N/mm. This value corresponds to the
wprk-of—fracture definition of fracture energy, as introduced for concrete by
Hillerbotg (1976) and used in the present RILEM recommendation (1985)
From the size-effect tests, a distinctly lower value, namely G, = 0.039
N/mm, ha_s been previously obtained by BaZant and Pfeiffer (1987). The
dlffCI:enCC is no doubt due to the fact that the fracture energy obtained by
the size-effect method has a somewhat different meaning, representing the
fracture energy for the limiting case of an infinitely large specimen, in which
the frac{ure process zone can develop without interference with the’specimen
boltindl?m:lii a;d ils the same for any specimen geometry.

should be also noted tha in’ i

nonlinear yone. maen: t Irwin’s (1958) estimate of the length of the

in which 0, = peak stress (strength); and £ = Young’ i i

i ; = g’s elastic modulus, is
sometimes also called the characteristic length (Hillerborg et al. 1976). From
the presently measured values, we get

This value is much larger than the characteristic length / for the nonlocal
continuum. The meaning of these two characteristic lengths is, of course,
entirely different; /. characterizes the length /, of the fracture process zone
ahead of the crack tip in the direction of crack propagation. (Hillerborg and
Petersson have shown that /, = /./2.) On the other hand, ! characterizes the
effective width of the fracture process zone, governed by material hetero-
geneity. In the continuum description, ! represents the minimum possible
width of the softening zone, and in a discrete model for cracks in concrete,
! represents the minimum possible spacing of discrete cracks.

It may also be noted that the minimum possible spacing of discrete cracks
has been lacking from the discrete crack models used so far. This did not
matter for the anlaysis of localized fracture, with a single major crack; how-
ever, for general applications, a length characterizing the minimum possible
spacing of discrete cracks needs to be added to the discrete crack models of
Hillerborg type (BaZant 1986).

Since the term “characteristic length” has long been established in the
statistical and nonlocal theories of heterogeneous media, /. for concrete should
better be called the length (or size) of the fracture process zone or of the
nonlinear zone. For metals, /. is called the size of the yielding zone, as

introduced by Irwin (1958).

CONCLUSIONS

1. The characteristic length of a nonlocal continuum that models strain-soft-
ening damage can be experimentally determined by measuring the energy dis-
sipation in specimens in which the softening damage remains distributed and
those in which it becomes localized.

2. The characteristic length of a nonlocal continuum is the ratio of the fracture
energy (i.e., the energy dissipated per unit area, dimension N/m) to the energy
dissipated per unit volume of the material (dimension N/m?) (Eq. 5).

3. Distributed softening damage can be experimentally observed on concrete
specimens of a rectangular cross section, whose width is approximately the min-
imum possible width allowed by the maximum aggregate size, and whose long
sides are restrained by a layer of many thin longitudinal steel rods glued to the
specimen surface.

4. The characteristic length of concrete, which may be calculated from Egs.
4 or 5, is obtained to be about 2.7 times the maximum aggregate size.
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